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GENERAL EDITOR’S FOREWORD 


General Editor: 

SIR GRAHAM SUTTON, C.B.E., D.Sc., LL.D., F.R.S. 

The present volume is one of a number planned to extend the Physical 
Science Texts beyond the Advanced or Scholarship levels of the General 
Certificate of Education. The earlier volumes in this series were 
prepared as texts for class teaching or self study in the upper forms 
at school, or in the first year at the university or technical college. 
In this next stage, the treatment necessarily assumes a greater degree 
of maturity in the student than did the earlier volumes, but the emphasis 
is still on a strongly realistic approach aimed at giving the sincere 
reader technical proficiency in his chosen subject. The material has 
been carefully selected on a broad and reasonably comprehensive basis, 
with the object of ensuring that the student acquires a proper grasp 
of the essentials before he begins to read more specialized texts. At 
the same time due regard has been paid to modem developments, 
and each volume is designed to give the reader an integrated account 
of a subject up to the level of an honours degree of any British or 
Commonwealth university, or the graduate membership of a pro¬ 
fessional institution. 

A course of study in science may take one of two shapes. It may 
spread horizontally rather than vertically, with greater attention to 
the security of the foundations than to the level attained, or it may be 
deliberately designed to reach the heights by the quickest possible 
route. The tradition of scientific education in this country has been 
in favour of the former method, and despite the need to produce 
technologists quickly, I am convinced that the traditional policy is 
still the sounder. Experience shows that the student who has received 
a thorough unhurried training in the fundamentals reaches the stage of 
productive or original work very little, if at all, behind the man who 
has been persuaded to specialize at a much earlier stage, and in later 
life there is little doubt who is the better educated man. It is my 
hope that in these texts we have provided materials for a sound 
general education in the physical sciences, and that the student who 
works conscientiously through these books will face more specialized 
studies with complete confidence. 


o. G. SUTTON 



PREFACE 


This book includes under the heading of Applied Mathematics the 
subjects of Dynamics, Statics, Hydromechanics and Wave Motion. 
The author has been guided by the new syllabus in Mathematics for all 
parts of the London B.Sc. Engineering degree examination, and most 
of the Applied Mathematics required for Part II of the London B.Sc. 
General degree examination is also covered. 

The book is in some sense a sequel to the author's Advanced Level 
Applied Mathematics , and although there is inevitably some repetition 
of the earlier parts of Dynamics and Statics the scope of the present 
volume is much wider. A practical approach is maintained and there 
is a large number of examples and exercises the working of which is so 
essential for the understanding of the fundamental principles. 

Many topics are included which are not usually found in books whose 
chief concern is with Dynamics and Statics. Thus under the heading of 
the Oscillation of Particles there is a treatment of Servomechanisms 
and Electric Circuits; Fourier Series are included in the chapter on 
Vibrations, and the Free Gyroscope in the chapter on Lagrange's equa¬ 
tions. In Statics, which follows Dynamics without prejudice to the 
order in which the subjects may be taught, there is a section on Struc¬ 
tural Statics dealing with Deflexions of Beams and the Theory of 
Struts. Stability of Flotation is dealt with in the chapter on the Motion 
of a Fluid, which also contains an account of the theory of Stream 
Functions. In the final chapter Legendre and Bessel functions are 
derived from their differential equations and applied to the solution of 
boundary value problems for Laplace's Equation and the Heat Flow 
Equation. 

I wish to express my thanks to Sir Graham Sutton for his help and 
encouragement in the preparation of this book and to many of my 
colleagues at the Royal Military College of Science for their constructive 
criticisms. I am also indebted to the following who have read part of 
the manuscript and offered valuable advice: 

Professors A. N. Black and E. T. Davies of the University of 
Southampton, Professor D. G. Christopherson of Imperial College, 
Professor T. A. A. Broadbent of the Royal Naval College, Greenwich, 
Dr. S. G. Hooker, Chief Engineer of the Bristol Aeroplane Company, 
Group Captain J. M. R. Morgan, Deputy Director of Education 
Services, R.A.F., and the Staff of the Royal Naval Engineering College, 
Plymouth. 

For permission to use questions set in various examinations I wish 
to thank the Head of the Department of Engineering, University of 
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Cambridge, the Syndics of the Cambridge University Press and the 
Senate of the University of London. 

C. G. LAMBE 

Shrivenham 


The source of examples and exercises is indicated by the following 
symbols: 

Q.E. Mechanical Sciences Tripos Qualifying Examination. 

C.U. Cambridge Intercollegiate Examination in Mechanical 

Sciences. 

L.U., Pt. I \ Parts I and II of the London B.Sc, Engineering Ex- 
£.U., Pt, II J animation. 

L.U. Other London University Examinations. 
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CHAPTER 1 


MOTION OF A PARTICLE IN A PLANE 

1.1 Vector Addition of Displacements) Velocities and 
Accelerations 

A displacement is described by giving its length and its direction. 
It can therefore be represented graphically by a straight line whose 
magnitude represents the length of the displacement to a certain 
scale and whose direction represents the direction of the displace¬ 
ment. 

This straight line is called a vector and may be specified by its end 
points. Thus AB denotes a displacement from A to B (Fig. 1). The 
magnitude of a vector is called its modulus and the angle which it 
makes with some fixed direction its amplitude. Thus in a given plane 
a vector is determined by its amplitude and its modulus. A vector 
representing a displacement is not considered as indicating the starting- 
point or the finishing-point of the displacement, but merely its length 
and direction. With this convention all equal parallel vectors are 
equivalent. The sum of two displacements represented by straight 
lines AB and BC (Fig. I) is represented by the straight line AC which 
is the third side of the triangle 
formed by the lines AB and BC 
placed end to end. This does 
not represent the numerical 
sum of the magnitudes of the 
displacements but the result¬ 
ing displacement which follows 
from making the two displace¬ 
ments AB and BC in any order 
or simultaneously. 

The vector AC is called the vector sum of the vectors AB and BC and 
may be thought of as the third side of the triangle ABC , or as the 
diagonal of the parallelogram ABCD of which AB and BC (or AD) are 
adjacent sides. 

It follows, therefore, that the resulting displacement of two displace¬ 
ments is given by the vector sum of the two displacement vectors. The 
term vector is applied to straight lines which represent quantities in 
magnitude and direction only when the vector sum represents the 
result of combining two such quantities. Thus we shall see that velo¬ 
cities, accelerations, etc., are vectors, but there are certain quantities, 
for example, finite rotations of a rigid body about an axis, which can 
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be represented by straight lines but for which the vector sum does not 
give the resultant. 

If a particle has a velocity u in a given direction its displacement in 
the infinitesmal time dt is udt in this direction. If it has at the same time 
a velocity v in another direction its displacement is vdt in this other 
direction. These two displacements can be added as vectors, giving 
resultant displacement which we shall call wdt in time dt (Fig. 2). 
Hence w is the resultant velocity of u and v and, since dt only modifies 




Fig. 2 Fig. 3 


the scale of the vectors, w is the vector sum of u and v. Therefore 
velocity is a vector. 

Similarly, if a particle has accelerations f x and f 2 in two directions 
the velocities gained in time dt are f x dt and f 2 dt. These velocities can be 
added as vectors (Fig. 3) giving a resultant velocity which we may call 
fdt. Then / is the resultant acceleration and is the vector sum of f x 
and / 2 . Therefore acceleration is a vector. 

Now by Newton's second law the force on a particle is proportional 
to its acceleration and is in the same direction. Therefore, a diagram 
showing two accelerations and the resultant acceleration also shows 
the forces causing the accelerations on a different scale. Therefore, 
forces are added vectorially and force is a vector. 

It is clear that any number of vectors may be added by drawing 
successive triangles, adding the sum of the first two vectors to the 

third, and so on, and that these vectors 
need not be all in the same plane. 

1.2 Resolution of Vectors 

If a vector PQ whose modulus is l makes 
an angle 6 with a straight line OX , and OY 
is perpendicular to OX, it is evident that 
•X PQ is the vector sum of two vectorsPR and 
RQ parallel to OX and OY whose moduli 
are l cos 6 and l sin 6 respectively (Fig. 4). 

The vectors PR and RQ are called the components of the vector PQ 
in the directions OX and OY . By drawing a triangle of which one side 
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the modulus and whose component in the perpendicular direction is 
proportional to the rate of change of the amplitude. 

If the amplitude is constant we have 0 = 0 and the differential 
coefficient of the vector is / in the direction of its length. If the length 
is constant we have l — 0 and the differential coefficient is IB perpen¬ 
dicular to the vector in the direction of 0 increasing. 

The differential coefficient of a vector with respect to the time is 
called its derivative. We shall show that the derivative of a vector is 
the vector sum of the derivatives of its components. 

Thus the vector OP (Fig. 6) has components l cos 0 and l sin 0 in the 
fixed directions OX and OY. These components have constant ampli¬ 
tude as 0 changes and their derivatives are therefore the derivatives of 
their moduli. We have 


dt 


[l cos 0) = Z cos 0 — Id sin 0, 


d 

-z-(Z sin 0) = l sin 0 + W 


These quantities are the sums of the components of l and W in the 
directions OX and OY and are, therefore, the components of the 
derivative of the vector OP. 


1.4 Velocity of a Particle in a Plane 

The position of a particle may be described by giving its coordinates 
(x, y) with respect to fixed axes OX and OY. Then OP (Fig. 7) is the 

displacement vector of the particle 
from 0 and its components parallel to 
the axes are x andy. Now, velocity is 
rate of change of position, that is, it 
is represented by the derivative of the 
vector OP. Since the components x and 
y have fixed amplitudes their deriva¬ 
tives are x and y and, therefore, the 
velocity is the vector sum of com¬ 
ponents x and y parallel to OX and OY 
respectively. 



tan 


= tan— 6 


dx 




where tp is the angle made by the tangent to the path of the particle 
with OX. 

The magnitude of the velocity (the speed) is given by 

v = (x z + y 2 ) 1 ' 2 . 
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Since 


dx 

vc°stp = -, 


dx 

cos V = - ( 


ds dx 
dx dt 


ds 
dt * 


Therefore the velocity has magnitude — and is directed along the 

dt 

tangent to the path. 

In polar coordinates the displacement of the particle from 0 is a 
vector whose modulus is r and whose amplitude is 0. The velocity 
which is the differential coefficient of this vector has therefore com¬ 
ponents 

r, parallel to OP, 

rO, perpendicular to OP, in the direction of 0 

increasing. 

The quantity 0 is the rate at which the line OP is changing direction 
and 0 is called the angular velocity of the point P about 0. 


1.5 Acceleration of a Particle in a Plane 

The acceleration is the derivative of the velocity which is a vector 
with modulus v(= s) and amplitude tp. 

Therefore the acceleration vector / has components v along the 
tangent, vip in a perpendicular direction. Now the radius of curvature 
q of the path is given by 

ds 

dy' 

and ^ — v 

dt ds dt q 

so the component of acceleration perpendicular to the tangent is 
usually written as v 2 jg . 

The velocity vector has components x and y in fixed directions 
parallel to OX and OY respectively. Hence the derivative of the 
velocity vector which is the acceleration vector / is the vector sum of 
the derivatives of x and y. That is, the acceleration has components 
x and y parallel to OX and OY respectively. 

In polar coordinates the velocity has components r and rO along and 
perpendicular to OP. 

The derivative of r has components r along OP and fd perpendicular 
to OP (Fig. 8). 
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1] LINEAR AND ANGULAR MOMENTUM 

Cartesian components are most useful, but if the force is given as a 
head-on resistance to a particle moving along a curve the components 
v and v 2 Iq are more suitable, while if the force is a central one directed 
towards a fixed point the components of acceleration in polar co¬ 
ordinates lead to a simpler solution. The components of velocity and 
acceleration for the different types of coordinates are shown in Fig. 10. 

1.6 Linear Momentum and Angular Momentum 

The linear momentum of a particle moving in a plane is the product 
of its mass and velocity mv y and since velocity is a vector, momentum 
is also a vector and can be resolved into components mx, my parallel to 
fixed axes. 

If P be the force acting on the particle and / its acceleration the 
directions of P and / are the same and we have P = mf If P has com¬ 
ponents X and Y parallel to fixed axes of coordinates OX and OY we 
have 

mx — X t 
my = y. 

Integrating these equations with respect to the time from t = ^ to 
t — t 2 we have 



Hence the change in momentum in each direction is the time integral 
of the component of force in that direction, that is, the component of 
impulse in that direction. 

When two bodies collide, because of their elasticity they are in con¬ 
tact for a short period. During this period there is force, which may 
vary during the period, normal to the common tangent plane of the 
bodies. By Newton’s third law the forces exerted by each body on the 
other are equal and opposite; therefore the impulses, which are the 
time integrals of these forces over the period of contact, are equal and 
opposite. Now the impulse is equal to the change of momentum, there¬ 
fore the amount of momentum which is lost by one body is imparted 
to the other and the total momentum of the bodies is unaltered. 

When we are concerned only with their motion of translation we 
may speak of the bodies as particles and we have the Principle of Con¬ 
servation of Linear Momentum that the total momentum of a system of 
particles is unaltered by internal forces between the particles. 

A simple illustration of the conservation of momentum is to be found 
in the recoil of guns, where the forward momentum given to the shell is 
equal to the backward momentum given to the barrel of the gun, if the 
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forward momentum given to the gases formed by the explosion be 
neglected. The barrel recoils along its axis against a buffer fixed to the 
gun carriage which remains stationary. In some large guns the barrel 
is fixed to the carriage, which is allowed to recoil along a horizontal or 
inclined plane, and this recoil is due to the component of the backward 
momentum in this direction. 

The angular momentum of a particle about a point is defined as the 
moment of its linear momentum about the point, that is pmv where p 
is the perpendicular from the point on to the line of the velocity. 

If a point 0 is the origin of polar coordinates and the position of the 
particle is (r, 6), its linear momentum has components mr and mrd 
along and perpendicular to the radius r and its angular momentum 
about the origin is mr 2 d. 

In Cartesian coordinates if the position of the particle be (x, y) its 
linear momentum has components mx and my and the angular momen¬ 
tum about the origin is m(xy — yx). In each case the angular momen¬ 
tum is taken as positive if the movement about the point is in a counter¬ 
clockwise direction. 

The concept of angular momentum is necessary when dealing with 
the motion of a rigid body. 

We may note that its derivative is equal to the moment of the force 
about the point, that is, 

~rn{x$ — yi) — tn(x$ — yx), 
at 

« (xY-yX), 

= the moment of the force about 0. 

Hence if the force has no moment about a point 0 the angular momen¬ 
tum about this point is constant. 

Since the sum of the moments of the internal forces of a system of 
particles about any point is zero, if the moment of the external forces 
acting on the system about some point is zero the total angular momen¬ 
tum about the point is constant and we have Conservation of Angular 
Momentum . 

1.7 Energy and Work 

The kinetic energy of a particle is 

-mv 2 = \m(x 2 + y 2 ) = \m(r* + r 2 9 2 ). 

2 2 2 



Since 




1] 


UNITS OF FORCE 


9 


the equations mx = X, my = Y integrated between the positions 
(*i. yi) and (x t , y 2 ) give 



Hence, the change in kinetic energy is the sum of the space integrals of 
the components of force, that is, the work done. If the force P makes at 
any instant an angle <j> with OX we have 

X = P cos <f>, Y = P sin <f>, 
dx = ds cos ip, dy = ds sin ip, 


f Xdx + f Ydy — f P(cos <f> cos ip + sin <f> sin ip)ds, 
i x x J Vi J «i 

= f P cos — ip)d$, 

J s, 

where s x and s a are the corresponding positions on the path. Thus the 
work done by the components of force is the same as the space integral 
of the force along the path of the particle. 


1.8 Units of Force 

From Newton's second law of motion we have that the force P re¬ 
quired to give a particle of mass m an acceleration /is proportional to 
the product w/. By choosing appropriate units we are able to write 
P = mf. Thus if the mass is in pounds and the acceleration in feet per 
second per second the force P given by this equation is in poundals. A 
poundal is therefore the force required to give a mass of 1 lb. an 
acceleration 1 ft./sec. 2 . In metric units a dyne is the force required to 
give a mass of 1 gramme an acceleration 1 cm./sec. 2 . 

Now a particle of mass m lb., falling freely under gravity has an 
acceleration g ft./sec. 2 , therefore the force acting on it, namely its 
weight, is mg poundals. That is, m lb.wt. = mg poundals. 

We thus have two kinds of units of force: absolute units such as 
poundals and dynes, and gravitational units such as pounds weight and 
grammes weight. 

When the force P is expressed in absolute units we have 

P = mf, 

when P is expressed in gravitational units we have 

Pg = mf. 

Gravitational units are commonly used in Engineering and in 
theoretical work it is usual to denote the mass of a body by the symbol 
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w as a reminder that these units are being used. The fundamental 
formula connecting force and acceleration is then written 



An alternative unit of mass called the slug is commonly used, parti¬ 
cularly in aircraft engineering, and one slug is g pounds, that is, a mass 
of approximately 32 pounds. Thus if m be the mass of a particle in 
pounds and m its mass in slugs we have mg = m and hence with the 
force in lb.wt. and the acceleration in ft./sec. 2 we have 

P = mf 

An advantage of using slugs is that the local variability of the unit of 
force is balanced by the corresponding variability of the unit of mass. 

The quantity mf (or -/ or mf) is called the effective force on the 
£ 

particle and has, of course, the same units as the force. 

The units of momentum are those of impulse which is the time 
integral of force. Thus the momentum of a particle whose velocity is 

w 

v ft./sec. is mv pdl. sec., or mv = -v lb.sec. 

g 

The units of kinetic energy are those of work which is the space 
integral of force. Thus the kinetic energy is ^mv 2 ft. pdl., or 


-mv 2 — — v 2 ft. lb. 

2 2 g 

Power is rate of doing work and is, therefore, the rate of change of 
kinetic energy. 


Now 



w dv 

Tdt' 


= Pv f where P is the force. 


The units of power are therefore ft. pdl./sec. or ft. lb./sec. depending on 
the units of force. The standard unit of one horse-power is a rate of 
550 ft. lb./sec. and thus if the force is in lb.wt. the power is Pv/550 horse¬ 
power. 

In the metric system the kilowatt is a power of 10 10 C.G.S. units, that 
is 10 10 absolute units of power. Therefore, if P is in dynes and v in 
cm./sec., the power is 10~ 10 Pv kilowatts. 


1.9 Impulsive Forces 

The change of momentum of a particle, or of a system of particles, 
may be used to measure the impulse of the external force causing this 
change. In the case of a short sharp impact it is rarely possible to 
measure the force itself which may vary considerably in magnitude 
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during the period of impact, but the time integral of this force may be 
found from the change of momentum. 

It should be noted, however, that the time integral of the force gives 
the change of momentum over long as well as short periods. 

If a jet of water is played on a fixed surface at right-angles to the jet, 
the momentum of a certain mass of water is destroyed in each second 
by the impulse of the surface on the water. This is equal to the impulse 
of the water on the surface and since its duration is one second the 
average thrust on the surface during that time may be found. 

The same method may be used to measure the thrust of an air cur¬ 
rent on a surface. 


Example 1. A jet of water 2 in. in diameter moving horizontally at 40 ft. j sec. strikes 
at right-angles the vertical face of a block of mass 10 lb. which rests on a rough 
horizontal plane, the coefficient of friction between the block and the plane being 
0*5. Find the initial acceleration of the block and the greatest speed with which it 
can be driven by the jet. 


The mass of water issuing from the jet in one second is 

ix 40 x 62-5 = 54-5 lb. 

144 


The momentum destroyed in one second is 
54*5 X 40 


32 


68*1 lb.sec. 


Since this momentum is destroyed in one second the average force is 68*1 
lb.wt. and since the frictional resistance is 5 lb.wt. 


68*1 


10 ^ 
32 * ^ 


f - 202 ft./sec.* 

The acceleration of the block is zero when the thrust of the water on it is 
5 lb.wt. Let v ft. /sec. be its velocity at that instant. 

The mass of water reaching the block in each second is now 
?r(40 — t>)62*5/144 and its velocity is reduced from 40 to v ft./sec. 

Therefore 5 = ? * ^ f (40 — v)*, 

144 x 32 x ' 

40 — v = 10*8, 

v — 29-2 ft./sec. 


Example 2. A water turbine has flat radial blades and a stream of water delivered 
horizontally at the rate of 240 gallons per minute from a jet 2 in. in diameter 
strikes the blades normally at 2 ft. from the centre of the wheel. If the wheel is 
turning at 60 revolutions per minute find the thrust on the blades, the horse-power 
developed by the wheel and the theoretical efficiency of the arrangement. 

Since a gallon of water weighs 10 lb., 40 lb. of water is delivered each 
second with velocity given by 

~ X 62*5 XV— 40, 

144 


v — 29*3 ft./sec. 
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The angular velocity of the wheel being 2n radians/sec., the velocity of the 
blade where the water strikes is 4 ji ft./sec., and hence the impulse is 

40 

—(29*3 -4 n) = 20*92 lb.sec. 


The average thrust is therefore 20*92 lb.wt. 
The horse-power developed is 

20*92 X 4ji 


The work of which the jet is capable in each second is the kinetic energy 
available, that is, 

40 

—(29*3)* - 537 ft.lb. 


Therefore the efficiency is 


20*92 x 4ai 


■* 0*49, or 49 per cent. 


1.10 Conservation of Energy 

We have seen that the change in kinetic energy of a particle is the 
space integral of the force moving it taken over the distance moved and 
that this is the work done by the force in the displacement. 

Let us consider the work done in stretching a spring (or an elastic 
string) of stiffness $, Let x 1 and x 2 be the initial and final extensions 
respectively. 

The force in the spring is the product of the stiffness and the exten¬ 
sion, so that when the extension is x the force is sx. 

The space integral of this force from x 1 to x 2 



= |S(* 2 S - V). 

” 2^ 2 SXl ^* 2 x ^ m 

This is easily seen to be the product of the mean of the initial and 
final tensions and the extension. 

If a particle is moving against the force in the spring the work done 
in stretching the spring is equal to the kinetic energy lost by the particle. 
Hence we may regard this work as energy stored in the spring and this 
energy is converted back into kinetic energy as the spring unstretches. 
Thus if we call the energy stored in the spring its potential energy we 
have that the total of kinetic and potential energy remains constant 
throughout the motion. 

In the same way a particle of weight w rising vertically against 
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gravity through a distance h does work which is J wdx = wh. This is equal 

to the loss of kinetic energy and may be regarded as an increase in 
potential energy and hence again the total of kinetic and potential energy 
remains constant. The term potential energy is used to denote the work 
done in a displacement to some standard position by so-called conserva¬ 
tive forces . These are forces such that the work they do as the particle 
changes its position depends only on the initial and final positions. 
Thus friction which tends to reduce kinetic energy whichever way the 
particle is moving is excluded, and, in general, non-conservative forces 
cause an apparent loss of energy by converting mechanical energy into 
other forms such as heat and sound. 

We have, therefore, the Principle of Conservation of Energy, that for 
conservative forces the sum of kinetic and potential energies is constant. 

It should be noted that the standard position from which potential 
energy is measured is of little importance since it is the change of 
potential energy that is required to find the change in kinetic energy. 

It should also be noted that the energy equation, which equates the 
change in kinetic energy to the space integral of the force, holds for all 
forces conservative or not. 


Example 3. A railway truck of weight W tons impinges on a truck of weight W' tons 
which is at rest and the total energy which can be absorbed by the buffer springs 
is E ft.tons. Prove that, neglecting road resistance, the buffers will not be driven 
home if the speed of the truck is less than 



jwi 
W') * 


In any case, show that this expression gives the final relative speed of the trucks 
provided that E is the energy restored by the springs during the separation of the 
trucks . (L.U., Pt. I) 


Let U ft./sec. be the velocity of approach of the truck W and let u ft./sec. 
be the common velocity of the trucks at the instant of maximum compression. 

Then WU - (W + W^u. (1) 

The loss of kinetic energy at this instant is 

Kn* _ <2L±JL\. 

2 g 2 g 

ww v*. 

“TFTw*2? from(1) - 

If this quantity is less than E the buffers have not been driven home, that is if 

V < + i)}“. 


Let v and v' respectively be the velocities after separation in the same 
direction as U. 


Then 


Wv + W'v' - WU. 


( 2 ) 
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Now the energy gained since maximum compression being E, we have 

W W' W 4- W' 

—v* + E-v'* = E + 

2g 2g 2g 


2 ? + 


W* U* 


W + W' 2g 

Eliminating V between (2) and (3) we find 

WW'(v* - 2vv' + t/' a ) * 2gE(l^ + 


0 - - { 2gE (w + iMF* 


(3) 


EXERCISES 1 (a) 

1. A train of trucks is being started from rest, and just before the last 
coupling becomes taut, the front part has acquired a velocity of 
15 m.p.h. If the front portion of the train weighs 72 tons and the last 
truck weighs 6 tons, find the jerk in the coupling in ft.-lb.-sec. units. 

(L.U.) 

2. A ship A of 500 tons tows a ship B of 2000 tons by means of a cable 
fixed to A and passing round a bollard on B in such a way that a pull 
of 4 tons on the cable causes it to slip round the bollard. Initially A 
is moving forward at 5 ft./sec., B is stationary and the cable is just 
taut. Neglecting resistance to motion find the velocity of the ships 
and the length of cable paid out when slipping ceases, (a) when A’s 
engines are not started, (6) when A ’s engines exert a steady forward 
thrust of 3 tons. 

3. Waves are striking against a vertical sea-wall with a speed of 50 ft./sec. 
Taking a cubic foot of sea-water to weigh 64 lb., show that the pressure 
on the wall, due to the destruction of the momentum of the waves is 
very approximately 34*7 lb. wt./sq. in. 

4. A land yacht, running on wheels, has one sail of area 50 sq. ft. With 

the sail set at right angles to the centre line of the vessel and a follow¬ 
ing wind of 30 m.p.h., it is found that the yacht moves forward at 
22*5 m.p.h. Assuming that the air after striking the sail is reduced to 
the speed of the sail, determine the h.p. of a motor that would main¬ 
tain the speed of the yacht if the sail were removed. The density of 
the air may be taken as 0*08 lb. per cu. ft. (Q-E.) 

5. A motor-driven pump raises 40 cu. ft. of water per minute through a 
height of 35 ft., and delivers it at the upper level in a jet with a 
velocity of 40 ft./sec. 

(а) If 40 per cent of the energy output from the motor is transferred 
to the water in the jet as kinetic and potential energy, find the power 
output of the motor. 

(б) If the jet is directed normal to a flat surface, what force will it 

apply to that surface, assuming the water does not rebound ? (Q.E.) 

6. A tug is propelled by pumps which suck 6000 gallons of water per 
minute through an intake in the bottom and discharge this water 
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straight astern with a velocity of 20 ft./sec., relative to the tug. What 
tow-rope pull can the tug exert when stationary? If the resistance to 
motion is l*75v 2 lb., where v is the speed in ft./sec., what is the great¬ 
est speed which the tug can attain? (A gallon of water weighs 10 lb.) 

(Q.E.) 

7. A Pelton wheel carries semicircular-shaped buckets on its rim so that 
water directed against the wheel flows round a bucket and leaves it 
with the same relative speed with which it entered but in the opposite 
direction. 

Such a wheel is 4 ft. in diameter and is supplied with 560 cu. ft. of 
water per minute through a pipe of 14 sq. in. cross-section. When the 
wheel is making 400 revolutions per minute find the horse-power 
developed. 

8. A vehicle of mass 3000 lb. has an engine which can exert a maximum 
propulsive power of 60 h.p. Friction and wind resistance to the motion 
of the vehicle may be taken as a force of (100 + 0*05 F 2 ) lb., where V 
is its velocity in ft./sec. Show that its maximum speed on a level road 
is a little less than 80 ft./sec., assuming the propulsive power to be at 
its greatest. 

Find also the acceleration of the vehicle when the engine is exerting 
36 h.p. and the vehicle is travelling at 40 ft./sec. up an incline of 1 in 
15. (Q*E.) 

9. An electric tram-car of mass 18 tons, driven by two motors, is travel¬ 
ling on a horizontal road at 15 m.p.h. and accelerating at 0*45 m.p.h. 
per sec. The total forces resisting motion amount to 370 lb. If the 
power drawn from the electric wires is 60 h.p., calculate the efficiency 
of the motors at this speed. 

10. A tug of 500 tons tows a ship of 4000 tons by means of a cable fixed in 
both ships. Initially the tug is moving forward at 5 ft./sec. and the 
other ship is stationary. Find the common velocity of the ships when 
the tow rope has its greatest extension and the loss of kinetic energy 
at this instant. If a pull of 10 tons stretches the cable 1 foot find the 
maximum tension in the cable while taking the strain. 

11. A train consists of an engine weighing 30 tons and three wagons each 
weighing 10 tons, and initially the buffers are in contact and all the 
couplings, which are inelastic, slack to the extent of 1 ft. The loco¬ 
motive starts from rest and the driving wheels exert a propulsive 
force of 1 ton. Neglecting frictional and wind resistances calculate the 
velocity with which each truck starts to move and the loss of energy 
due to the jerks. 

12. A rifle, weighing 7 lb., is suspended by cords with its bore horizontal. 
It fires a J-oz. bullet, and in recoiling rises 1 ft. Find the muzzle 
velocity of the bullet. If the accelerations of the rifle and bullet are 
taken as constant, and the bore is 2 ft. long, show that the time of the 
bullet in the bore is about 1/300 sec., and that in this time the rifle will 
only have moved about 0*16 in. 
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13. The pump of a fire-fighting launch throws a jet of water 2 in. in 

diameter, at an angle of elevation of 45°. The velocity of the water is 
such that the highest point of its trajectory is 50 ft. above the 
nozzle, which is itself 10 ft. above the water line. Neglecting air 
resistance and all losses, find the power needed to drive the pump. 
Find also the horizontal force on the launch. (Q.E.) 

14. A ship is propelled by the reaction of a jet of water produced by a 

centrifugal pump. The pump takes in water from inlets in the skin and 
ejects it in a backward direction with a velocity relative to the ship 
of 20 ft. per sec. If the speed of the ship is 10 ft. per sec., and the 
cross-sectional area of the jet is 3 sq. ft., calculate the propulsive 
thrust on the ship due to the jet. If the efficiency of the pump is 50 per 
cent and there are no further losses other than that of the kinetic 
energy of the jet, find the overall efficiency of the system and the 
power required to drive the pump. (C.U.) 

1.11 Variable Acceleration 

The acceleration of a particle (or the force causing the acceleration) 
may be a constant or may be given as a function of the time, the dis¬ 
tance or the velocity. When the acceleration is constant the elementary 
formulae 

v = u + ft, 

S « Ut + \ft % > 

V 2 — u 2 + 2/5, 

may be used to find the velocity and the displacement at any time or 
at any distance of a particle moving in a straight line. 

When the acceleration is variable these formulae cannot be used. 
Instead, the velocity and displacement are found by equating one of 

the general expressions for acceleration, such as —, — or —, to the 

particular expression given for the acceleration, thus forming a differ¬ 
ential equation. This is in general a second order differential equation 
and the two arbitrary constants in its solution are determined by the 
initial values of the velocity and displacement. 

1.12 Acceleration as a Function of the Time 

When the acceleration is a function of the time we equate it to the 

expression for — and integrate to find v. Since v = a second integra¬ 
te 

tion gives the distance. 


Example 4. A train starts with acceleration 1-1 ft.fsec* which decreases uniformly to 
zero in 2 minutes. The train then travels with uniform speed for 3 minutes , after 
which it is brought to rest by the brakes with a constant retardation of 3 ft.lsec*. 
Find the greatest speed of the train and the length of the journey . 
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The acceleration is IT 
dv 

di 


(-®)* 


./sec. 


11 

1200 


(120 - *), 


—( 

1200 \ 

—{ 

1200\ 


120 * 


60** 


-Sr) 


a and we have 


4 - a , 

T* at -J- b. 


Since the initial velocity and displacement are zero, the constants of integra¬ 
tion a and b are both zero. 

When < — 120 we have 

v =* 66 ft./sec. 
x - 5280 ft. 


The distance covered in 3 minutes at the constant speed of 66 ft./sec. is 
11,880 ft. For the final period with constant retardation the formula 
=* «* 4- 2/s, with v 0 and u ** 66 ft./sec. gives s » 726 ft. 

Thus the total distance is 17,886 ft. =* 3*3875 miles and the greatest speed is 
66 ft./sec. or 45 m.p.h. 


1.13 Acceleration as a Function of the Distance 

dv d /1 \ 

In this case the acceleration is taken as v— = — f ~ v 2 1, and integra¬ 
tion leads to an expression for the velocity in terms of the distance; 
dx 

putting v = — a second integration gives the relation between time 
dt 

and distance. 

An important case is that of simple harmonic motion which will be 
considered separately. 


Example 5. A particle is projected vertically upwards from the earth*s surface. Neg¬ 
lecting air resistance find the initial velocity required for the particle to escape 
from the earth’s attraction . If the initial velocity is 10,000ft. I sec. find the greatest 
height reached and the time taken to reach this height . 


If x be the distance of the particle from the earth's centre at time * and R 

R* 

the earth's radius the acceleration downwards is g- 


Hence 


d 

dx 


(W 


V 




_gR* 

X * ' 


gR* 


-f c (a constant). 


Now if v V initially when x = R we have 


- t* + c. 


2 gR* 


+ (K* - igR). 


and 


a) 
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The particle will escape from the earth's attraction if the velocity v becomes 
zero only when x is infinite and for this equation (1) gives us that V 1 *= 2gR. 

Taking R = 4000 miles — 21,120,000 ft. this gives 

V = 36,760 ft./sec. 

*= 6*95 miles per second. 

When V = 10 4 ft./sec. from (1) we have v = 0 when 

2gR 2 

* = 2 gR-V* 

= 4320 miles. 


Hence the particle comes to rest 320 miles above the surface of the earth. 
To find the time for this distance we have 


dx _ / 2gi? a - (2 gR - V*)x Y' 

® — l x 


and 


dt 
dt _ 


i 




x lli dx 


{2 gR* - (2gR - V*)x} M 

We may avoid adding constants and find the time by taking the limits of 

2 gR* 

integration for *as* = ^to* = ggi? _ ~ pi * 

Substituting x = — — sin 8 0, the limits of integration for 0 are 0 — a 

2 ^ 1 ? — v a 

to 0 = -, where sin a 


/2gi? - 
\ 2gi? / • 
a = 1*295 radians. 

4 gi? 8 f 


■»/* 


t = 


(2gi? - F 8 } 8 ' 8 J a 

= (^rS^[ (e - sinecos6) ] 

= 644*7^ — a + sin a cos aj, 

= 346 seconds approximately. 


v {2 


EXERCISES 1 (i b) 

1. A train of mass M lb. running at 45 m.p.h. is brought to rest on an 
upgrade of 1 vertically in 128 along the track by the brakes which 

exert a force of + yy^ pdl. where t (seconds) is measured 

from the instant when the brakes are applied. Show that the train is 
brought to rest in 1 min. 28 sec., and find the distance in miles that it 
travels in this time. ' (L.U.) 

2. A particle of mass 3 lb. is acted upon by a force which diminishes 

uniformly from ^ lb.wt. to lb.wt. in £ min. If it starts from rest 
find its greatest velocity in this half minute and the distance traversed. 
Find also the velocity of the particle when the force on it becomes 
zero/ ' (L.U., Ft. I) 
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3. The acceleration of a particle moving in a straight line when at a dis¬ 
tance x from a fixed point 0 is k 2 x away from 0, k being a constant. 
If the particle starts from rest at a distance a from 0, show that its 
velocity at any instant is v — k(x 2 — a 2 ) yt , after time t given by 

,-iiog.» + 

k a 

4. A particle of mass m lb. is projected on a smooth horizontal plane 
from a fixed point A with velocity u ft./sec. in the direction OA, 0 
being a fixed origin and OA equal to a ft. It is subject to a resistance 
which varies inversely as the cube of its distance from 0 and is equal 
to m lb.wt. at A. Obtain the equation of motion of the particle and 
find its velocity when it is x ft. from 0. 

Show also, that the time t secs., that the particle has been in motion 
is given by (u 2 — ga)t = {(u 2 — ga)x 2 -f ga 2 } vt — au . (LU., Pt. I) 

5. A 25-lb. shell 3 in. in diameter has a travel of 10 ft. in the bore of the 
gun. The pressure on the base of the shell is initially 18 tons/in. 2 and 
varies inversely as the volume behind the shell being 2 tons/in. 2 as the 
shell is ejected. Find the muzzle velocity of the shell. 

6. A particle of mass m moves from a fixed point 0 in a straight line 

with initial speed V f under a force which produces an acceleration k 2 x 
directed away from 0, when x is the displacement from 0. Determine 
(i) the time taken to attain a speed XJ , (ii) the work done by the 
accelerating force in time L (L.U., Pt. I) 

7. A particle is let fall from a great height h above the earth. Neglecting 
air resistance, find the velocity with which it reaches the earth* 

8. A particle is projected vertically upwards from the earth with a velo¬ 
city of 1 mile per second. Neglecting air resistance find the height to 
which it rises and the total time in the air. 

1.14 Acceleration as a Function of Velocity 

A body moving through the air experiences a resistance opposing its 
motion and of different magnitude at different speeds. This resistance 
varies also with the shape of the body and with the density of the air. 
For velocities up to about 80 ft./sec. the resistance is found to be pro¬ 
portional to the velocity (Stoke's Law), while for velocities above this 
and below 1000 ft./sec., it is found to be proportional to the square of 
the velocity (Newton's Law). 

It is usual to take the resistance at all speeds as being of the form 

\gV 2 Af v 

where v is the velocity, g the density of the air, A the area presented 
and/p a non-dimensional coefficient. For the range of velocities within 
which Newton's Law holds f D is a constant. For higher velocities its 
value is found by accurate timing of a shell over successive distances 
or by wind tunnel measurements. Values of f D are plotted against the 
Mach number, that is the ratio of the velocity to the speed of sound 
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(about 1120 ft./sec.), and the graph (Fig. 11) shows a sudden rise near 
the velocity of sound followed by a falling off for higher speeds. The 
resistance of course continues to increase at higher speeds since the 
coefficient f D is multiplied by v*. 



We shall consider in detail the mathematical treatment of the cases 
of motion when the retardation due to air resistance is kv and when it 
is kv a . 

In either case we can form differential equations by equating the 

retardation to — or to v—. One gives the connection between velocity 
dt dx * 

and time, the other gives the connection between velocity and distance. 

1.15 Resistance Proportional to Velocity—Horizontal Motion 

Let the air resistance to a particle of mass m moving horizontally 
with velocity v be mkv. 

We have ^ = —kv, 

dt 

E—J* 

log v — —kt + c (a constant). 

If U be the initial velocity, when t = 0, c *» log U and 
„ = Ue-* 1 . 

Ti = Ue ~ kt ’ 
dt 

x = + d (a constant). 

k 


Therefore 
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Taking x = 0 when t = 0 we have d — Ujk f and 

*-f(i -«-**)■ 

Thus the velocity decreases exponentially with the time and the dis¬ 
tance x tends asymptotically to the value Ujk as t tends to infinity. 

We have also v ^ = —kv, 

dx 

^dv = — k^dx, 
v = —kx + XJ . 

Thus the velocity decreases uniformly with the distance. 

1.16 Resistance Proportional to Velocity—Vertical Motion 

In this case if the distance y be measured vertically upwards, the 
acceleration is g + kv downwards. Therefore we have the two differen¬ 
tial equations 

dv , dv , 

It should be noticed that these equations hold for both the up and 
the down motion since the change of sign of the velocity takes care of 
the change in direction of the retardation. 

Let the initial velocity be V , then from the first equation 




and hence 


log {g + kv) = — kt + constant, 

= —kt + log (g + kV), 
g + kv = {g + kV)e-* 

€ + *£ «-». 

k k 


( 1 ) 


At the highest point v = 0 and hence if 4 be the time to this point 

We have also — = —? -f €-jl ^ e -kt 
dt k k 

y — — ^ + constant. 

k 


Since y = 0 when t — 0 


y= _| + i+ir (1 




( 2 ) 


A.M.E.- 2 
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If y 1 be the highest point reached we have on putting t = t x 



Addition of (1) to (2) multiplied by k shows that throughout the 
motion 

v = —gt —- ky + V. (3) 

This equation may be obtained by direct integration of the differential 
equation with respect to the time. 

Taking the second differential equation 

dv , 

v-7- = — g — kv > 
dy 

\( 1 -rhi ) dv -- k \ dy • 

V — | log (g + kv) = —ky + v — | lo g (£ + ( 4 ) 

This equation results also from the elimination of t between (1) and 
(2). The total time in the air may be found by putting y = 0 in (2) and 
solving numerically or graphically. 

There comes a point, when the body is falling downwards, when the 
resistance of the air just balances the force of gravity and the accelera¬ 
tion is zero. The velocity at which this occurs is called the terminal 
velocity . In this case it occurs when g = kv and hence the terminal 
velocity is gjk . A body falling in the air will never acquire a velocity 
greater than this and equation (1) shows that this is a limiting velocity 
which will not be acquired in finite time. 

1.17 Resistance Proportional to Velocity—Trajectory Equation 

Let the air resistance to a particle of mass m moving in a vertical 
plane with velocity v be mkv directly opposing the velocity. If the 
velocity v has components x and y parallel to a horizontal #-axis and a 
vertical y-axis respectively, the resistance has components —mkx and 
— mk$ in the same directions. 

The components of acceleration parallel to the axes are x and y and 
we have the equations of motion 

mx = —mk%y 

my = —mky — mg . 

These are the equations of motion which were solved in § 1.15 and 
§ 1.16, and hence if initially x — y — 0, x = U, y « V, we have 

« = |(1 (1) 


(2) 
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1 ] 

These equations give the position of the particle at any time and the 
components of velocity parallel to the axes are the derivatives of the 
expressions for x andy. Elimination of t between the equations (1) and 
(2) gives the trajectory equation 

The highest point is reached when y = 0, that is 



Substituting this value of t in (1) and (2) we have the coordinates of 
the highest point, namely 


x 


UV 

g + kV 



The time for the whole trajectory is found by putting y = 0 in (2), 
giving 

g kt = (g+kV)( 1-«-*), 

t = i + * v [kt - $kH 2 +...), 
g* 

l = 4——— W +•••)• 


A first approximation to the time when k is small is t = 2F/g, as in 
parabolic motion. A second approximation is 



and the corresponding horizontal displacement is 


1.18 Resistance Proportional to Velocity Squared—Horizontal 
Motion 

Let the air resistance to a particle of mass m moving horizontally 
with velocity v be the mkv *. 
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dv 


We have 


dt 


= —kv*. 




1 


= & + C. 


If U be the initial velocity 

c = 1 IV, 
U 


v = 


I + kUt* 


Integrating again 


* = ^iog {1 + kUt), 


the additive constant being zero, 
dv 


Also since 


and 


v-j- = —kv* 9 
dx 

\ d } = ~ k \ dx ' 

log v — — kx + d (a constant), 
= —kx + log U, 
v = Ue~ kx . 


[1 


1.19 Resistance Proportional to Velocity Squared—Vertical 
Motion 

When the body is falling it reaches its terminal velocity when 
g = kv 2 . Hence, denoting this terminal velocity by v 0 we have 

Vo = {glk) m . 

The retardation when the body is ascending is thus k(v Q 2 + r a ) and its 
acceleration when descending is k(v 0 2 — v 2 ). 

For motion vertically upwards with initial velocity V we have 

^ = -A:(v 0 s + v s ); = —k(v 0 * + v s ). 


The first equation gives 
dv 


f——— = -k[dt, 

jv + » ! J 


tan -1 — = —kv 0 t + a (a constant), 

v 0 

v = v 0 tan (a — kvrf), (1) 

a — tan -1 —. 


where 




1 ] 
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Also y = v 0 J tan (a — kv 0 t)dt, 


= ^log cos (a — £t’ 0 <) + c (a constant), 

= l log cos ( a ~ 
k cos a 

1 F 

— 7 l°g ( cos v Q kt H— sin Vffit). 
k v Q 

At the highest point 

i> = 0, 

t\ = 7 -— tan -1 —, from ( 1 ), 
kv 0 v 0 

y,-ilog(l + ^),from(2). 

From the second equation 

—I* 

log (»o* + v2 ) = ~2ky + log (» 0 * + 7 s ), 
r s = TV*** — V(1 — e~ ikv )- 


(2) 


(3) 


Now consider the motion downwards, y being measured downwards 
and the initial velocity being zero. 

We have - - MV - » s ); ^ = MV - «■). 


From the first equation 


log - = 2kv 0 i + c (a constant which is zero). 


*0 + * = e -2kV.t 


V n — V 


- %kV p t 


V = v„ 


u 1 + e -*w 

= v 0 tanh kvj. 
y “ Jv 0 tanh foy 0 / dt. 


(4) 


= ^ log cosh kv Q t + c (a constant which is zero). (5) 
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The second equation gives 


whence 


and 


log (v 0 a — v s ) = — 2 ky + log V. 

v 2 = t> 0 2 (l - e~ 2k «). 

If the body falls the height in time t 2 we have from (5) 

I / V 2 \ 1 

— log /I + — l = - log cosh (kv 0 tj, 

< 2 = L sinh -1 (-Y 
&> 0 \^ o / 


The velocity v 2 acquired in this time is given by (4) as 

v 9 = Vn tanh ( sinh -1 — Y 

V V 

- ».(>+ £)‘"' 

Hence for the up and down motion, 

the time of flight 


*»ol 


tan " 1 — + sinh 


»oJ 


1 / F 2 \ 

the greatest height *=* ^ log f I + ~y 

( v 2\ -1/2 

\ + y 2 J 


1.20 Trajectory with Resistance Proportional to Velocity 
Squared 

Let the air resistance to a particle of mass m moving with velocity v 
v be tnkv 2 along the tangent to the trajectory, 
that is, inclined at an angle tp to the hori¬ 
zontal. It is convenient in this case to use 
the components of acceleration v and v 2 jg or 
vy along the tangent and perpendicular to 
the tangent in the direction of ip increasing. 

The forces being mkv 2 and mg we have 
(Fig. 12) the equations of motion 



mv = — mkv 2 — mg sin y>, 


1 ] 
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Hence 


dv 


kv* 


tp dtp g cos ^ 

dv . k 

cos tp- - v sm tp — -v®, 

drp g 

~(v cos tp) — -V 3 , 
dtp g 

-2d. 2k 

--- — (v cos tp) =-sec 8 w, 

(v cos tp) 3 dtp g Y 


+ v tan tp, 


(v cos 


-—r. = — — fsec* tpdtp, 
os tpY g J 


= —{sec tp tan tp + log(sec ip + tan tp)} + c. 
g 


With the initial conditions v = V when tp = a, we have 


- AM -M), 


where 

Hence 


(v cos ipY (V cos a) 2 g 

f(y>) = sec tp tan tp + log (sec tp + tan tp). 

s __ cos2 a sec2 V 

kV* cos 2 a, „ * 

1--— -{/(ip) — /(a)} 


From the second equation of motion we have 

. g cos w 

ip — —- -> 

v 

d s ds dt ___ v 

dtp dt dtp tp 

__ v 2 
g cos tp* 

1 F* cos* a sec 8 tp 

g 


kV* cos 2 a, r, , r, n 
1-{/(v>) - /(a)} 


Now 


therefore 


dtp 


-f{tp) = 2 sec 8 tp, 


ds 


g 


kV 2 cos 2 a 

g 


^/(v>) 


2A AF 2 cos® a r ^ 1 „ / 

1-{/(V) -/(«)} 


"s , ° 8 [ 1 - 


g 

AF 2 cos 2 a 


g 


{/(¥-) 


-/(a)}]. 
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There is no added constant since 5 = 0 when ip = a and we have 

i kV*cos % a< £ . . „ .. 

e = 1--- if(v>) - /(a)}. 

o 

This is the 5, ip equation of the trajectory. Equations connecting x, y 
and t with ip are obtained from the equations 

dx 
dip 

ciy /7c 

dip 


ds v z 

cos ip—— = ——, 

dip g 

ds v 2 , 

sin ip~— --tan ip, 

dip g 


dt v 

— = — sec w. 
dip g 

The integration necessary to obtain x, y and t explicitly in terms of ip 
can only be carried out numerically. 


EXERCISES 1 (c) 

1. A particle is projected vertically upwards under gravity with initial 
speed V, there being a resistance to the motion which at every instant 
is proportional to the velocity at that instant. The particle returns to 
the starting point after time T. Show that its speed is then gT — V . 

(L.U., Pt. I) 

2. A sphere of mass m is allowed to fall freely in a medium. If the resist¬ 
ance of the medium to the motion is k times the velocity of the sphere, 
show that this velocity will approach a limiting value V = mg/k . 
Show also that the distance fallen from rest in time t is 

m V 

Vt - —(1 - (L.U., Pt. I) 


3. An engine which works at the constant rate of 396 h.p., draws a traiu 
of 275 tons along a level track. The resistance to motion is partly 
constant and partly varies as the velocity. When the velocity is 45 
m.p.h,, the resistance is 12 lb.wt. per ton, and when the velocity is 
15 m.p.h., it is 4$ lb.wt. per ton; prove that the maximum velocity 
of the train is 45 m.p.h. 

Show further that an increase of 1 per cent in the above given h.p. 
produces approximately an increase of 0*5 per cent in the maximum 
velocity. (L.U., Pt. II) 


4. 


A small body falls from rest in a medium whose resistance per unit 
mass of the body is k times the square of the velocity. Show that the 
distance it must fall to acquire a velocity v is 



£ 

- kv* 


and that the velocity approaches a limiting value (g!k) vt . 
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If the body is projected upward with this limiting velocity, show 
that its speed on again reaching the point of projection will be 
(g/2k)W (L.U., Pt. I) 

5. A body of mass 1 lb. falls from rest under gravity in a medium exert¬ 
ing a resistance 0*0 lv 2 lb.wt. when the speed is v ft. per sec. State the 
terminal velocity. 

Taking the value of g to be 32 ft./sec. 2 show that the speed attained 
after falling 5 ft. is 9*8 ft. per sec. approximately and find the time 
taken. (L.U., Pt. I) 

6. A toboggan of mass 200 lb. descends from rest down a slope 50 yd. 

long at 5 in 13. The coefficient of sliding friction is 0*1 and air resist¬ 
ance varies as the square of the speed, being 3 lb.wt. at a speed of 
10 ft./sec. Show that it reaches the bottom with a speed of 38*6 
ft./sec., and that if the slope were longer, it would never attain a speed 
of 44*2 ft./sec. (L.U., Pt. I) 

7. A train is drawn by an engine which exerts a constant pull at all 
speeds, and the total resistance to motion varies as the square of the 
speed. The combined mass of engine and train is 300 tons, the maxi¬ 
mum speed on the level is 60 m.p.h., and the horse-power then de¬ 
veloped is 1500. Prove that, when climbing a slope of 1 in 100, the 
maximum speed is nearly 32 m.p.h. 

Write down the equation of motion on the level, and find the dis¬ 
tance travelled from rest in acquiring a speed of 45 m.p.h. 

(L.U., Pt. I) 

8. A train of weight W tons moves on the level under the action of a pull 
P tons wt. against a resistance R tons wt., and the speed at any in¬ 
stant is v ft./sec. Show that the distance travelled while the speed 
varies from u 0 to v ± is 

WC V ' vdv 

g),P-R' 

If W = 300 and R = 0*9 4- 0-007v 2 , show that the distance travelled 
in slowing down from 45 to 30 m.p.h. with power cut off is about 
520 ft, (L.U., Pt. I) 

9. If the retardation caused by the resistance to the motion of a train 
is a bv 2 , where v is the velocity, show that it will come to rest from 

1 / bV 2 \ 

velocity V in a distance — log^ f 1 H-). 

The resistances to motion of a train of 300 tons wt. are 
(900 4* 7v 2 )/100 tons wt. when the speed is v ft./sec. Find the distance 
travelledinsl owing from 45 m.p.h. to 30 m.p.h. with the steam cut off. 

10. A particle of mass m moves in a straight line in a medium whose re¬ 
sistance is mkv(v 2 -j- a 2 ), where v is the speed and a and k are constants. 
Show that whatever the initial speed the total distance moved will be 
less than n/2ak and that the particle will not come to rest in a finite 
time. (L.U., Pt. I) 

A.M.E.- 2* 
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11. A particle of unit mass moves under gravity in a medium whose 
resistance is kv where v is the velocity and k is constant. If the 
particle is projected vertically upwards with velocity v 0 find the time 
to reach the highest point. 

If it is projected with a velocity whose horizontal and vertical 
components are u 0 and v 0 respectively, prove that the horizontal dis¬ 
tance of the highest point of the path from the starting point is 

u 0 v 0 /(g + kv 0 ). (L.U., Pt. I) 

12. Assuming that the resistance to the motion of a projectile varies as 
the velocity, so that the retardation is kv when the velocity is v, 
determine the position at time t of a particle projected with velocity 
V at an angle a above the horizontal. 

Show also that asymptotically the particle falls vertically with 
constant velocity. (L.U., Pt. II) 

13. A bomb is released from an aeroplane travelling horizontally at a 
speed of U ft. per sec. at an altitude of H feet. If the air resistance on 
the bomb per unit mass is k times its velocity, show that the path of 
the bomb, t seconds after release, will be inclined to the horizontal at 
an angle 

tan- 1 g(e*-l)/kU. 

Show also that, if the altitude H is great, the bomb-sights, directed 
on to the target at the instant of release, will be inclined to the hori¬ 
zontal at an angle tan'* 1 kH/U. (L.U., Pt. I) 

14. An aeroplane flying horizontally with speed V releases a bomb. If the 
air resistance is kv when the speed is v, show that the horizontal and 
vertical distances travelled by the bomb in time t are V(\ — e~ kt )/k 
and g(e~ kt ~ 1 -f- kt)jk 2 respectively. 

If the bomb is released at a height of 19,600 ft. when the speed of 
the aeroplane is 200 m.p.h. and if the squares and higher powers of 
k are negligible show that it reaches the ground in (210 + 1225£)/6 
sec., after having covered a horizontal distance 880(105 — 1225A)/9 
ft. (L.U., Pt. II) 

15. A particle of mass m, moving in the x, y plane, is attracted towards 

the axis of x by a force jjtmjy 3 when at a point (x, y). Show that, if // 
is constant and the particle is projected from the point (0, k) with 
component velocities U, V parallel to the axes of x and y , it will 
reach a highest point if fx > k 2 V 2 . Find the coordinates of the highest 
point if this condition is satisfied. (L.U., Pt. II) 

1.21 Motion with Varying Mass 
Newton’s second law of motion tells us that the force on a particle is 

equal to the rate of change of momentum, that is 

p = d dt 

dr dm 

= ni : 

tf. di 
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When the mass is varying this equation is only true in certain circum¬ 
stances. For the full solution of the problem we need to know the rela¬ 
tive velocity of the mass which is being added or lost. 

Suppose that a particle of mass m is moving in a straight line with 
velocity v under the action of a force P and that in time dt it receives 
an additional amount of mass dm which is moving in the opposite 
direction with velocity V. Then the relative velocity of dm with respect 
to m is (V + v) in the direction of V and we write for the relative 
velocity 

u « V + v. 

To the first order of small quantities the momentum of dm is altered 
from Vdm to vdm in the opposite direction, and its loss of momentum 
is dm{V + v) = udm. 

Therefore the force R between m and dm which destroys this mo¬ 
mentum is given by 

Rdt s= udm, 

that is, in the limit, R = u~. 


Therefore, the equation of motion of the mass m is 


P — R = 



„ dv , dm 
p = m~— + u— . 
dt dt 


In this equation — is positive if mass is being added and negative if it 

dt 

is being lost. Also, u is the relative velocity backwards of the mass 
which is being added or lost. 

If the added mass is at rest before being picked up or the lost mass 
is brought to rest as it drops off, u = v and we have the equation in 
Newton's form. 


1.22 The Rocket Equation 

When a rocket is fired vertically upwards mass is projected backwards 
with relative velocity u and, if air resistance be neglected, P is the 
gravitational pull downwards. We have, therefore, for the motion of 
the rocket while matter is being ejected 


dv , dm 


Example 6 . A uniform chain of length l and mass m lies coiled on the edge of a smooth 
table, and a mass equal to the weight of the chain is attached to one end and hangs 
over the edge. If the table is 21 above the floor find the velocity of the mass as the 
chain leaves the table and the thrust on the floor when half of the chain has reached 
the floor. 
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When a length# of the chain is over the edge, the moving mass is m(l -J -xjl), 
and its velocity is x. Also, the added mass is brought into motion from rest 
and we have 

m { 1 + i) g = l{ m ( 1 + i)*}- 

(x + l)g = J t (x + I)i, 

" *T X (X + l) *' 

(x + Ifg - (* + + l)*, 

-ik’ + r*- 

Then on integration 

+ c (a constant). 

Since % = x = 0 initially, c = and we have 

O 


■2 X s f 3x‘l + 3x1 » 
3 S (x + /)* 


Hence the velocity as the chain leaves the table is 



When the top of the chain is at a height / — y above the floor it has fallen 
freely a further distance / -f- y and its velocity is given by 

®* - ljgl + 2 g(l + y). 


At this instant a length of chain vdt is brought to rest by the reaction of the 
floor from a velocity v in time dt. Hence the reaction is given by 

Rdt — {™vjvdt, 

v % 

R = mj, 



In addition, there is the mass m + my/I already on the floor so that the total 
reaction is 



1 17 

and when y «* -/ this is ~mg, 

2 3 


Example 7. A rocket has mass a when full , it burns for time T and after time t its 
mass is a — bt. The relative backward velocity of the gases is u . If the rocket is 
ignited and moves vertically upwards from rest, find the velocity and height 
reached after time t (< X), (i) when the air resistance is neglected, («) when the 
air resistance is proportional to the velocity. 


1] 


EXERCISES 


33 


(i) We have ~ = -6, and 
at 


dv 


-{a - 6% = ~ 

dv 6 m 


—g/ — w log (a — 6/) + constant, 
-gt - u log (l - ?/). 


Integrating once more we have 

* - - “Jlog (l - 


-'-gt*log (l- b -t)+ut. 


(ii) Let the air resistance be kbv when the velocity is v, k being constant. 
The equation of motion is 


— (a — bt)g — kbv =» (a — bt)~ — bu. 


..dv 

dt 

bu 


dv t kbv _ ~ t 

dt + IT^bt " + a-6? 


dt 


(a — bt)~ k v = —g(a — 6/)”* + 6m(<* — bt)~ k ~ 1 l 

(a - bt)~*v= b - 8 _ — (a - bt)'~* + “(a - bt)~* + e. 


Since v *■ 0 when / = 0 
— c 


= f-g_+ 

16(1 — k) ' kj ’ 

u g{a-bt) / ga «\/ 6\* 

U(1 - k) ^ Sj \ a / 


Integrating once more we have 


If the air resistance is taken as proportional to the velocity squared the 
differential equation obtained is not soluble by elementary methods, and 
numerical integration must be used. 


EXERCISES 1 (d) 

1. A uniform chain is coiled on a table. One end is raised vertically from 
the coil to pass over a light smooth pulley 1 ft. in diameter whose 
centre is 2 ft. above the table and 3 ft. of the chain hangs vertically 
on the other side of the pulley. If the system is released from rest in 
this position find the velocity of the chain when a further 10 ft. has 
passed over the pulley. 
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2. A uniform chain 3 ft. long weighing J lb./ft. is hung vertically with its 
lower end 4 ft. above the ground. If the chain is released in this posi¬ 
tion find the thrust on the ground when 2 ft. of the chain has reached 
the ground. 

3. Two masses, P and (P + Q) are attached to the ends of a light in- 

extensible string which passes over a smooth fixed pulley. If Q loses 
mass at a constant rate, becoming zero in time T, and the system 
starts from rest, find the velocity when Q vanishes. (Neglect the 
inertia of the pulley.) (L.U., Pt. I) 

4. A uniform chain of length l and weight W lies on the ground. A rope 
is attached to one end and hauled vertically at a steady speed v until 
the whole chain is clear of the ground. Find the pull in the rope at this 
instant. 

5. A rocket moves vertically upwards with initial speed V. During the 
ascent matter is continuously ejected vertically downwards with 
constant velocity u relative to the rocket. If m is the mass of the 
rocket at time t , and if v is the velocity at this instant, prove that 
the equation of motion is 



If m 0 is the mass of the rocket initially (when its speed is V and 
when t — 0), prove that 

Win 

v = V - gt + u log -!. (L.U., Pt. II) 

YYl 

6. A rocket has initial mass 40 lb. and the charge bums at the rate of 
3 lb./sec. being all burnt after 10 sec. The relative backward velocity 
of the gases is 640 ft./sec. If the rocket is ignited and begins to move 
vertically upwards find, neglecting air resistance, the velocity and the 
height reached when the charge is all burnt. 

7. If the rocket in the preceding example is subject to a resistance 
l-6t/ pdl. when moving at v ft./sec. and moves vertically upwards, 
find the velocity and the height reached when the charge is all burnt. 

8. A rocket of initial mass ra 0 and rate of burning r ejects matter back¬ 
wards with relative velocity w. If it moves horizontally against an air 
resistance proportional to the square of its velocity such that its 
terminal velocity in the horizontal motion is v 0 and the effect of 
gravity is neglected find an expression for its velocity when it has 
burnt for time t. 

1.23 Motion in a Circle 

When a particle moves in a circle of radius r its position at any 
instant is determined by one coordinate 0, the angle which the radius 
to the particle makes with a fixed direction, that is, its position is given 
by polar coordinates (r, 6) where r is constant. Hence its velocity is r6 
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perpendicular to the radius in the direction of 6 increasing. Also 8 is 
the angular velocity with which the circle is being described. 

The components of accelerations are readily 
found in the polar form to be rS along the tan¬ 
gent in the direction of Q increasing, and rd* 
towards the centre of the circle (Fig. 13). 

1.24 Conical Pendulum 

A conical pendulum consists of a particle 
suspended by a light inextensible string from a 
fixed point and projected so as to describe a horizontal circle with 
uniform velocity. 

Let / be the length of the string, h the depth of the circle below the 
fixed point and m the mass of the particle. 

The forces acting on the particle are its weight and the tension of the 
string T and there is no component of force along the tangent to the 
horizontal circle. Hence, if 0 be the angular velocity, fi — 0 and 6 is 
constant. 

If h = l cos a, a is the semi-vertical angle of the cone swept out by 
the string, the radius of the horizontal circle is l sin a and the only 
acceleration is l sin a 8 2 towards the centre of the circle (Fig. 14). 

Hence T cos a = mg, 

T sin a = ml sin a 8 X . 

Therefore 6 2 = y -^-— = f, 

l cos a h 

h 

and the time of a revolution is 2 n^{h!g). 




Thus the speed of rotation is related to the depth of the circle below 
the fixed point and the tension is proportional to the square of the 
speed. This principle is used in the governor of a steam engine where an 
increase of speed causes an increase in the tension of the framework 
which opens a valve and reduces the speed, i 
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1.25 Tension in a Belt running over a Pulley 

Let a be the radius of the pulley, m the mass per unit length of the 
belt and consider the forces on a small element tnadip of the belt (Fig. 
15). If T and T + dT be the tensions at the ends of the element, their 
difference has components, 

(T + dT) cos dip — T, tangentially, 

(T + dT) sin dip, towards the centre. 

That is, to the first order of small quantities, 

dT, tangentially, 

Tdy>, towards the centre. 



Fig. 16 


Ra 6^r 



Let R be the reaction per unit length and p the coefficient of friction 
between the belt and the pulley. Assuming the friction to be limiting we 
have therefore forces 

Rady), normal, 

fxRa&y), tangentially (Fig. 16). 

Hence if the belt is running at uniform speed v the central acceleration 
of the element is v 2 ja and we have 


Eliminating R we have 


maSip . — = Tdy) — Rady), 
a 

6T = ju(T — mv 2 )dxp , 


and in the limit — = u(T — mv 2 ). 

ay) 

Hence log (T — mv 2 ) = fty> + constant, 

that is T — mv 2 = Ce?*. 

Therefore, if 7\ and T 2 be the tensions at the points where the belt 
clears the pulley, na apart, 


T x - mv 2 — (T 2 — mv % )e^. 
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1.26 Deviation of a Plumb Line 

A point on the surface of the earth in 
latitude A is rotating in a circle of radius 
R cos A, where R is the earth’s radius, with 
angular velocity Q and has an acceleration 
RQ 2 cos A towards the axis of rotation 
(Fig. 17), where Q = 10' 5 x 7-29 radians/sec., 
approximately. Hence a plumb line of mass 
m held in this latitude will deviate from 
the vertical towards the equator by an angle 
a so that its tension and the force of gravity 
this acceleration. 


T 



may combine to provide 


That is 


Therefore 


T sin a — mRQ 2 cos A.sin A, 

T cos a = mg — mRQ 2 cos A. cos A. 
RQ* cos A sin A 


tana = 


g — RQ 2 cos* A* 


RQ 2 sin 2A 

% 


, approximately. 


This deviation has its greatest value of approximately 6 minutes in 
latitude 45°. <* 

The decrease in g due to the rotation is RQ 2 cos* A. This is greatest at 
the equator where its value is approximately 
0*112 ft./sec. 2 

1.27 The Simple Pendulum 

If a particle is moving in a vertical circle at 
the end of a light inextensible string whose 
other end is fixed, the forces acting on it are its 
weight and the tension in the string (Fig. 18). 
Hence if m be the mass of the particle, l the 
length of the string and 0 the angle which it 
makes with the vertical at any instant we have the equations of motion 

mlS = —mg sin 0, 



mlQ 2 — T — mg cos 0. 

The first equation may be integrated with respect to 6. We have 

40 ®■) — 

W 2 = 2 g cos 6 + constant. 

If 6 remains small, so that sin 9 is approximately equal to 9, the equa¬ 
tion of motion gives 

16 — — gd. 
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This is the equation of a simple harmonic oscillation whose period is 
2 Tt's/^ig) and the motion is said to be that of a simple pendulum. If 
the amplitude of the oscillation is a we have 

0 * a cos 

Since 0 — 0 when 0 = a we have 

10* = 2g(cos 0 — cos a), 

— 4g(sin 2 — sin 2 ^0), 


\l) (sin 2 \a — sin 2 £0) 1/2 ’ 

If T be the period, the quarter period is the time between 0 = 0 and 
6 — a and we have 


l(‘\ T = f- 

2\// Jo (si 


(sin 2 \a — sin 2 £0) 1/2 * 


Substituting sin £0 = k sin <f>, where k — sin £a, we have 


i/AV-or # 

2\// J , (1 - ¥ sin 8 *)«■* 

f l 

= 2 j d<f>\ 1 + sin 2 


1 + sin® 4> + sin 4 <f, 


2.4 


Therefore 


rm 

21 d<f> = 7t f 

rW3 1 

2J sin 2 <f>d<l> = g7t, 

r*r i 3 

2 sin 4 cj>d(j> = —7T, and so on. 

Jo 2.4 

--o'(“©'"©'"(SO' 


Since k = sin a second approximation to the period is found by 

putting k = - and ignoring a 4 and higher powers of a, giving 
” 2 


r ”0’( , + B> 
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1] EXERCISES 

EXERCISES I (e) 

1. A mass of 10 lb. rests on a rough horizontal table with coefficient of 
friction It is attached to one end of a light inextensible string which 
passes through a smooth hole in the table and carries a mass of 4 lb. at 
its free end. If the mass of 4 lb. describes a horizontal circle with a 
uniform velocity of 8 ft./sec. and the mass on the table is on the point 
of slipping, find the radius of the circle and the length of string below 
the table. 

2. A heavy bob B is attached to a pivot P by a light rod 20 in. long. P is 

on an arm rigidly attached to a vertical shaft and is 6 in. from the 
axis of the shaft. The shaft rotates at 4 rad./sec. Find graphically or 
otherwise the angle 0 which PB makes with the vertical to the nearest 
degree. (L.U., Pt. I) 

3. The smooth inside surface of a bowl is a segment of a sphere of radius 

8 in./ the height of the segment being 4 in. The bowl has its axis fixed 
and vertical, and it is rotated about the axis. Find the greatest per- 
missible angular velocity of the bowl, in revolutions per minute, if a 
particle placed in it can remain at rest relative to the bowl just within 
the rim. (L.U.) 

4. A steam governor consists of four equal light rods, AB t BC , CD, DA , 

of length 10 in., freely hinged at their ends and rotating about a 
vertical axis to which it is hinged at the fixed point A and on which it 
slides without friction on a light collar attached to the rods at C below 
A. It carries masses of 6 lb. at B and D, and is kept in position by a 
spring at C. Find the number of revolutions being made per minute if 
the force exerted by the spring is 2 lb.wt. downwards and AC equals 
12 in. (L.U.) 

5. In a simple governor four equal, light smoothly jointed links form a 
rhombus A BCD of side 1 ft. Two balls each of mass 6 lb. are attached 
at B and D. The point A is fixed on a vertical rotating shaft, and at 
C there is a collar of mass 40 lb. which can slide freely on the shaft. 
Find the speed of the shaft at which the balls will rotate in a circle of 
radius 6 in. If the speed is increased by 10 r.p.m. find the amount by 
which the collar rises. 

6. Two pulley wheels each 3 ft. in diameter are coupled together by a 
leather belt the angle of contact on each wheel being 180°. The belt 
weighs 1-5 lb. per ft. run and runs at a speed of 50 ft./sec. If the tension 
in the belt is to be limited to 800 lb. and the coefficient of friction be¬ 
tween the belt and the wheels is 0*3, calculate the maximum torque 
and horse-power which can be transmitted at this speed. (C.U.) 

7. An elastic band 1 ft. in length weighs 0*5 lb. and its modulus of 
elasticity is 1 lb. The band is fitted to the outside of the rim of a wheel 
2 ft. in diameter. Show that the reaction between the band and the 
wheel is 5*28 lb. per ft. run and find the speed of rotation at which the 
band will become loose on the wheel. 
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8. Show that if a seconds pendulum is allowed to swing through an angle 
of 30° either side of the vertical its half-period will be 1*017 sec., and 
that a clock governed by this pendulum will lose just over 24 minutes 
a day. 

9. A particle is suspended by a light inextensible string of length l from a 
fixed point and given a horizontal velocity ( ngl ) v% . Show that if it 
describes a circle without the string becoming slack n > 5. Show that 
the time to complete the circle is the same as the period of a simple 
pendulum of length Ijn oscillating through an angle 2 sin- 1 (2/w 1/a ) 
either side of the vertical. 


1.28 Motion on a Curve 

If a particle moves along a smooth curve the forces acting on it at 
any point will be the reaction normal to the tangent and its weight 
(Fig. 19). 

Hence the equations of motion are 

mv = —trig sin rp, 
mvy> = R — mg cos tp. 



Since 


dv 

V Ts 


= — gjsinyds. 


- - 41 *- 


= —gy + constant. 

This equation follows immediately from the energy equation 

-mv* + mgy = constant. 

2 

If the equation of the curve is given in the intrinsic form s —f{rp), 
sin xpds may be evaluated and hence v obtained in terms of s, and 


1 


ds 


since v = — the relation between distance and time is obtained by a 
dt 

second integration. 

If there is in addition a tangential component 
of force T (Fig. 20) the first equation of motion 
becomes 

mv s= T — mg sin xp 

1 


and 


-J 


mv 2 — Tds — mgy + constant, 



that is the energy is increased by the work done by the force T as the 
particle moves along the curve. 



1 ] 
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1.29 Trajectories of Shells 

The trajectory of a shell fired with a given velocity at a given eleva¬ 
tion is determined by the force of gravity and the air resistance to the 
motion which acts backwards in the 
direction of the tangent to the trajectory. 

The air resistance to a shell of mass m 
when the velocity is v is taken as ntcv 2 P(v), 
where c is a constant and P(v) is found 
experimentally and tabulated for different 
values of v . 

The equations of motion are then (Fig. 

21 ) 



mb = —mg sin ip — mcv 2 P(v ), (1) 

tnvip = —mg cos ip. (2) 

Hence v cos ip + g cos ip sin ip — —cv*P{v) cos ip, 

and substituting for cos ip from (2) 

g 

v cos ip — vip sin ip = - v*P(v)ij>, 

g 


that is ~(v cos ip) = - i>*P(v). (3) 

dip g 

Here v cos ip is the horizontal component of velocity and the vertical 
component is (v cos ip) tan ip. The equation (3) is integrated numerically 
by what is called the small arc process. Values ip lt ip % , . . ip T . . . 
of the slope of the trajectory are taken differing by a constant amount 
of one degree or less. The corresponding values of v are given by equa¬ 
tions 

c f *•+* 

v r+1 cos ip r+1 — v r cos ip r = -1 v*P(v)dv. 

gU r 

A value v r having been found, a forward estimate of v r+1 is made by 
the methods of finite differences and the integral is evaluated to verify 
this estimate, the process being repeated if there is disagreement. Thus 
a relationship between v and ip is built up over the whole trajectory. A 
relationship between ip and ip follows from (2) whence a relationship 
between ip and t is built up over the same small arcs. 

We have also 


dx _ 1 dx _ v cos ip 
dip ip dt ip 

dy _ 1 dy 

dip ip dt 


-, from (2), 

S 

iS 


v sin ip v' , 
- r =-tan ip. 

V g 


These equations integrated over the same arcs provide the complete 
solution of the trajectory. 
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Alternatively, the trajectory may be divided up according to equal 
intervals of time and all integration carried out with respect to t . 

This laborious computation is per¬ 
formed in a few seconds on an elec¬ 
tronic computer. 

1.30 Cycloidal Pendulum 

A cycloid is the curve traced out by 
a point on the circumference of a circle 
as the circle rolls along a horizontal 
straight line. When the circle of radius 
a has turned through an angle 0 the 
point of contact (Fig. 22) has moved a 
distance ad and the horizontal and vertical displacements of the point 
are 

x = ad — a sin 6, y — a — a cos 0. 
dy __ dy dd sin 0 , 

dx 



Hence, 


= cot -0. 


dd dx I — cos 0 2~ 

The inclination of the tangent to the horizontal is therefore 


y> 


(1-fr 


Now 


O 

Fig. 23 


- 


ds = (dx 2 + dy 2 ) 112 , 

= {a 2 (l — cos 0) 2 + a 2 sin* d} 1/2 dd, 

— 2 a sin -0i0, 

2 

= —4 a cos tpdip. 

Therefore s = 4a (1 — sin ip). 

Here the distance s is measured 
from the point 0. The intrinsic equa¬ 
tion of an inverted cycloid (Fig. 23) when the distance is measured 
from the lowest point of the curve is therefore 

s = 4a sin xp t 

If a particle is free to move on a smooth inverted cycloid the tan¬ 
gential component of force is mg sin y> and we have 

mv = —mg sin xp, 
d 2 s 


that is 


-=-gsmv>, 

= -f S ’ 

4 a 


This is an equation of simple harmonic motion for s and the period is 
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2n(4a[g) 112 . The period is independent of the amplitude of the oscillation, 
provided the particle remains on the curve. 

If a particle is suspended by a light string between guides which are 
arcs of a cycloid (Fig. 24) the path of the particle is an involute of the 
cycloid. If the guides are generated by a circle of radius a and the string 
is of length 4 a the involute is a cycloid of the same dimensions as the 
guides and the particle oscillates with simple harmonic motion of period 
2rc(4 ajg) 112 . 



Fig. 24 Fig. 25 


1.31. Use of Polar Components of Acceleration 

The polar components of acceleration are chiefly used when 

(a) the force on a particle depends only on its distance from a fixed 
point, 

(b) the force is always directed towards or away from a fixed point, 

(c) the force is always perpendicular to the radius from a fixed point 
to the particle. 

If the force P is always directed towards a fixed point, taking this 
point as the origin of polar coordinates the components of force and 
acceleration are as shown in Fig. 25. 

Therefore m(r — rd 2 ) ~ —P, 

From the second equation it follows that r 2 6 is constant and may be 
determined from the initial conditions. Writing r 2 6 = h we have 



and substituting in the first equation 

"( f - *') - -r- 

If P is a function of r this equation may be integrated with respect to 
r giving 

+ constant. 
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This equation may indeed be written down directly as the energy equa¬ 
tion since the kinetic energy is and — is the work 

done. 


r r i p 


l-r 


U 


Example 8. A particle P is attached to one end of an inextensible string which passes 
through a small hole in a smooth horizontal table, and a particle Q of equal 

mass is attached to the other end of the string . 
Initially the system is at rest with P held on 
the table at a distance c from the hole, and with 
Q hanging vertically. If P is projected on the 
table in a direction perpendicular to the string 
with velocity (igc) 112 find the distance of P 
from the hole when it is next instantaneously 
moving in a direction perpendicular to the 
string . (L.U., Pt. I) 


*Q 

Fig. 26 


Let the position of P be given by polar coordinates (r, 0) so that r is its 
distance from the hole (Fig. 26). Then if / be the length of the string, Q is at a 

d 2 

depth / — r below the hole and its acceleration is — (/ — r) — —f down¬ 
wards. 

Then if T be the tension in the string we have for Q 

T — mg =» mr. 

For P we have the equations 

m(r - r$ 2 ) = — T, 

= constant. 


Initially r 


Therefore 


c and r& — (gc}Z) vt , and therefore 

rd 8 1 


-gc*, 


1 c* 
3 8 i*' 


m(*> - - ~ T - ~ m S ~ mf - 

1 e« 

1 c* 

** + z*-j — —gr + constant. 


and since r « 0 when r ■*» c, 

* - - S) - t(r - »)• 

- -- i(r-c)(2r-c)®r + c). 

o r * 

p is moving in a direction perpendicular to the string when r «= 0, and this 

next occurs when r = \c. 

z 
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1] EQUATION OF AN ELLIPSE 

Example 9. A smooth rod turns in a horizontal plane about a vertical axis through one 
end. A small ring slides on the rod whose angular velocity is maintained constant 
by a suitably varied torque. If the ring 
is projected along the rod from the axis 
with a speed V find its distance from 
the axis and the value of the torque after 
a time t . (L.U., Pt. II) 

If 6 be the inclination of the rod at 
any instant and r the displacement of 
the ring from the axis (Fig. 27), (r, 6) 
are polar coordinates of the ring. We 
have 6 = constant — co (say) and 
initially r — 0, r = V. 

The only force acting on the ring is the 
rod. We have therefore 

r - = 

m(rB -f 2 r6) = 

That is, since 6 = co and 5=0 

r — rco 2 = 

R = 

We have the solution of the equation for r 

r = Ae^ -f Be~^, 

and when t = 0, 0 = A + B, 

V - (A - B)co, 

V 

therefore r — — (e 0 * — e~ ait ) t 

2co " 

V . , 

= — sinh cot. 
co 

Also R =* 2mcor, 

— 2 mco V cosh cot. 

rR « 2m V 2 cosh cot sinh cot, 

— mV 2 sinh 2 cot. 

This is the torque exerted by the ring on the rod and is therefore the torque 
required to maintain the angular velocity. 


R 



o, 

R. 

0 , 

2 ntcor. 


1.32 Equation of an Ellipse 

The usual form of the equation of an ellipse is 




where a and b are the major and 
minor semi-axes respectively. 
The eccentricity e is given by the 
X equation b 2 — a 2 (l — e 2 ); the 
semi latus rectum SL (Fig. 28) is 
denoted by l, and l — a{\ — e 2 ). 

Hence 


1 — ~ (1 — £ 2 ) 1 / 2 * 


a = 
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The distance OS of the focus from the centre of the ellipse is ae and hence 
if (r, d) be the polar coordinates of a point P with reference to S we 
have 

tc 

x a -- \~ r cos d t y — r sin 0. 

1 — e 2 

Substitution for x andy in the equation of the ellipse leads to the polar 
equation 

_ = 1 + e cos 0. 

* r 

This is the polar equation of any conic and represents a circle if e = 0, 
an ellipse if e < 1, a parabola if e — 1 and a hyperbola if e > 1. 
Differentiating this equation we have 

l dr . 

-™ = —£ sin 0, 

r 2 dQ 




= + d_ c .) 

r\dft) r 2 r 


/dry = 

\Je) “ 


+ 2 } r> 

If 


1 - 
l 2 


r 


This is the differential equation satisfied by the polar equation of the 
ellipse. Its solution would involve an arbitrary constant and would be 

- = 1 -j- c cos (0 "T" u)« 

r 


1.33 Newton’s Law of Universal Gravitation 

If two bodies have masses m 1 lb. and m 2 lb. and are at a distance 
d ft. apart they attract one another with a force 


ym iW 2 

d 2 


pdl. 


where y — 10 X T0685, approximately. This is Newton's Law of 
Gravitation on the basis of which the motion of the earth and other 
planets around the sun is explained. 

If M be the mass of the sun and m the mass of a planet their mutual 

attraction when at a distance r apart is . Therefore the sun has 


an 


acceleration — towards the planet and the planet has an acceleration 
r 2 
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yM 

r* 


towards the sun. Thus the relative acceleration of the planet to 


wards the sun is 

r a 

To have an idea of the magnitudes of the forces involved, let M be 
the mass of the sun, m the mass of the earth and d its mean distance 
from the sun. 

M = 4*392 x 10 80 lb. 
m = 1*315 x 10** lb. 
d = 4*911 x 10 11 ft. 


yMm 

~d 2 

y(M + m) 


2*56 x 10 23 pdl. 
0*0195 ft./sec. a 


1.34 Orbit of a Planet 

Let the position of a planet relative to the sun be given by polar 
coordinates (r, 6) (Fig. 29). The acceleration is directed 


towards the sun. 

We have therefore 

? - rg» = _y(M_± j n ) 
r 8 

that is r*6 — h{ a constant). 

Substituting for 0 in (1) we have 

O h * _ r( M + m ) 


( 1 ) 

( 2 ) 



Integrating with respect to r we have 

+ * MM + m) + c constant)> 

r* r 


We shall take C = — ih m \ where a is constant, 

a 


and hence 


r* + - = Y( M + m ) 



(3) 


It should be noticed that since h 2 jr 2 = r 2 ^ 2 equation (3) gives the 
square of the velocity for any value of r and that the velocity increases 
as r diminishes, that is as the planet moves nearer to the sun. 
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We have 


, 8 _ h* , 2y(M + m) y(M + m) 

r ~~7* + r a 


0 2 


therefore 




A 2 


-r 2 + 


2y(M + m)^ _ y(M + m) 


h 2 a 


This is the differential equation which was obtained for an ellipse and 
its solution is 

Z 


- = 1 + e cos (0 + a), 

r 


where 


that is 




h % 


y(M + m) y 
e 2 _ y(M + m) _ 1 


Z a 

Z 




Za # 


= a . 


I — 

It follows that the constant a which was introduced is the major 
semi-axis of the ellipse. The minor semi-axis is (i la ) u2 . 

Since mr 2 6 is the angular momentum about S, the constant h is the 
angular momentum per unit mass. We shall show that \h is the rate at 
which area is swept out by the radius from the sun to the planet. 


If (r , d) and (r + dr, 0 + < 



be the coordinates of P at time t and 
time t + dt respectively, the area en¬ 
closed between the radii is to the first 
order of small quantities \r 2 dd. This is 
the area swept by the radius in time dt 
and hence in the limit the rate at 
which area is swept is 

1 

2 




Thus the area is swept at a constant 
rate, that is, areas SPP' (Fig. 30) 
swept in equal times are equal. 

It follows that the time T in which the planet makes a complete 
circuit of the sun is the area of the ellipse divided by \h . 

nab 

W 

4rrW 


That is 


T = 


T ! = 


h* 
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therefore 


h 2 = y(M + m)l, 
b 2 « la, 

rs _ 4jz 2 a* 

~ y(M + tn)’ 

_ 2n a™ 

{y(M + m)} 172 * 


Since m is small compared with M the periodic time of a planet is 
seen to be proportional to a 872 , where a is its major semi-axis. This fact 
was obtained from observations by Kepler and is known as Kepler's 
Third Law. 

For the motion of the earth about the sun the following are approxi¬ 
mate values of the constants involved: 


a = 4*9106 X 10 11 ft. 
b = 4*9099 X 10 11 ft. 

I = 4*9092 x 10 11 ft. 
e = 0*01675. 

h = 4*800 X 10 16 ft. 2 /sec. 

T = 3*156 x 10 7 sec. 
yM = 4*6928 x 10 21 ft. 8 /sec.* 

There is not agreement on some of these figures to this degree of 
accuracy, but the figures given above are a consistent set. 


EXERCISES 1 (/) 

1. A heavy cable hangs in a catenary whose equation is s = c tan y>. A 
ring can slide freely on the cable. If the ring is given a velocity i> 0 along 
the cable from its lowest point find how far it will move before 
coming to rest. 

2. A ring can slide smoothly along a heavy cable in the form of a caten¬ 
ary. Show that if the displacement of the ring is small compared with 
the parameter c of the catenary, the periodic time of an oscillation 
about the position of equilibrium is 2 n(cfg) vt . 

3. A body attached to a parachute is released from an aeroplane which 
is moving horizontally with velocity V. If the parachute exerts a drag 
opposing motion which is k times the weight of the body, where k is 
constant, find an expression for the velocity of the body when its path 
is inclined at an angle tp to the horizontal. 

If k = 1 show that the limiting vertical velocity is 

4. A smooth parabolic curve has equation x 2 = 4ay where the y-axis is 
vertical and the #-axis is horizontal. Show that if a particle moves on 
the curve about the position of stable equilibrium the period of small 
oscillations is that of a simple pendulum of length 2a. 
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6. A particle of mass m rests on a smooth horizontal table attached to a 
fixed point by a light elastic string of modulus mg and natural length 
a. Initially the string is just taut and the particle is projected in a 
direction perpendicular to the fine of the string with velocity (4ga/3) 1/ *. 
Show that the string will extend until its length is 2 a and that the 
velocity is then (gtf/3) l/2 . 

6. A particle of mass m moves on a smooth horizontal plane under an 
attraction P towards a point O on the plane. Its path is a spiral whose 
equation in polar coordinates, with O as pole, is r = ae k0 . If the 

maPu* 

velocity is u when 0 = 0 prove that P = —-—. 

7. A rod of length 2 a is forced to turn in a horizontal plane about a 
vertical axis through one end with constant angular velocity ct>. A 
small ring which can slide freely on the rod is released from rest at the 
mid-point of the rod. Show that it will leave the rod after time 
CD -1 log (2 -f \/3) and find its velocity at this instant. 

8. A smooth rod is constrained to turn in a horizontal plane about a 
vertical axis through one end with angular velocity co. A ring of mass 
m which slides on the rod is attached to the pivot by a light spring of 
unstretched length a and stiffness s and is released from rest with the 
spring unstretched. Show that if sg = w(ct) a 4- A 2 ), where A 2 is positive, 
the ring will oscillate about a point of the rod. Find the distance of this 
point from the axis and the amplitude and period of oscillation. 

9. A particle rests close to the edge of a smooth rectangular plate which 
begins to turn downwards about this edge with constant angular 
velocity co. Show that the reaction between the particle and the plate 
will vanish after time t given by the equation cosh mt — 2 cos cot. 

10. Two particles of equal mass m are connected by a light spring of stiff¬ 
ness s and unstretched length a and can slide on a smooth rod. The 
rod is made to turn with constant angular velocity co in a horizontal 
plane about a vertical axis through one end. Initially the spring is 
unstretched and one of the masses is close to the axis of rotation. 
Show that after time 2 tt/A, where sg — £*«(A a 4- o> 2 ), the masses will 
each have moved a distance £a{cosh (2tko/X) — 1}. 

11. Given that the greatest and least distances of the planet Mars from 
the sun are 8T80 x 10 u ft. and 6*784 x 10 u ft. and that its mass is 
negligible compared with that of the sun, find the length of the Martian 
year and the semi-major and minor axes of its orbit. 

12. Show that if a projectile is fired with velocity V at an inclination a 
to the horizontal and the variation of gravity is taken into account 
but air resistance is neglected it will describe an ellipse whose latus 
rectum is V 2 cos 2 a/g and whose semi-major axis is gR*/(2gR — V*), 
R being the earth's radius. 




CHAPTER 2 


OSCILLATION OF A PARTICLE 
2.1 Simple Harmonic Motion 

Simple harmonic motion is characterised by an equation of motion 
of the form 

—- £)• 

The solution of the differential equation is 

x —— = A cos (cot + e) (2) 

(D* 

where the constants A and e are determined by the initial values of x 
and x. Then x — cjco 8 is the centre of the oscillation, 2rc/co is the period 
and A is the amplitude of the motion; the first two can be found from 
equation (1) without solving it but the amplitude is determined by the 
initial conditions. The frequency is the number of oscillations in unit 
time and is the inverse of the period. The quantity e is called the epoch 
of the motion and the phase at any time is the time elapsed since the 
particle was last at the positive extremity of its path, that is t + e/a> 
less a multiple of the period. 

Force being proportional to acceleration, simple harmonic motion is 
caused by a force directed towards the centre of oscillation and propor¬ 
tional to the distance from the centre. Thus if a particle of weight w 
be attached to the end of a light spring of stiffness s which hangs freely 
from its other end, there is a position of equilibrium where the weight 
balances the extension of the spring, and if c be the extension w = sc. 
If the particle is displaced a distance x from this position the additional 
force in the spring is sx and we have 

w.. 

—j x = — sx, 
g 

and the motion is simple harmonic with period 2oi{wjsg) ll% . 

Many kinds of oscillations of importance in science and engineering 
are approximately simple harmonic and may be treated as such if the 
amplitude is not too great. 

Example 1. A Particle of mass 1 oz. is attached to the mid-point of an elastic string 
6 ft. long and the ends of the string are attached to two points 8 ft. apart on a 
smooth horizontal table . The modulus of elasticity of the string is 1 Ib.wt. The 
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particle is displaced a small distance in a line perpendicular to the string and 
released. Show that the resulting motion is approximately simple harmonic and 
find its period. 



Fig. 31 


When the particle is at rest the tension in each portion of the string is 

1 x - lb.wt. When it is displaced a small distance x (Fig. 31) the length of 
3 

each part of the string is \/(16 + * 2 ) the tension is 

T _ V <16 + *LzJ? lb.wt. 

3 

The resolved part of this tension in the direction perpendicular to the string 


T x 


_=*(i_*_y 

x ») 3\ a /(16 + **)' 


•v/(16 + x 2 ) 3\~ V( 16 + **)' 

There are two components of tension causing acceleration, therefore 


ixi. 

16 g 


-¥(■ 


*»))' 


V(16 + x 2 )> 

Since x is small we may neglect the x 2 under the square root, and we have 

- 

* —• 

This is an equation of simple harmonic motion with period 


2.2 Motion of Connected Particles 

When two particles are connected by a light spring (or elastic string) 
and move in the direction of the axis of the spring, the difference of their 
displacements is governed by the tension of the spring and, if there are 
no other forces affecting it, this motion is simple harmonic. The total 
momentum of the particles is governed by the external forces acting 
on the system, and if there are no such forces in the line of the displace¬ 
ments the total momentum is constant. Thus we have two equations 
from which the separate displacements of the particles may be found. 

Example 2. Two particles of masses 2 lb. and 5 lb. respectively lie on a smooth hori¬ 
zontal table connected by a light spring of stiffness % lb.wt. per foot. The 5 lb. mass 
is given a blow of impulse 20 pdl. sec. in the direction of the other mass. Find the 
displacement of each of the masses after t seconds. 
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The impulse applied to the 5 lb. mass gives it a velocity v, where 

20 « 5v , 
v = 4 ft./sec. 

Let x be the displacement of the 5 lb. mass and y the displacement of the 
2 lb. mass at time t in the direction of the blow (Fig. 32). 

By the conservation of momentum 


6x + 2y 

and hence 5x -f 2y 

The thrust in the spring is 3(x — y) lb.wt. 
5 

and hence « — 3(# — y), 

- 3(* - y). 


20 , 

20/. (1) 



Fig. 32 


Multiplying the first of these equations by 2 and the second by 5 and sub¬ 
tracting we have 

that is ~(x - y) -67-2(* - y), 

-(8-20)»(* -y). 

Therefore * — y = A cos 8-20/ -f B sin 8*20/. 

When / = 0, ^ = y = 0 and hence A *= 0, 

4 

x « 4, y — 0 and hence B ** 0*49, 

and x — y = 0-49 sin 8-20/. (2) 

Hence, from (1) and (2) x — 2-86/ + 0*14 sin 8*20/, 

y = 2-86/ - 0*35 sin 8-20/, 


and the period of the harmonic part of the motion is 
2jr/(8-20) = 0-765 sec. 


EXERCISES 2 (a) 

1. A light elastic string of natural length 2 ft. and modulus of elasticity 

2 lb.wt. is attached to two points A and B, 3 ft. apart on a smooth 
horizontal table. To the middle point of the string is attached a mass 
of i lb., which is drawn aside towards A and released from rest when 
1 ft. from A . Show that the resulting motion is simple harmonic, find 
the period of oscillation and the greatest speed of the mass during the 
motion. (L.U.) 

2. A light elastic string is stretched between two points A and B, dis¬ 

tant 2a apart, on a smooth horizontal plane, the tension in the string 
being T . A particle of mass m, attached to the mid-point of the string, 
is displaced a distance perpendicular to AB, which is small compared 
with 2a, and is then released. Show that the periodic time of oscillation 
of the particle is approximately 2n(ma/2T)^. (Q*E.) 

a m e — 3 
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3. Two particles A and B, each of mass m, are attached to the ends of a 
light stiff spiral spring AB and the system is placed on a smooth 
horizontal table. A blow of impulse I is applied to A in the direction 
AB. Prove that the greatest compression is I(2ms )- 1/2 where 5 is the 
stiffness of the spring. 

Prove also, that when the spring regains its natural length for the 
first time it has moved forward a distance \nl(2ms)- lt2 . 

(L.U., Pt. II) 

4. Two weights, each of mass m, are connected by a light spring which 
exerts a force s for each unit length of extension. They are placed on a 
rough horizontal plane the coefficient of friction being jn. One of the 
weights is projected along a line directly away from the other and at 
the instant when the second weight begins to move the first is travel¬ 
ling with velocity v. Show that during the subsequent motion the 
tension in the spring reaches a maximum value mg (ft 2 + sv 2 /2mg 2 ) V2 . 

(C-U.) 

5. Two particles, A and B, of equal mass m are attached to the ends of a 
light spring which exerts a tension of amount s per unit extension. 
Initially the particles are at rest on a smooth horizontal table with the 
spring just taut, and a constant force of magnitude sa is then applied 
to particle B in the direction AB. 

Obtain the differential equations for the displacements, x and y, 
of the particles A and B respectively at time t, and show that 
y -f x = Jaw 2 / 2 , y — x — £a(l — cos cot), where wco 2 = 25. 

(L.U., Pt. II) 

6. Two particles of equal mass m and distance a apart are attached to a 
taut string at equal distances ka from the fixed end points. Obtain the 
simultaneous differential equations for small transverse displacements 
x , y of the particles when the tension in the string has the constant 
value kman 2 . 

Show that, if the particles start from rest at t — 0 with x — b, 
y = 0, then x and y can be expressed in the forms C (cos nt + cos Xnt), 
C( cos nt — cos hit) respectively, and evaluate the constants X, C. 

(L.U., Pt. II) 

7. Two particles each of mass m lb. rest on a smooth horizontal table 
connected by a light spring of stiffness 5 lb.wt. If one of the particles 
is projected away from the other with velocity v ft./sec. prove that the 
distance each will have moved when the spring first regains its natural 
length is vn(ml&sg) V2 . 

8. A light spring has particles of masses m x and m 2 fixed to its ends and 
rests on a smooth horizontal table. The mass m 2 is placed against a 
fixed stop and the mass n ^ is moved towards m 2 until the spring is 
compressed by an amount h and then released. Show that the mass m 2 

comes to rest at distances 2 nnh\ -—> from the stop, where 

[ (m l + J 

n = 1, 2, 3, . . etc., and that the spring is then unstretched. 
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2.3 Damped Simple Harmonic Motion—Constant Frictional 
Damping 

Suppose that a particle of mass m moves in a straight line X'OX 
(Fig. 33) being attracted towards 0 by a force mco 2 x , where x is the dis¬ 
tance from 0, while at the same time there is a constant frictional force 



Fig. 33 

fxmg opposing motion. Let the particle be released from rest at a point 
A distant a from 0, and let A'O = OA. 

When the particle is moving from A towards A ' the equation of the 
motion is 

rnx = —ma) 2 x + jumg. (1) 

When the particle is moving from A ' towards A the sign of the friction 
is changed and the equation of motion is 

mx = —nuoH — jumg. (2) 

Equation (1) is x = — co 2 (x — k) 

where k = jugjco 2 . 

The motion is therefore simple harmonic with period 2jr/o> about the 
point K distant k from O, but this motion only continues for one half 
period. The amplitude is a — k and the particle first comes to rest at a 
point B distant a — k from K and therefore distant 2k from A'. 

Equation (2) is x = — co 2 (x + k). 

The motion is, therefore, simple harmonic with the same period about 
the point K ' distant k from 0 on the negative side and this motion 
continues for one half period. The amplitude is the length BK which is 
a — Zk and the particle comes to rest at C distant a — 3k from K\ that 
is, distant 4A from A . 

For the next half period the oscillation is about K and the particle 
comes to rest at 6A from A'; for the next half period it is about K and 
comes to rest at 8A from A. 

Thus after n half periods the particle comes to rest at 2 kn from A or 
A', If a — 2 kn < k this point will be within the range KK‘ and then 
the attraction will be less than the limiting frictional resistance and the 
particle will remain at rest. Thus the particle comes to rest after time 

nn\<o where n is the least integer greater than or equal to - H at a 

2k 

distance a — 2 kn from 0 on the positive side of 0 if n is even, on the 
negative side if it is odd- 
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2.4 Damping Proportional to Velocity 

Suppose a particle of mass m is moving in a straight line X'OX being 
attracted towards 0 by a force mco 2 x, where x is the distance from 0, 
while at the same time there is a force resisting motion proportional to 
the velocity. 

Let this resistance be 2 mkx with k > 0. Then the equation of 
motion is 

mx — —mo> 2 x — 2 mkx. 

The force 2 mkx changes sign with x and hence is always opposing mo¬ 
tion. 

We have x + 2&i + ft) 2 * = 0. 

This is a second order linear differential equation with constant co¬ 
efficients. To find the solution we first solve the subsidiary equation 

a 2 + 2&a + a> 2 = 0. 

We have two solutions 

cq = -k + (k* - ft) 2 ) 1 * = —k — (k 2 — co 2 ) 1 *, 

and the complete solution of the differential equation is 

x = Ae ait + Be ***, 

except in the case where a x = = —k, 

when the solution is x = (At + B)e~ kt . 

Let the initial conditions be 

x — a and x ~ 0 when t = 0. 

There are three possible types of motion depending on whether k is 
greater, equal to or less than o>. 

(i) If k > co, let k 2 — co 2 — q 2 . 

Then a; = Ae~ kt+fit + Ber*-* 

x = A(— k + g)e- kt+(,t + B(— k — Q)e- kt - pt . 

From the initial conditions 

A -|- B = (i t 
A(k - e) + B ( k + q) = °> 

therefore 

*“ J “{( 1 + ()*" + (’~~ e )'* 1 ’' 

X = — ^ _ e -kt-pt}' 

2 e 

In this motion x is essentially positive and * essentially negative and 
both become zero only after infinite time. The damping in this case is 
excessive causing the particle to return slowly to its position of equi¬ 
librium. 
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DAMPING PROPORTIONAL TO VELOCITY 


With other initial conditions x = x 0 , x = x 0 when t = 0, the solution 
is easily seen to be 

cosh qt + ( - + — J sinh qt 

\Q ew 


Xrfi 


-kt 


}■ 


In this case if x 0 is positive there must be a turning point since k > q 
and the particle reaches the origin eventually. If x 0 is negative the 
particle may pass through the origin before it finally returns there. 


(ii) If 


k ~ co 

x = (At + B)e~ kt 
x = (A — Bk — Akt)e~™. 


From the initial conditions B = a and A — Bk so that 


x — a{ 1 + kfye"** 
x = — akHe ~ kt . 


Hence, as in the previous case x remains positive and the particle 
returns slowly to its position of equilibrium. 

(iii) If k < co, let k 2 — co 9 = — p 2 . 

Then x = -f Be~ ki ^K 

The exponentials with imaginary arguments can be expressed as sines 
and cosines and the solution expressed in the form 

x = e~ kt (C cos pt + D sin pt). 

Since x — a when t = 0, C = a. 


x = —ke~ kt {C cos pt + D sin pt) + pe~ kt {-~C sin pt + D cos pt). 

Since x — 0 when ^ = 0 

-kC + pD = 0 , 

P 

Therefore x — -e~ kt (p cos pt + k sin pt), 

P 

= ae~ kt (cos pt — tan e sin pt), 
where tans — ~kjp, that is 


x = a sec s e~ kt cos {pt + e). 

Thus the motion is periodic with period 2 nl{co 2 — k 2 ) 1/2 f but the ampli¬ 
tude is reduced exponentially by the factor e~ kt so that the motion 
eventually dies away. 

We have 
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Thus x = 0 for t = — and the corresponding maxima and minima 

p 


values of x are 


x = a cos nn e ~ knn,p . 



Fig. 34 


Thus the graph of displacement against time (Fig. 34) is completely 
enclosed between the curves x = ±ae~ kt . 

The ratio of successive displacements on the positive (or negative) side 
is easily seen to be e~ 2nk/p . 

2.5 Forced Oscillations—without Damping 

For a particle moving in a straight line attracted to a point 0 of the 
line by a force mco^x, where x is the distance from 0, let there be a 
periodic disturbing force ntd cos qt measured in the direction of x in¬ 
creasing. 

Then mx + mcoH = md cos qt. 

Such a disturbing force may be caused, for example, in the case of a 
particle suspended from a fixed point by a spring, by giving to the point 
of suspension a simple harmonic motion of period 2nlq. If the displace¬ 
ment of the point of suspension isy and the displacement of the particle 
x the restoring force is proportional to x — y and the equation of mo¬ 
tion is of the form 

mx -f mor(x — y) = 0, 

and if aPy = d cos qt we have an equation of the form considered. 
d 2 x 
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The solution ot an equation of this type has two parts, namely a parti¬ 
cular integral and the complementary function. 

The complementary function is found by ignoring the right-hand 
side of the equation and is 

x l = A cos cot + B sin cot. 

The particular integral is 

*“7>ri ~/ cos ^' 


D* + oj‘ 

1 


d cos qt. 


co 2 - q 2 

The complete solution is therefore 

d 

x = A cos cot + B sin cot -cos qt 

co 2 — q 2 

= C cos {cot + c) 4--— cos qt. 

co 2 — q 2 

The constants A and B, or C and e, are determined by the initial condi¬ 
tions of the motion. 

Thus if x = x 0 and x = x Q when t — 0 

^ — x 0 — -- 


cu 2 - q 2 ' 


B — 


The motion, therefore, consists of two parts, the free oscillation with 
the natural period of the motion and the forced oscillation with the 
period of the disturbing force. The free oscillation eventually disappears 
due to damping which is always present to some extent and we are left 
with the forced oscillation 

d 

x — -cos qt. 

co 2 — q 2 

If q = co we have the condition of resonance and the amplitude of the 
forced oscillation becomes indefinitely great. 

It should be noted that when q — co the differential equation of 
motion is 

x + coH = d cos cot , 

of which a complete solution is, as may be verified by substitution, 

x = A cos cot + B sin cot + — t sin cot , 

2co 


and, therefore, the amplitude of the forced oscillation builds up with the 
time. 
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2.6 Forced Oscillations with Damping Proportional to Velocity 

In this case the differential equation is 

x + 2kx + co 2 x = d cos qt. 

The complementary function is 

x x = e~ kt (A cos pt + B sin pt), 
where p 2 = co 2 — k 2 . 

The particular integral is 
d 


*2 = 


D 2 + 2 kD + (o 2 
d 


cos qt 
cos qt 
cos qt 
cos qt 


co 2 — q 2 2 kD 

_ d(a> 2 — q 2 — 2 kD) 

~~ {co 2 — q 2 ) 2 — 4£ 2 Z) 2 
_ rf(co 2 - ? 2 — 2AD) 

” (co 2 - ? 2 ) 2 + 4£ 2 ? 2 ' 

^ -{(co 2 —- £ 2 ) cos qt + 2 kq sin £*}. 


(co 2 - q 2 ) 2 + 4ky K 
The complete solution is # = x x + x 2 

and the constants A and B are determined by the initial conditions as 


before. 

Writing tan rj = 


2 kq 


, the forced vibration is 


co 2 — q* 

x 2 = d{(co 2 — q 2 ) 2 + 4k 2 q 2 }~ m cos (qt — r}) 

= sin 7) cos (qt — ri). 

2 kq ' w ' 

7t 

In the case of resonance q = co and Tj — 

2 


therefore 


* 2 = Try— sin co*, 
2kco 


and the greatest amplitude when the free oscillation has died down is 
d/(2kco). This may be large if k is small, but it does not increase indefin¬ 
itely. It should be noticed that this oscillation is out of phase with the 
disturbing force. 


EXERCISES 2 (b) 

1. A particle of mass 2 lb. is attached to one end of a light spring whose 
other end is fixed to a point on a horizontal table. The stiffness of the 
spring is 1 lb./ft. and the coefficient of friction between the particle 
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and the table is 0-05. If the particle is drawn away from its equi¬ 
librium position through a distance of 18 in. and released, find the 
number of oscillations completed before it comes to rest and the time 
taken. 


A body of mass M performs oscillations controlled by a spring of 
stiffness A and subject to a frictional force of constant magnitude F, 
and displacement is measured from the position in which the tension 
in the spring is zero. If the body be released from rest with a displace¬ 
ment a , greater that E/A, show that it next comes to rest with displace¬ 
ment — (a — 2 E/A). 

Show that whatever the initial displacement, the body comes to 
rest in a finite time with a displacement numerically less than E/A. 

(L.U., Pt. II) 

A mass of m lb. hung at rest on the end of a vertical spring whose 
upper end is fixed produces an extension of a ft. Assuming a frictional 
resistance of kv/g lb.wt. when the velocity is v ft. per sec., formulate 
and solve the equation for the vertical oscillations of the mass. 

If the amplitude of the oscillations is reduced to 1/e of its initial 
value in s seconds (e being the base of natural logarithms), find k in 
terms of m and $. Find also an expression for the energy in ft. lb. 
which must be supplied to maintain an oscillation of A ft. at the 
natural undamped frequency. (L.U., Pt. II) 

The equation of motion of a particle is 


d 2 x 

df* 


+ 5 S +4 * : 


o. 


When t = 0 the distance # is 1 unit and the speed away from the 
origin is 2 units. Prove that the particle will be at its greatest distance 
from the origin after a time J log e 2, and find the greatest distance. 

(L.U., Pt. I) 

A particle of mass m moves in a straight line in a medium whose re¬ 
sistance is 5 mnv, where v is the velocity, and is attracted towards a 
fixed point O in the line by a force 4mn 2 x, where x is the distance from 
O. It is projected towards O with velocity u from a point at a distance 
a from O, at time t = 0. Find x in terms of t. 

Discuss the motion (i) if u < 4 na, (ii) if u > 4 na. 


A particle suspended by a vertical spring has its motion damped by a 
force proportional to the velocity so that the ratio of the amplitudes 
of successive oscillations in the same direction is 0*8, Show that the 
natural frequency of the particle is reduced by about 0-06 per cent by 
the damping. 


A mass m lies at rest on a horizontal table and is attached to one end 
of a light spring which, when stretched, exerts a tension of amount 
mio 2 times its extension (where a> is constant). If the other end of the 
spring is now moved with uniform velocity u along the table in a 
direction away from the mass, and the table offers a resistance to the 
motion of the mass of an amount mk times its speed (where k is 
A M.E.- 3* 
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constant), obtain the differential equation for the extension # of the 
spring after time t. 

If k = 2co show that x — — {2 — (2+ . (L.U., Pt. II) 

a> 

8. A 4-lb. mass hangs at rest on a spring producing in the spring an ex¬ 
tension of 1 ft. The upper end of the spring is now made to execute a 
vertical simple harmonic oscillation # = sin 4/, * being measured 
vertically downwards in feet. If the mass is subject to a frictional 
resistance whose magnitude in lb.wt. is one-quarter of its velocity in 
ft. per sec., obtain the differential equation for the motion of the mass 
and find the expression for its displacement at time t , when t is large. 

(L.U., Pt. II) 

9. A mass m is supported on a horizontal platform to which it is attached 
by a spring of stiffness A, and its vibration is damped by a damper 
which applies a force kv when the velocity of the mass relative to the 
platform is v. If the platform oscillates horizontally, its displacement 
at any time being y, while the displacement of the mass at the same 
time is x , show that 

mx -f kx + Xx — ky -{- Xy. 

If y = a sin pt determine the amplitude of the steady oscillation of 
the mass and show that it attains its maximum value when 

p* = A 2 {(1 + 2A 2 /wA) 1/2 -l}/A 2 . 

(L.U., Pt. I) 

10. A weight is hung on a spring, the upper end of which is given a vertical 
simple harmonic motion of frequency equal to the natural undamped 
frequency of oscillation of the weight. The oscillation of the weight is 
restricted by means of a dashpot which provides a damping force 
proportional to the velocity, so that its amplitude is equal to that of 
the upper end of the spring. 

Show that if the weight is allowed to oscillate freely under the same 
damping conditions the ratio of successive displacements in the same 
direction will be about 38 : 1. (C.U.) 

2.7. Electric Circuits 

In the following sections the differential equations which determine 
the current in an electric circuit are formed and solved. The following 
notation is used: 

i as current in amperes, 
q = charge on a condenser in coulombs , 

C = capacitance of a condenser in farads , 

L — coefficient of self-inductance in henries, 

R = resistance in ohms , 
e = electromotive force (e.m.f.) in volts, 
v — voltage. 
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An inductance, a resistance and a condenser each causes a drop in 
voltage according to the following laws: 

Inductance voltage = L y , 


Resistance voltage = Ri (Ohm’s law). 


Condenser voltage = 


9 

C' 


We have also that the current is the rate of change of charge, that is 



The differential equation of a circuit is formed by equating the voltage 
drop due to inductances, resistances and condensers to the voltage 
supplied by the e.m.f. 


2.8 Circuit with Inductance and Resistance 

The differential equation is 

L~+Ri = e. 
at 

(i) Let e be constant and equal 
to E and let the circuit be con- j, 
nected to the e.m.f. at time t = 0, 
so that i =* 0 when t = 0 (Fig. 35). 

The differential equation may be 
solved by finding a complementary 
function (C.F.) and a particular Fig. 35 

integral (P.I.). 

C.F. — Ae~ miT \ where A is a constant, 



P.I. = 


LD + R 


E 

R' 


Therefore 


i = Ae~ Rt ' L + 

R 


Since i — 0 when t = 0, A = — E/R and we have 


* - j ^ 1 


e- Rt/L ). 


Thus the current increases exponentially to the value E/R. 


(ii) Let the e.m.f. be alternating and equal to E cos cot, and connected 
at t — 0, so that i — 0 when t = 0. 

The differential equation is 

L~ + Ri = E cos cot. 
dt 
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The complementary function is as before and we have 


P.I. 


cos cot 


R + LD 

E{R - LD) 

— — -—- cos cot 

R 2 _ L 2 Z) 2 

E 


R 2 + L 2 co z 

E 

1 R 2 + IV 
E 


where 

Then 


tan a = 


(R 2 + IV) 1 ' 2 
Leo 


(R — LD) cos cot 
(R cos cot + Leo sin cot) 
cos (cot — a), 


R 


i = 4*-*^ + 
When t = 0, 0 = ,4 + 


(I ? 2 + L 2 co 2 ) 1 ' 2 
E 


T cos (ct># — a). 




(R 2 + L 2 co 2 ) 112 
E 


cos a, 


■{cos (w< — a) — e- RtlL cos a}. 


311(1 * (A 2 + LW)"' 

Thus there is an alternating component of current and a transient 
component which quickly dies out owing to the exponential factor, and 
we have the steady current 

£ 

i = --- cos ( cot — a). 

{.R 2 + L 2 co 2 ) 112 

(R 2 + L 2 co 2 ) 112 is called the impedance and a is called the phase lag . 
Thus the current is as if there were a simple resistance ( R 2 + IV) 1/a 
and a phase lag. 

2.9 Circuit with Resistance and Condenser 

The differential equation is (Fig. 36) 

Ri + l = 



and 


e, 

i = *i 

* dt' 


so that R^j- ~ = e. 
dt C 

(i) Let e be constant and equal to 
E, and let the circuit be connected 
at t — 0, so that q = 0 when t = 0. 
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Then q — Ac tiCK + CE 

= CE( 1 - e- t/CB ) 

and * = ^e~ tlCS . 

(ii) Let e be alternating and equal to E cos cot, and let the circuit be 
connected at time t = 0. 


We have 


CKAf + q = CE cos cot 
at 

C.F. = Ae-*' CR , 

CE 

P.I. = -—— cos cot 

1 + CRD 

_ CE{ 1 - CRD) 


1 + C*R*co* 

CE c 
1 + co 

CE 

(1 + C*RW) W 


(cos a>t + CRco sin cot) 
— sin {cot + P), 


where tan 8 = . 

p CRco 

Since q = 0 when t = 0, 

^_ CE sin 

— ~ (1 + C 2 R 2 co*) m ' 

The transient term dies out and for the steady state we have 

CE 


(1 + C*RW) 1/2 

Thus the impedance = (1 + C 2 R 2 (o 2 ) 1/2 /Cco 


cos (< ot + ft). 




and the phase lead is p. Thus the circuit is equivalent to a simple 
resistance equal to the impedance with a phase lead. 


Example 3. A condenser of capacitance C is charged through a resistance R by a 
steady voltage v. Prove that the charge q on a plate is given by Rq qfC = v. 
If C — 10“ 5 farads, v = 4000 volts, R = 5000 ohms, calculate the current at 
the instant of closing the switch and after 0-04 seconds. 
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From the previous section 


J4 , i 
R dl + c 


V 


q = Cv(l — e~ l l CR ) 

i „ 0-e-ttCR . 
i? 


1/Ci? - 20. 


o 

— = 0*8 amps. 

i - 0*85~ 2W . 


The current when / = 0 is therefore 0-8 amps., and since e °* 8 
current when t = 0-04 is 0*359 amps. 


0*449, the 


2.10 Circuit with Inductance, Resistance and Condenser 

The differential equation is (Fig. 37) 


-'W'- 




c 

Fig. 37 


L Jt + Ri + q c~ e - 

._ dq 

dt 

•C The differential equation may be 
written as 

dt 2 dt C 

T d 2/ t Thdi t dc 

or L—~ + R— + - = 

dt 2 dt C dt 


In this case we shall solve the differential equation for i. 
(i) Let e be constant and equal to E . 


We have 


« j dH ^ T>di . 

CL—— -f - CR— -j- i 
dt 2 dt 


0. 


The auxiliary equation is 


and 


CLa 2 + CRa -J- 1 = 0 
—CR ± y/{C 2 R 2 - 4 CL) 
2CL 


The three cases must be distinguished in which the values of a are 
real, coincident or complex. 

If CR 2 > 4 Ly the roots a t and are real and distinct and negative, 
and we have 

i = Ae ait + Be** 1 , 

Thus the current diminishes exponentially to zero. 
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ctj = ag = —R/2L, and we have 
i = (At + B)e~ Rt,2L . 

In this case the damping is critical and the resistance is just large 
enough to prevent oscillation and the current diminishes to zero. 

If CR 2 < 4L the roots of the auxiliary equation are 

and we have i = e * Z (A cos pt + B sin pt). 

In this case the motion is oscillatory with an exponential damping 
factor so that the oscillations are eventually damped out. 

(ii) Let e be alternating and equal to E cos cot. 

The differential equation for i is 

L— + Rj- + ^ = —Eco sm cot. 
at at 0 

The complementary function is as before, and this is transient, the 
steady current being given by the particular integral. 

This is 

—Eco 


% = 


sin cot 


sin cot 


LD 2 + RD+ - 
C 

— Em 

I — Leo 2 + RD 

v 

~Eco 

^ — Lco 2 ^ + R 2 co 2 
—Eco 


sin cot 


(e - “) 


La?) + R 1 a? 
E 


Leo 2 — sir 
{(e - ”) sin cot — Roo cos cot | 


cos (cot + /?), 


where 


{' + (£-*■)■}■ 

tan p = (<L~ La, ) /7? - 


Thus the impedance is 
is ft. 


| R 2 + - Leo ^ | and the phase lead 
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The amplitude of the current in the steady state is greatest when 
Leo = 1/Cco and its value is then E/R. Thus for different values of to 
the amplitude is a maximum when co = l/y'(LC), and this state is 
analogous to that of resonance in a mechanical system. 

2.11 Comparison of Electrical and Mechanical Systems 

The reader will have perceived the similarity between the differential 
equations of electrical circuits and those of mechanical systems of 
damped harmonic motion with a periodic disturbing force such as is 
given by the equation 

mx + Xx + fxx = c cos cot. 

In this equation m is the mass of the particle, A is the damping factor, 
[a the stiffness of the elastic restraint and c is the amplitude of the 
periodic disturbing force. 

In the corresponding electrical circuit the coefficient of self-induct¬ 
ance takes the place of the mass, the resistance replaces the damping 
factor and the reciprocal of the capacitance replaces the stiffness. The 
impressed e.m.f. corresponds to the periodic disturbing force. 

Many complicated problems involving electrical circuits can thus be 
solved by finding the solution of the corresponding mechanical problems, 
and vice versa. 


EXERCISES 2 (c) 


1. A condenser of capacity C discharges through a circuit of resistance R 
and self-inductance L. Find the condition that the discharge be just 
non-oscillatory. Obtain also the formulae for the time variation of 
charge and current in this case, when the initial voltage is E. 

(L.U., Pt. II) 

2. A condenser of capacity C and initial charge Q 0 is discharged through 

a resistance R and an inductance L in series. Prove that if R 2 C < 4 L 
the current at time t is — Qo e ~ M (k + h 2 fk) sin kt, where -A f ik 
are the roots of the equation CLx 2 -j- CRx -f 1 = 0. (L.U., Pt. II) 


3. 


4 . 


A circuit consists of inductance L and capacity C in series. An alter¬ 
nating e.m.f. E sin nt is applied to the circuit commencing at time 
t = 0, the initial current and charge on the condenser being zero. Prove 

fiE 

that the current at time t is given by / = yt~z -(cos ^ “ cos ni )» 


where CLo> 2 = I. 


L(n 2 - co 2 ) 


(L.U., Pt. II) 


Two condensers of capacities Cj and C 2 have one plate of each earthed 
and the two insulated plates joined by a wire of resistance R and self¬ 
inductance L. Initially the first condenser has charge Q and the 
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second is uncharged. Prove that the charge on the second condenser 
after time t is 

QC t Pe-<* ■- qg-* 

Cj -f- C a a — 

where a and ft are the roots of the equation LX 2 — RX — ^ ~ — 0. 

Ci c 2 

(L.U., Pt. II) 

6. An uncharged condenser of capacity C is charged by an e.m.f. of 
E sin {t/(LC) m } through leads of self-inductance L and negligible 
resistance. Prove that at time t the charge on one of the plates is 

lcE{sin [tl(LC)v*] - [t/(LC) v *} cos [f/(LC)"*]}. 

2 

If, in addition, there is a small resistance, in what respect is the 
mathematical form of the above result altered? (L.U., Pt. II) 

6. An uncharged condenser of capacity C is charged by applying an 
e.m.f. E sin nt through leads of self-inductance L and small resistance 
R . After a time 2 T, where T is a large integer, the e.m.f. remains zero. 
Find the charge on the condenser at time t , where t > 2X. 

(L.U., Pt. II) 

7. An alternating e.m.f. E sin pt is applied at time / = 0 to a circuit. 
Obtain, in the usual notation, the equation 

L S + R lt + £ = pEcospt, 

and hence obtain an expression for the current at time t in the two 
cases (i) CR 2 > 4L, (ii) CR 2 < 4L. (L.U., Pt. II) 

8. An e.m.f. E cos pt is switched across an electric circuit consisting of a 
coil of inductance L henries, resistance R ohms in series with a con¬ 
denser of capacity C farads. State the differential equation for the 
charge q in the condenser at any time t and the form of the general 
solution when the resistance is just sufficient to prevent natural 
oscillations. 

If L * 0*0001, R = 2, find the value of C for this condition to hold 
and calculate the amplitude of the steady current for an imposed peak 
voltage of 100 at 50 cycles per second. (L.U., Pt. II) 

9. A voltage E sin e ot is applied to a circuit containing an inductance L 

henries, a resistance R ohms, and a capacitance C farads. Write down 
the differential equation for the charge q on a plate of the condenser 
and the current i flowing into this plate at time t. Find a formula for 
i in the steady state and sketch a graph of the amplitude of i for 
different values of ct>. (L.U., Pt. II) 

10. An alternating e.m.f. E sin cot is supplied to a circuit containing in¬ 
ductance L, resistance R and capacitance C. Obtain the differential 
equation satisfied by the current i. 
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Find the resistance if it is just large enough to prevent natural 
oscillations. For this value of R and LCco 2 = 1 prove that 

i is (sin cot — cate-**)/2k, 

where k 2 = L/C , when the current and the charge on the condenser 
are both zero at time t — 0. (L.U., Pt. II) 

11* An electric circuit consists of an inductance L, resistance R and 
capacitance C in series. A constant e.m.f. E is applied in series with 
the circuit at time t = 0 when the current i and the potential v across 
the condenser are zero. Obtain the differential equation for v. 

Find the values of v and i at time t, given that 5CLa j 3 = 1 and 
5CRco = 2, and prove that the greatest value of v is E(1 -f e ~ nf2 ). 

(L.U., Pt. II) 


2.12 Circuit with Two Branches 

When a circuit has two branches the current will not be the same in 
each branch but the voltage drops will be the same along each branch. 
The voltage drop in each branch is assigned to the appropriate induct¬ 
ances, resistances, etc., as before and this leads to simultaneous differ¬ 
ential equations for the currents in the branches. 


Example 4. An e.m.f. E cos cot is applied through a resistance S to two branches each 
containing a resistance R, one a condenser of capacitance C and the other a coil 
of inductance L. If LaPC = 1 find the total current supplied in the steady state . 

Let i be the total current, i t and i t 
the current in the branches (Fig. 38). 
The voltage drop between A and B is the 
same for each branch and we have 

Va - V b - L~ + Ri, - Ri t + h, 

where — - 

dt 1 

We have therefore 

Si + Ri x + pr = F cos cot, 
o 

Si + L ^ + Ri 2 = E cos cot. 
dt 

Differentiating the first equation and replacing i x by * — i 2 we have 

(S + R)~ — R—f H- — - » —Eco sin cot. 

dt dt C 

I {S 4- R)P + ^ j-i — {^RD -h = — Eco sin cot 
Si -{- (ID 4- i?)i 2 — E cos cot. 



Therefore 
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That is 

(LD + K){(S + R)D + - (LD + + Iji, 

mm —Eco(Lco cos cot H- R sin cot ), 

(i?Z> + i)s» + (fl£> + g)(I~D + = E (- Xvsinwl + i cos to#). 

Adding, we have 

{L{S + R)D * + (R* + 2 SR + LjC)D + (R + S)/C}i = -2 ERa> sin mt. 

Hence, for the steady state we have 

— 2 ERco . , 

; = _______—- sin cot 

— L(S 4- R)co 2 + ( R 2 + 2 SR 4- LjC)D + (R + S)IC 


- 2 ERco 

(R 2 + 2 SR + L a co 8 )D ? 

2 * 77 
--- -E ca 

R* + 2 SR 4- L*oj 2 


2.13 Coupled Circuits 

Two circuits may be coupled so that they have a mutual inductance. 
If the mutual inductance is M and the currents in the two circuits are 

i r and i 2 the voltage drop in the circuits will be and M~ 2 respec¬ 
tively. 

The differential equation for each circuit thus involves the current 
in the other and we have simultaneous differential equations. 


Example 5. Two coupled circuits have resistances R lt R% self-inductance L lt L 2 » 
e.m.f. e lf e 2 and mutual inductance M. If L x = = 0*1 henry, R x = i? a — 4 

ohms, M = 0-06 henry, e x = 8 volts, e z - 0, find the currents at time t, given 
that they are initially zero. 



Fig. 39 


If tj and i 2 are the currents in the circuits (Fig. 39), their differential 
equations are 

L ^Jt + + M Tt = * 
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That is (L t D + R l )i l + MDi % = e v 

MDi x -j- (Z. 2 Z) -(- R x )i x — e x . 

Hence 

{(L X D + R,)(L 2 D + R,) - M*D*}i x = (L t D + R^e, - MDe t , 

{(L X D + R x )(L t D + R,) - M*D*}i, = (L X D + R x )e t - MDe v 
The operator on i x and i 2 

= {L x L t M 2 ) D 2 -f- (L t R 2 + RiL z )D 4 - R\Rt 

- 10~ 4 x 64 D* + 0*8£> +16 
= 10" 4 X 64(D a + 12 5D + 2600) 

- 10“ 4 x 64(D + 25) (Z) + 100). 

The complementary function is therefore 

C.F. = Ae~™ + Be~™K 

We have 10~ 4 x 64(D + 25) (Z) + 100)^ » 32 

10“ 4 X 64(Z) + 25 ){D + 100)i 2 = 0. 

The particular integral for i x is 2 and we have 

i x = Ae~ 25t + Be~ lQQt + 2, 
and since i x ** 0 when *=0, A + Z? + 2=:0. 

We have also (L X D + R x )i x + MDi 2 = e v 

that is (D + 40)^ + 0 -6Di 2 = 80. 

0-6Zh* 2 = 80 + {(25 A - 40 A)e~™ + (100R - 40 B)e~^ _ 80 \ 

= -15 Ae~ 26t + 60 Be~ im 
Di 2 = -25 Ae~ 2&t + 100 Be~ im 
i 2 — Ae~ 25t — Be~ im + constant. 

From the differential equation for i 2 the constant must be zero, and since 
it — 0 when t — 0, A — B =0. Hence, A = B = —l f and we have 
i x = 2 — e~ 25t — e - 100t , 
i 2 = 

EXERCISES 2 (, i) 

1. An electric circuit consists of two branches in parallel containing 

respectively a resistance R and an inductance L , and a resistance R 
and a capacitance C. Construct the differential equations for the 
currents in the branches due to an applied e.m.f. and solve them for a 
steady e.m.f. E suddenly applied at t — 0. Show that if CR 2 — L the 
circuit behaves, as far as total current is concerned, as a pure resist¬ 
ance of magnitude R. (L.U., Pt. II) 

2. An e.m.f. £ sin cot is applied through a resistance R to two branches 
each containing a resistance R , one a condenser of capacitance C and 
the other a coil of inductance L. Determine the peak value and the 
phase lag or lead of the total current supplied. Show that if LCco 2 — 1, 
the circuit behaves as a pure resistance of amount (3/? 2 + L 2 co 2 )/2R. 

(L.U., Pt. II) 

3. Two points A, B are joined by a wire of resistance R without self- 
induction; B is joined to a third point C by two wires each of resistance 
R , of which one is without self-induction and the other has a co¬ 
efficient of self-induction L. If the ends A, C are kept at a potential 
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4. 


5. 


6 . 
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difference E cos cot, and if there are no mutual inductances, prove 
that the current in AB is 

77 f 47? 2 4- T 2 m 2 1 1/2 RLco 

— J-—-l cos (cot — a) where tan a = ■ or2 2 - 

i? [ 9i? 2 + 4LW J V 6ie 2 + 2LW 

Find also the difference of potential at B and C. (L.U., Pt. II) 


An alternating e.m.f. of amplitude E and frequency (of2n is supplied 
to a coil of inductance L and resistance R . Write down the differential 
equation for the current in the coil and solve it, indicating the tran¬ 
sient term. 

If the coil is shunted by a condenser of capacitance C and resist¬ 
ance 5 show that the circuit can be replaced (as far as permanent 
current is concerned) by a non-inductive resistance provided that 
CR 2 - L = co 2 CL(CS 2 - L). (L.U., Pt. II) 

Show that a combination of an inductance L and a resistance R in 
parallel with a resistance R and a capacitance C is equivalent to a 
simple resistance R for all applied e.m.f.’s if R 2 C = L. 

The primary circuit of a transformer consists of resistance R\> in¬ 
ductance L x and a constant applied voltage E. The secondary circuit 
contains resistance R 2 and inductance L% only. Show that the current 
in the primary circuit is 

Ae a * + Be** + E/R x 


where A and B are constants and cq and a 2 are the roots of the equa¬ 
tion (E\E* — M 2 )x 2 + (L x R 2 A- E^R^jx + R\R* = 0, M being the 
mutual inductance of the circuits. 


SERVOMECHANISMS 

A servomechanism is generally understood to be an automatic 
control system involving some amplification of power, and, therefore, 
incorporating an external source of power, whose output is made to 
follow predetermined behaviour. Thus a searchlight made to follow an 
aircraft located by radar and an automatic profiling machine tool 
reproducing a contour are examples of servomechanisms. 

2.14 Second Order Servomechanisms 

The second order differential equation 

^2 + 2Cc oj^ = co n *(6 i -6 0 ), (1) 

at* dt 

that is ( D 2 + 2£a> n D + co n 2 )d 0 = a> n 2 6 if (2) 

where £ and co n are constants, describes a servomechanism in which 0 O 
is the output corresponding to a given input 0$. The mechanism is de¬ 
signed to ensure that the output 0 O remains equal to 6 if and if 0 O ^ 6 it 
the error 0* — 0 O is used to generate a force proportional to the error 
which will eventually reduce it to zero. Such a mechanism is said to be 
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error actuated. When 6 t is known as a function of the time the differential 
equation may be solved to find the manner and speed with which 0 O 
approaches 0$. 

In (1) co n is called the undamped natural angular frequency of the 
mechanism and f is called the damping ratio . 

For example, suppose it is desired to control the alignment of two 
rotating shafts so that the angular displacement 0 O of one of them is 
equal to the angular displacement 0* of the other. The input and output 
shafts may be mechanically coupled to a differential gear (Fig. 40) so 



that the angular displacement of a third shaft coupled to ,the gear is 
6i — 0 O . This third shaft may be used to move the control of a potentio¬ 
meter which will supply a voltage proportional to 0^ — 0 O to an electric 
motor coupled to the output shaft. The torque applied to the motor is 
approximately proportional to the voltage, and hence if J be the 
moment of inertia of the armature, / the coefficient of viscous friction 
we have 

A + A = ~~ ®o)» 

where k is a constant. Thus we have an equation connecting 0 O and 0 t 
of the form (1) with 

(O n = VWJ), 

It is also possible in a system of this sort to arrange for the torque to be 
partly proportional to the derivative of the error. 

Thus if the torque is (& + /Z>)(0^ — 0 O ) we have 

(JD* +fD)8 0 - (A + lD){9 t - 0 O ), 

{JD 2 + (f+l)D + k}6 0 =(k + lD)0i. 

2.15 Solution of the Differential Equation 

To find the complementary function in the solution of the differential 
equation § 2.14 (2) we consider the auxiliary equation 
a 8 + 2 £co n a + co n 2 = 0 whose roots are 

a = —C<o n ± c<w/(C 2 — 1). 
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Then the complementary function is 

iff > 1, 0„ = cosh U + B sinh U), X = co„ V(£* — l )> 

if 'C — 1. 0 O = e~^(A + Bt), 

if f < 1, 0 O = 6-^(4 cos fit + B sin fit), /i = co n (1 - f 2 ). 

The constants A and B are determined by the initial values of 0 O and 
0 O . It is easily seen that for f > 0 this part of the solution diminishes to 
zero as t increases. This is called the transient part of the solution and 
does not affect the ultimate value of 0 O . A system in which the comple¬ 
mentary function is transient is said to be stable. 

The particular integral may be written as 

e 0 =f(D)e u 

where f(D) = - - ^ 


The operator /(D) is called the transfer function of the system and the 
solution is written in symbolic form as 

~° =/(£)• 

Vi 

The advantage of this notation is that if there is more than one mechan¬ 
ism in series in a system the transfer functions of the mechanisms can be 
combined. Thus if a second mechanism with transfer function /,(£>) is 
joined to the mechanism whose transfer function is /(£>) the relation 
between input and final output is 

=A(D).f(D), 

that is, the transfer function f x (D) J{D) applied to the input 0 t gives 
the output 0 O . 

As an example, suppose that the input shaft in the system considered 
in § 2.14 is turning with constant angular velocity Q t so that 0$ = Qt . 
Then the particular integral is 

n ___ Qt 

0 D 2 + 2 Cco n D + co n * ’ 



Thus when the transient effect has died away we have 

0 o =fi. 
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The lag in the position of the output shaft is proportional to the angular 
velocity of the system and is called the velocity lag. It is desirable that 
this velocity lag should be as small as possible, but at the same time 
the rate at which the transient solution dies away is governed by 
e-&*J ~ e~ 1/2ft/J , so that / must not be unduly small. 

2.16 Higher Order Servomechanisms 

The mechanism described in § 2.14 leads to a second order differential 
equation on the assumption that the torque is proportional to the volt¬ 
age. In fact, the torque is proportional to the current i and if L be the 
self-inductance of the coils, R the resistance and K(6 i> — 0 O ) the voltage, 
we have 

di 

L a l + Ri = K(B t - 0 o ), 

that is (TD + 1)* = (KIR)(6 { - 0 O ), (1) 

where T = L/R. 

We have also jS 0 + fd 0 — Ci, (2) 

where C is a constant, and hence, eliminating i between (1) and (2) we 
have 

{TJD* + (J +fT)D 2 + /D + G}6 0 = G6 it 
where G = CK/R . The transfer function is thus 

f(D) = G{TJD Z + (/ +/T)2>» +/D + G}~h 

It is essential that this transfer function should represent a stable 
system with the complementary function transient. The complement¬ 
ary function will be 

Ae** + Be fit + Ce yt f 

where a, fi and y are the roots of the auxiliary equation 
TJa 8 + (J +/T)a 2 + fa + G = 0. 

It is therefore essential that if a root of this equation is real it should be 
negative, and if it is complex of the form p + iq its real part p should be 
negative. The condition that a cubic equation x 8 + ax 2 + bx + c = 0, 
where a, b , c are positive and real should have roots whose real parts 
are negative is ab — c > 0. 

Hence the above system is stable if 

AJ +/T) > TJG. 

For higher order transfer functions there are criteria for stability based 
on the theory of the roots of algebraic equations. 

2.17 Harmonic Response of a System 

The response of a stable system to an input is the output 0 o . The 
nature of the response may be studied by considering the output 
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corresponding to the input 0$ = a sin cot. The eventual output due to 
6 t > when the transient part of the solution has disappeared, is called the 
harmonic response of the system. 

In the case of the second order servomechanism the harmonic 
response is 




D* t 2Cco n D + co n 2 


a sm cot, 


cuo n * 


co n 2 — co 2 + 2 £co n D 


a sin cot, 


- {(co n 2 — co 2 ) sin cot — 2£coco n cos cot}. 


p = tan" 


(co n 2 — co 2 ) 3 + 4£ 2 co w 2 <x> 2 
— am sin (cot — <f>), 
where 

,_i_2 Caw>_ 

CO n 2 — CO 2 * 

m = co n 2 l{(co n 2 — co 2 ) 2 + 4f 2 co n 2 co*} 1/8 . 

Thus the harmonic response 0 O is an oscillation with the same frequency 
as the input but lagging behind it by the phase angle <f>. The amplitude 
of the response is m times that of the input, and m is called the ampli¬ 
tude magnification factor of the system. 

The amplitude magnification factor and the phase lag may be shown 
diagrammatically for different values of the ratio co/co n . 


2.18 Unit Response 

Another standard input which is used to study the transient output 
of a system is the unit step function h{t) shown in Fig. 41. The function 



Fig. 41 

h(t) is a function of the time t; it is zero for t < — <5 and is unity for 
t>d, where d is small, changing continuously from 0 to 1 in the 
interval — d to <5. By finding the value of 0 O and its derivatives for t ~ d 
and letting S tend to zero we find the initial values of 0 O and its deriva¬ 
tives for t — 0 and hence the constants for the transient part of the 
output are found. 
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Consider the system given by the transfer function 
0 O _ 5D + 26 

6i Z> 3 + 6D 2 + 21D + 26* 

If = h(t) = 1, the particular integral in the solution of the differ¬ 
ential equation is 0 O = 1 and the complementary function is 

Ae~ 2t + e~ 2t (B cos 3 1 C sin St), 

We have (D* + 6D 2 + 21 D + 26)0 O = (5D + 26 )h(t). 

Integrating this equation from —<3 to t, where S < t < <5, we have 

(D 2 + 6D + 21 )0 O + 26 P 6 0 dt = 5h(t) + 26 f h{t)dt. 

J -5 J -fi 

The values of 0 O and h(t) being bounded in the interval the integrals of 
these quantities tend to zero as <5 tends to zero, and hence in the limit 
we have for t — 0 

(D 2 + 6D + 21)0 O = 5. 

Integrating again twice and using the same limiting process we have 

(D + 6)0 O - 0, 

0 o = O. 

Thus we find that initially on application of the input 

e 0 = o, e 0 = o, e 0 = 5. 

The complete solution is 

0 O — Ae~ 2t + e~ 2t (B cos 3 1 + C sin 3/) + 1, 
and 

0 O = -2 Ae~ 2t + e~ 2t {{3C ~ 2B) cos 3* — (SB + 2C) sin St}, 

0 O = 4Ae- St + e~*{-(\2C + 56) cos 3( + (125 - 5C) sin 3<}. 
Inserting the initial values of 0 o , 6 0 , 0 tt we have 

^+5+1=0, 

—2^4 — 25 + 3C == 0, 

4A — 12C - 55 = 5. 


• I- 


O t 


flo 



Fig. 42 
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Hence A = — B = —1, C = — 

and 0 O = - e- 2< jl cos 3* 

is the unit response of the system. 

The response is shown graphically in Fig. 42. 

EXERCISES 2 (e) 

1. Show that the response of the second order servomechanism whose 
transfer function is w n 2 (co n 2 + 2£co n jD 4- ^ 2 )~ x to the input Qt 2 is 
G{(* - 2f/o, n ) 2 + (4C* - 2)/o>„ 2 }. 

2. Show that the harmonic response of the system whose transfer func¬ 
tion is G{TJD 3 + (J + fT)D 2 4 - fD + G}~ 1 has phase lag 

tan -1 cu(/— TJ(o 2 )/(G — Joy 2 — JToy 2 ) and amplitude magnification 
factor G{(G - Joy 2 - fTco 2 ) 2 + ct> 2 (/ - T/ca 2 ) 2 }- 1 ' 2 . 

3. Show that the harmonic response of the system whose transfer func¬ 
tion is o> n 2 (l 4- CD)/(oy n 2 4- 2£ct) n jD 4- D 2 ) has phase lag 

tan- 1 2£oyay n /(oy n 2 — a> 2 ) 4- tan -1 Cod and amplitude magnification 
factor g>„ 2 (1 4- C 2 co 2 ) 1/2 {(o> n 2 - o> 2 ) 2 4- 4£ 2 c o n 2 oy 2 }~ 112 . 

4. Show that the unit response of the system whose transfer function is 
cu n 2 (l + CD)/(cy n 2 + 2£co n D + D 2 ) is 

1 4 . )n (Coy n — f) sin fit — fi cos fit}, 

where fi 2 = co n 2 (l — C 2 ) • 

5. Show that the unit response of the system whose transfer function is 

(3D 4- 2)/(D 2 4- 3D 4- 2) is I 4- — 2e~ 2t and sketch its graph. 


4- - sin 3/ V +1 



CHAPTER 3 


MOMENTS OF INERTIA 

3,1 Second Moments and Moments of Inertia 

Let SA be an element of an area at a distance x from an axis in its 
plane. Then ExdA, where the sum is taken for all elements of the area, 
is called the first moment of area about the axis. If A be the total area 
and x the distance of the centroid from the axis we have 

Ex6A = Ax. 

The sum Ex 2 6A , in which each element of an area is multiplied by the 
square of its distance from an axis, is called the second moment of area 
about the axis. If the surface density of the area be q, so that the mass 
of an element 3A is gdA , then Egx 2 dA is called the moment of inertia of 
the area about the given axis. 

The units of a moment of inertia are mass x (distance) 2 , and hence 
writing 

Mk 2 = Egx 2 dA, 

where M is the total mass, k is a length and is called the radius of 
gyration of the area about the axis. If the surface density is constant so 
that M = Aq, the second moment of area is 

Ex 2 dA = Ak 2 . 

Similarly, if 6V be an element of volume of a solid distant x from a 
given axis, Ex 2 6V is called the second moment of volume about the axis, 
and if g be the volume density so that the mass is 

M = EgdV, 

then Egx 2 SV = Mk 2 

is the moment of inertia and k is the radius of gyration of the solid 
about the axis. If the density is constant so that M = gV, where V is 
the volume of the solid, we have 

Ex 2 SV = Vk\ 

The problem of finding a second moment of area or volume of a uni¬ 
form area or volume about an axis is the same as that of finding the 
moment of inertia and the radius of gyration found from the second 
moment is the same as that found from the moment of inertia. It is 
common practice to refer to the second moment of area of a lamina as 
its moment of inertia taking its area as its equivalent mass. 
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3.2 Parallel Axes Theorem 

If the moment of inertia of a body of mass M about an axis through 
its centre of mass is Mk 2 , the moment of inertia about a parallel axis 
distant a from this axis is M(k 2 + # 2 )* 

Let any section of the body perpendicular 
to the given axis meet the axis through the 
centre of mass in G and the other axis in 0, 
so that OG = a (Fig. 43). 

Let P be any particle of mass m in the 
section distant r from G and let the angle 
OGP be 0. 

Then OP 2 = r 2 + a 2 — 2 ra cos 0. 

The moment of inertia about the axis 
through G is given by Mk 2 = Emr 2 , where 
the summation is taken over the whole body. 

The moment of inertia about the axis through 0 is 

Zm(0P) 2 = Zm(r 2 + a 2 — 2 ra cos 0), 

= Emr 2 + a 2 Zm — 2 aZmr cos 0, 

— Mk 2 + Ma 2 — 2aZmr cos 0. 

The distance of the centre of mass of the body from a plane through G 
perpendicular to OG is Emr cos 0/M, and since the centre of mass G is 
in this plane we have Emr cos 0 = 0. 

Therefore Em (OP) 2 = M(k 2 + a 2 ), and the theorem is proved. 

3.3 Moments of Inertia of a Lamina 

If the moments of inertia of a lamina about two perpendicular axes 
in its plane which meet in a point 0 are A and B respectively, its 

moment of inertia about an axis 
through 0 perpendicular to its 
plane is A + B. 

Let OX and 0Y be the axes in 
the plane of the lamina and OZ the 
perpendicular axis (Fig. 44). 

Let an element of mass m have 
coordinates ( x , y) with respect to 
OX, 0Y . 

B = Zmz 2 , 

for the moments of inertia about OX and OY respectively. 

If the distance of the element from OZ be r we have r 2 = x 2 + y 2 , and 
the moment of inertia about OZ is 

= Emr 2 , 

= Em(x 2 + y 2 ), 

= A + B. 


1 



Then we have A = Emy 2 , 
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3.4 Standard Forms 

Moments of inertia of areas and volumes are 
of the calculus. The following moments of inertia 

Uniform thin rod, length 2a, about axis 
through its centre perpendicular to rod 

Uniform rectangular lamina, sides 2 a and 2b 
about axis through its centre parallel to the side 
of length 2b 

Uniform rectangular parallelepiped of edges 
2a, 2b and 2c about axis through its centre 
parallel to the edge of length 2 a 

Uniform triangular lamina of base a and 
height h about an axis parallel to the base 
through the centroid 

Uniform circular ring of radius a about a dia¬ 
meter 

Uniform circular disc of radius a about an axis 
through its centre perpendicular to the disc and 
about any diameter 

Uniform elliptic lamina of semi-axes a and b , 
about the axes 

Uniform solid sphere of radius a about a diam¬ 
eter 

Uniform solid hemisphere of radius a about a 
diameter of its plane face 

Uniform thin spherical shell of radius a about 
a diameter 

Uniform solid ellipsoid of semi-axes 2a, 2b 
and 2c about the axes 


Uniform solid circular cylinder of radius a and 
length h about its axis and about a perpendicu¬ 
lar to its axis through its centre 

Uniform thin cylindrical shell of radius a and 
length h about its axis and about a perpendicu¬ 
lar through its centre 

Uniform solid cone of base radius a and 
height h about its axis and about a perpendicu¬ 
lar through its centre of gravity 


found by the methods 
are given for reference. 

iMa 2 
\Ma 2 

\M{b* + c 2 ) 

&Mh* 

iMa 2 

iMa 2 , \Ma 2 
\Mb 2 , \Ma 2 
\Mcfi 
iMa 2 
§ Ma 2 

iM(b 2 + c 2 ), 
iM{c 2 + a 2 ), 
iM(a 2 + 6 2 ) 

iMa 2 , \M[a 2 -f \h 2 ) 
Ma 2 , M(\a 2 + M 2 ) 

TuMa 2 , 

-ioM{a 2 + ih 2 ) 
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Uniform thin conical shell of base radius a and 
height h about its axis and about a perpendicu¬ 
lar through its centre of gravity \Ma % , 

M(la* + M*) 


3.5 Moments of Inertia of Composite Bodies 
It is sometimes required to find the moment of inertia of a composite 
body about an axis through its centre of gravity when the moments of 
inertia of the component bodies are known. The parallel axes theorem 
is used to find the moments of inertia of the component bodies about 
the axis through the centre of gravity of the whole before the moments 
are added. 



Example 1 . Find the moments of inertia of the I-section shown in Fig. 45 about 
axes through its centroid parallel and perpendicular to the flanges. 


The area is 7 in. 8 and the distance of the centroid G from A B is given by 

7? - 3 x 0-25 + 2*5 X 3 -f 1*5 X 5*75, 
f ~ 2-41 in. 

About GX the moments of the upper flange, the web and the lower flange 


are respectively 

!•#{ jg + (5-75 - 2-41)*} 

2 ' 5 {S + (3 “ 2-41) ‘} 
3 {i + (0 ' 26 _ 2-41)1 } 


16-77, 


6-08, 


1406 . 
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Hence, the total moment of inertia about GX = 36-91 in. 4 , and the radius 
of gyration is 2*30 in. 

The axis GY passes through the centroids of the three parts and hence the 
moment about GY is 

1-5 x ^ + 2-5 x + 3 x 3 = 1018 in. 4 

1 £ 4o 

and the radius of gyration = 1-21 in. 

EXERCISES 3 (a) 

1. A hole of 1 ft. diameter is punched in a uniform circular plate of 5 ft. 

diameter, the centre of the hole being 18 in. from the centre of the 
plate. Find the moment of inertia of the plate, (i) about the diameter 
through the centre of the hole, (ii) about the diameter which is per¬ 
pendicular to this. (L.U.) 

2. AB and BC are two uniform rods of the same material of lengths 6 ft. 
and 4 ft. respectively, joined at B so that the angle ABC is a right- 
angle. Find the radii of gyration of the rods about the axes through 
the centre of gravity of the rods parallel to AB and BC respectively. 

3. Three rectangular areas, 2 ft. by 2 in., 3 ft. by 2 in., and 1 ft. by 1J in., 

are fitted together to form an I-figure, the longest and shortest areas 
forming the cross-pieces. Find the moment of inertia of the area about 
the outer edge of the shortest area. (L.U.) 

4. A BCD is a uniform square lamina of side 2 a and E is the mid-point of 
BC. The triangular portion ABE is removed; find the second moment 
of the remaining area about AD. 

5. The radii of the ends of a frustum of a uniform cone are a and 2a, its 
mass is M and its height h. Find its moment of inertia (i) about its 
axis, (ii) about the diameter of its larger face. 

6. A uniform body of mass M consists of a hemisphere of radius a and 
a right circular cylinder of radius a and height a with one of its circu¬ 
lar faces attached to the plane face of the hemisphere. Find the 
moments of inertia of the body about its axis of symmetry and about 
a diameter of the free circular face of the cylinder. 

7. A wind-measuring instrument consists of two hemispherical thin 
shells, each of radius a and mass m, attached to the ends of a uniform 
thin rod of mass m and length 4 a, the rims of the hemispheres being 
in the same plane and their centres 6a apart. Find the moment of 
inertia of the body about an axis through its centre of gravity per¬ 
pendicular to the rod and in the same plane as the rims. 

8. A uniform circular disc of radius 2a has a concentric hole of radius a. 

The mass of the annulus is M. Find the moment of inertia of the 
annulus about an axis through a point on the circumference of the 
circle of radius a (i) if the axis is perpendicular to the plane of the 
annulus, (ii) if the axis lies in the plane of the annulus and touches the 
circle. (L.U.) 
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9. A uniform hemisphere of radius a has its plane face joined to the base 
of a uniform circular cyUnder of radius a and height 2 a, q being the 
density of each body. Find the moments of inertia of the composite 
body about its axis of symmetry and a perpendicular axis through its 
centre of gravity. 

10. The figure (Fig. 46) represents the section of a girder of the given 

dimensions. Find its radius of gyration about AB, and about a parallel 
axis through the centroid of the section. (L.U., Pt. I) 

11. A box girder is made of plates 5 in. wide and J in. thick. The plates 
enclose a rectangle 5 in. by 3 in., the flange plates overlapping £ in. 
on each side. Determine the radius of gyration of a section about an 
axis through the centroid parallel to the flanges. (L.U., Pt. I) 



Fig. 46 Fig. 47 


12. AB is a uniform bar, 26 in. long, pivoted at its ends to parallel arms, 

AC and BD perpendicular to an axis CD, and of lengths 8 in. and 18 
in. respectively. Find the radius of gyration of the bar AB about the 
axis CD. (L.U., Pt. I) 

13. In the uniform thin metal plate shown in the diagram (Fig. 47) 
AB = BC = 10 in., AF = CD = 2 in. 

Find in inches, (i) the distance of the centre of mass from AB, (ii) the 
radius of gyration about AB, (iii) the radius of gyration about an 
axis through the centre of mass perpendicular to the plane of the 
plate. (L.U., Pt. I) 

14. A uniform T-shaped area consists of two rectangles A BCD, PQRS> 
where AB, BC, PQ, QR are 24, 8, 12, 4 in. respectively, PS Ues in 
DC and DP is 10 in. Calculate the distance from AB of the centroid, 
G, of the area and also the second moment of the area about an axis 
through G parallel to AB. 

If this area is revolved through 360° about AB show that the radius 
of gyration of the resulting solid is approximately 11 in. about the 
axis of revolution. (L.U., Pt. I) 

15. Prove that the moment of inertia of a uniform triangular plate of 
mass M and height h about the base is JMA 2 . 

A uniform lamina is in the form of an isoscles triangle with base 
angles 6, equal sides a and area density s. Find the moments of inertia 
A.M.E. -4 
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about (i) the axis of symmetry and (ii) a line through the vertex 
parallel to the base. 

Find also, their greatest values if 6 is the only variable. 

(L.U., Pt. I) 


An anchor ring of mass M is formed by rotating a disc of radius a 
about an axis in its plane distant h (> a) from its centre. Show that 


its moment of inertia about the axis of rotation is M j 
about a perpendicular axis through the centre M\ 


(*’+?■)• 

0“+H 


and 


3.6 Product of Inertia for a Lamina 

Let the coordinates of an element of mass m of a lamina with respect 
to axes OX and OY be (x, y) (Fig. 48). 

The moments of inertia of the lamina about OX and OY are 

respectively 

Y A = Zmy*, 

B = Bmx 2 . 

The product of inertia about OX and OY 
is defined as 

H = Xmxy . 

Products of inertia are required in ex¬ 
pressions for the energy and momentum 
of a rigid body. They are also required for 
the calculation of moments of inertia about 
other axes of the body. 

It is evident that if the lamina is symmetrical about either of the 
axes OX, OY, the product of inertia about the pair of axes is zero. 

The product of inertia may be calculated by integration using a 
double integral. Thus 



Fig. 48 


H = J J mxydxdy. 


where m is the density, the integration being over the area of the 
lamina. It is rarely necessary to perform this integration since the 
product of inertia may be obtained by a parallel axes theorem similar 
to that for moments of inertia. 


3.7 Parallel Axes Theorem for Products 
Let H be the product of inertia of a lamina of mass M about axes 
OX, OY and let H x be the product of inertia about parallel axes GX\ 
GY' through the centre of gravity, the coordinates of G being (x, y) 
(Fig. 49). 

Let {x f , y') be the coordinates of an element m with respect to GX', 
GY'; with respect to OX, OY the coordinates will be (#' + x, y' + 
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Example 3. Find the moments and products of inertia of the given section {Fig, 51) 
about axes parallel to its sides through its centre of gravity. 

The section may be divided into three rectangles AB, BC, CD, the centre 
of gravity G being at the centre of BC. 

The moment of inertia about GX of 

BC - 1 * J - = 83-33 


AB 

CD 


12 

3x1* 

12 

3x1* 

12 


+ 3(4-5)* =* 61-00 
+ 3(4-5)* - 61-00 


The moment of inertia about GY of 
10 X 1* 


BC 


12 


Total = 205-33 in. 4 


0-83 


AB = + 3(2)* = 14-25 


CD 


12 

1 X 3 s 
12 


+ 3(2)* - 14-25 


Total = 29-33 in. 4 


The product of inertia about GX, GY of BC — 0. 

The product of inertia of AB about parallel axes through its centre of 
gravity is zero and the coordinates of its centre of gravity with respect to 
GX , GY are (—2, 4-5). Therefore its product of inertia about GX, GY 

- 3 X (-2) x (4-5) 

= -27 in. 4 . 

CD has the same product of inertia and hence the total product about GX, 
GY = —54 in. 4 . 

Hence the moments and product of inertia about GX, GY are 

A = 205-33 in. 4 , 

B _ 29-33 in. 4 , 

H = -54-00 in. 4 . 


EXERCISES 3 ( b ) 

1. Find by integration the product of inertia of a quadrant of a circle of 
radius a and mass M about its bounding radii and deduce the product 
about parallel axes through the centroid. 

2. A lamina is in the form of a rectangle of sides 2 a and 2 b extended by a 
semicircle whose bounding diameter is a side of length 26 of the rect¬ 
angle. Find the product of inertia about a side of length 2 a and a side 
of length 26 remote from the semicircle. 

3. A circular disc of radius 4 in. has a concentric hole of radius 1 in. 
Find the product of inertia about two tangents to the disc which are 
at right-angles. 
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4. Show that the product of inertia of a lamina in the form of a right- 
angled triangle about sides of length a and b which are at right-angles 
is a 2 b 2 /24c. 

5. Find the moments and product of inertia of the L-section shown in 
Fig. 52 about axes parallel to the edges through the centroid. 


ri 

9* 



- 

-H , 

-i_4* 



—' I 2 

i 

f 

r 


- 

2 

4- 


-L 

1 J 

T 


—«■— 1 f 


Fig. 52 


Fig. 53 


6. Find the moments and product of inertia of the section shown in 
Fig. 53 about axes parallel to the edges through the centroid. 

3.8 Change in Direction of Axes 

Given that the moments and product of inertia of a lamina with 
reference to axes OX, OY are A, B and H respectively we can find the 
moments and product A', B' and H' 
with respect to axes OX', OY' in¬ 
clined at 8 to the original axes (Fig. 

54). 

Let the coordinates of an element 
be (x f y) with respect to OX, OY, and 
(pc', y') with respect to OX', OY'. 

Then 

x* = x cos 8 + y sin 8, 
y* = —x sin 8 + y cos 8 . 

Therefore 

A' = Em{y'Y 

= x sin 8 + y cos 8)* 

= cos 2 8Xmy 2 + sin 8 8Emx 2 — 2 sin 8 cos 8Emxy 
= A cos 2 8 + B sin 2 8 — 2H sin 8 cos 8 . 

B' = Em(x cos 8 + y sin 8) 2 

= A sin 2 8 + B cos 2 8 + 2H sin 8 cos 8. 
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H' = Em(x cos 0 + y sin 9) (—x sin 9 + y cos 0) 

= sin 9 cos 9Emy 2 — sin 0 cos 6Emx i -f (cos* 0 — sin a 9)Emxy 

= \{A — B) sin 20 + H cos 20. 

Z 

It is easily seen that 

A' + B f = A + B, 

A'B' - (j H'y = AB — 27*, 

and therefore that the values of A + B and AB — 77* are the same for 
all pairs of axes through 0. 


3.9 Principal Axes of a Lamina 

We have from the previous section, 

A' = A cos* 0 + B sin* 0 — 2 H sin 0 cos 0 

= ^-{A + £) — ^(2? — A) cos 20 — H sin 20 
z z 

= + 5) — ^{(2? — 4)* + 427*} 1/a cos (a — 20), 


where tana 
Similarly, 


2H 

B- A' 


B' = - 2 {A +B) + *{(B - 4)* + 4H 2 }" 2 cos (a - 20), 


H' = -{(£ - A) 2 + sin (a - 20). 

a 


When 0 ss ha, cos (a 20) = 1 and A' is a minimum, B ' is a maximum 
J 

and 27' = 0. 

Then i4' = l(i« + B) - ^{{B - AY + 4 H*}™, 

B’ = 1{A + B) + i{(S - AY + 4tf a r, 


1 227 

and the axis OX' is inclined at an angle - tan* 1 -— 

6 2 B - A 


to OX. 


The axes about which the moments of inertia have their maximum 
and minimum values and the product of inertia is zero are called the 
principal axes of the lamina at the point. 

When principal axes OXOY' have been found for any point and 
the moments of inertia A' and B' calculated, the moment of inertia 
about any axis OP inclined at an angle <f> to OX' is, since H' = 0, 

A" — A' cos 2 <f> + B' sin 2 </>. 
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Example 4. Find the directions of the principal axes at the centroid of the given section 
(Fig. 66), and the moments of inertia about these axes . 


Let axes OX, OV be drawn parallel to the sides through the centroids of 
the rectangles DEFH and ABCH respectively. The coordinates of the 
centroid G of the section with respect to these axes are 


x — 


14 

19' 


9 


33 

19* 



Let parallel axes GX', GY' be drawn through G. The moment of inertia 
about GX' of 

-*«• 

Total = 17*36 in. 4 

The moment of inertia about GY' of 

ABCH - S {<!i§2 + (!|)'} . M. 

PBFH - + g) 1 } - 4.58 

Total — 6*26 in. 4 

The product of inertia is zero about OX, OY, hence, about GX', GY' it is 

14 33 

- 4 ' 76 X 19 X 19 = - 6 08in -‘- 
Hence, for the axes GX', GY' we have 

A » 17*36, B = 6*26, H = -6*08. 
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The direction of the principal axes is given by 

1 .2 H 1 1216 

2 tan_1 - 2 tan ' 1 mo - 230 48 '* 

that is, the principal axes are inclined at angles 23° 48" and 113° 48' to GX'. 


Also 


-(A + B) - 11-81, 


1 


d (* - *)* + 4i/ 2 } 1/2 - 8*23. 


2 

Hence the moments of inertia about the principal axes are 

A’ « 20 04 in. 4 . 

B' = 3-58 in. 4 . 


EXERCISES 3 (c) 

1. Find the moment of inertia of a rectangular lamina of sides 2 a and 2 b, 
(i) about an axis through its centre inclined at 30° to the side of length 
2b, (ii) about a diagonal. 

2. Find the moments of inertia of a quadrant of a circle about a radius 
through the centroid and about a perpendicular axis through the centre. 

3. Find the inclination to the sides of a rectangle of lengths 2 a and a of 
the principal axes through a comer of the rectangle, and the moments 
of inertia about them. 

4. Find the moment of inertia of the I-section shown in Fig. 56 about an 
axis through its centroid inclined at 25° to the flanges. 

5. Given that the moments and product of inertia of an L-section 
(Exercises 3 (6), 5) about axes through its centroid parallel to its edges 
are 105*4, 23*4 and —27*7 in. 4 , find the inclination to these axes of the 
principal axes at the centroid and the moments of inertia about them. 

6. Find the moment of inertia of the L-section shown in Fig. 57 about 
an axis A B through the point A inclined at 30° to the edge. 



Fig. 56 Fig. 57 
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3.10 Momental Ellipse 

The moments and products of inertia of a lamina being A, B, H 
respectively about axes OX, OY, the equation 

Ax * + By 2 — 2Hxy = constant, 

represents an ellipse, since AB — H* > 0, which is called the momental 
ellipse. The equation is made more precise by defining the momental 
ellipse by the equation 


Ax 2 + By 2 — 2 Hxy 


AB - H* 
M 9 



M being the mass of the lamina. 

If the equation is referred to 
other axes OX', OY' inclined at 0 
to OX, OY (Fig. 58) and (x'y') be 
the coordinates of a point with re¬ 
spect to these axes, we have 

x = %' cos 0 — y' sin 0, 
y = x' sin 0 + y' cos 0, 
and the equation referred to the new axes becomes 

A (x' cos 0 — y' sin 0) 2 + B(x' sin 0 + y* cos 0) 2 — 2 H(x' cos 0 

— y' sin 0)(x' sin 0 + y' cos 0) 

_ AB — H 2 
~ M * 

that is 

(x') 2 (A cos 2 0 + B sin 2 0 — 2 H sin 0 cos 0) + (y') 2 (^ sin 8 0 + B cos 2 0 

+ 2 H sin 0 cos 0) — 2*y{(X — B) sin 0 cos 0 + tf cos 20} 

_ - // 2 

~ M ' 

If ^4', B f , H' be the moments and products of inertia with respect to 
the axes OX' , OY' , this becomes 

^ + By* - 2H' X y = 

^ M M 

If the axes OX', OY' are principal axes so that H' = 0 we have 

A'B' 


A'x' 2 + B'y' 2 = 


M 


Writing A' — Mk x * and B' = Mk y 2 we see that the equation of the 
ellipse referred to principal axes is 

ky 2 k X 8 

Thus the major and minor semi-axes of the ellipse are principal axes 
a.m.e.—* 
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of the lamina at the point and each is equal to the radius of gyration 
about the other. 

The radius of this ellipse which is inclined at an angle <j> to the x-axis 
is found by substituting x — r cos p } y = r sin <j> giving 
r 2 {k x * cos 2 <f> + ky 2 sin 2 <j>) ~ k x 2 k v *. 

But k x 2 cos 2 <f> + k y 2 sin 2 is the square of the radius of gyration about 
y the radius, therefore each radius 

is inversely proportional to the 
p radius of gyration about it. 

\ If k<f, be the radius of gyra- 

yy ^\ tion about the radius we have 


Fig. 59 


parallel to OP, then p x OP = ab, where a and 
the ellipse (Fig. 59). 

In the case of the momental ellipse this gives 

Pt — h X ky 
h 2b 2 

2 = Rx R y 
r 2 

= k x 2 cos 2 <f> + k y 2 sin 2 <f>, 
therefore p is the radius of gyration 
about OP. 

If the momental ellipse be drawn 
for the centre of gravity of a lamina 
the principal axes are clearly shown 
and the radius of gyration about an 
axis through the centre of gravity 
in any direction easily found. 

Example 5. Construct the momental ellipse 
for the E-section considered in Ex - - 
ample 4. 

The inclination of the principal 
axes to the lower edge are 23° 48' 
and 113° 48' and the moments of 
inertia about them are 20-04 and 
3-58 in. 4 respectively. The corre¬ 
sponding radii of gyration are 

/20-04\ 1 ' 2 _ . /3-58\ l/2 . 

ITw) =2 ° 6m - IfTfi) “°' 87m - 

The ellipse is as shown in Fig. 60. 


A well-known property of an 
ellipse is that if OP be any 
radius and p a perpendicular 
drawn from 0 to a tangent 
ab, where a and b are the semi-axes of 



Fig. 60 





95 


3] INERTIA OF A TRIANGLE 

3.11 Moments and Products for a Triangle 

Let PQR be a triangular lamina of mass M, PO the perpendicular 
from P on QR, and let OP = h , OQ = b , OR = c (Fig. 61). We shall 
take OR and OP as the axes of x and y respectively and find the 
moments and product of inertia A , B and H , about these axes. 


P 



For the moment about OX we consider a strip of length 
(h — y) (b + c)jh distant y from OX and we have 

Similarly the moments of the triangles OPR and OPQ about OY are 
respectively he 3 j 12 and hb*l 12, therefore 

B = —(S» + C 8 ) = M --- 

To find the product of inertia for the triangle OPR we consider a 
strip of width dx distant x from 0Y y whose length is h(c — x)jc. The 
product of inertia for this strip is, x being constant. 



= - x)*dx. 


For the whole triangle OPR the product is 

ri* s , 

_ 1 WYcH* 2cx 3 

~ 27*12 3 4j 0 

_ h*c* 

24' 
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For each element of the triangle OPQ, x is negative and the product 

r . .. . h % & 

of inertia is ——. 

24 


Therefore 


H 


24 


= M 


h*{c 2 - &*) 

h(c — b) 
" 12 “"’ 


Now consider the moments and products of inertia about the same 


axes of masses - M placed at the mid-point of each side. 


We have 



Therefore, these three masses have the same moments and product of 
inertia as the lamina about OX, OY. 

Further, since the centre of gravity of the masses is the same as that 
of the lamina, the moments and products of inertia of the lamina and 
of the masses about any other axes in the plane are obtained in the 
same way and are identical. 

This is expressed by saying that the lamina is equimomental with 
masses each equal to one-third of its mass 
placed at the mid-points of its sides. It is 
thus a simple matter to calculate the 
moment of inertia or product of inertia of 
the lamina about any axes in its plane. 

3.12 Moments and Products in Three 
Dimensions 

If m be the mass of an element of a 
body and ( x, y, z) its coordinates with 
respect to rectangular axes OX, OY, OZ 
(Fig. 62) the moments of inertia of the 
body about OX, OY, OZ respectively are 


Z 



A = Em{y 2 + z 2 ). 
B — Xm(z 2 + x 2 ). 
C = Em\x 2 + y 2 ). 
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The products of inertia about the pairs of axes OY, OZ; OZ, OX; OX , 
OY are respectively, 

F = Zmyz. 

G = Zmzx. 

H = Zmxy. 

The polar moment of inertia about 0 is defined as 
I — Zm(x 2 + y 2 + z 2 ) 

= \{A + B + C). 

The parallel axis theorems hold for both moments and products of 
inertia. Let G(x , y, z) be the centre of gravity and (x x , y lt z x ) the co¬ 
ordinates of the element with respect to parallel axes through G. If 
A v B v C x> F v G x H x be the moments and products about these axes 
we have 

A = Zm{(y + ytf + (z + Zi) a } 

= Zm(y x 2 + z x 2 ) + 2yZmy x + 2zZmz x + (y 2 + z*)Zm 
= A x + M(y* + !■). 

B = B x + M(z 2 + * 2 ). 

C = C x + M(x* + y 2 ). 

F = + y x )(z + z x ) 

= Zmy^ x + yZmz x + zZmy x + yzZm, 

— F x + Afyi. 

G = Gj + Mi*. 

H = + M*y. 


If the products f 7 , G, # are all zero the axes are called principal 
axes. - 


3.13 Momental Ellipsoid 

Let l, m, n be the direction cosines 
of any line through 0 and m' the mass 
of an element of the body at P(x, y, z). 
Then if PN be the perpendicular from 
P to OR (Fig. 63), N is the point (lg, 
mg, ng) where the directions x — lg: 
y — mg: z — ng and l:m :n are per¬ 
pendicular, that is g = lx + my + nz. 

Hence ON = lx + my + wj*. 



The moment of inertia of the body about OR 


= Zm f (PN) 2 


= Zm'{x 2 + y 2 + z 2 — (lx + my + nz) 2 } 

= l 2 Zm'(y 2 + z 2 ) + m 2 Zm'(z 2 + x 2 ) + n 2 Zm'(x 2 + y*) 

— 2mnZm'yz — 2nlZm'zx — 2lmZm'xy, 
= + Bm 2 + Cn 2 — 2 Fmn — 2Gn/ — 2Hlm. 
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Consider the quadric surface whose equation is 

Ax 2 + By 2 + Cz 2 — 2 Fyz — 2 Gzx — 2 Hxy = K t 
where K is any constant. 

The length r of a radius vector of the quadric whose direction cosines 
are l t m, n, is found by substituting x = Ir, y = mr, z = nr , in the 
equation of the quadric, giving 

r 2 {Al 2 + J3w 2 + C« 2 — 2Fmn — 2Gnl — 2 Him) — K . 

Hence the moment of inertia about the radius is —. 

r 2 

It follows that the quadric has a real finite radius vector in any direc¬ 
tion and hence it is an ellipsoid, and it is called the momental ellipsoid 
of the body at the point. 

In books dealing with the coordinate geometry of ellipsoids it is 
shown that it is always possible to choose a set of coordinate axes with 
origin at 0 such that when the ellipsoid is referred to these axes the 
product terms disappear and the equation is of the form 

A'x 2 + By + Cz 2 = K. 

These axes are the principal axes of the body at the point 0 and A', 
B', C' are called the principal moments of inertia at the point. 

In particular, if A' = B' — C' the momental ellipsoid is a sphere for 
which all axes are principal axes and the moment of inertia is the same 
about any axis. For example, a cube of side a has moment of inertia 
Ma 2 j6 about axes through its centre perpendicular to a face. By sym¬ 
metry these are principal axes and hence the moment of inertia about 
any axis through the centre is Ma 2 j 6. 


EXERCISES 3 (d) 

1. Show that for the I-section considered in Exercises 3 (c), 4, the 
principal radii of gyration at the centroid are 3-88 in. and 1*05 in. 
Draw the momental ellipse at the centroid and read off the values of 
the radii of gyration about axes inclined at 30° and 60° to the principal 
axes. 

2. Show that for the L-section of Exercise 3 (c), 6, the principal radii of 
gyration at the centroid are 2-35 and 1*18 in. Draw the momental 
ellipse and measure the radius of gyration about an axis inclined at 
30° to the axis of symmetry. 

3. Prove that the moment of inertia of a regular hexagon of side a about 
any axis through its centre is 5ATa 2 /24. 

4. ABC is a triangular lamina and AB = 4 in., BC — 6 in., CA — 3 in. 
Find the inclination to AB of the principal axes at the centroid and 
the moments of inertia about them. 
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A right-angled isosceles triangular lamina 
ABC, whose sides AB, BC are each of 
length 9 ft., is immersed in a liquid with 
the corners A, B , C, at depths 10ft., 10 ft., 
and 4 ft., respectively. Find the moment 
of inertia of the lamina about the line in 
which its plane cuts the surface of the 
liquid. 

Show that the moment of inertia of a 
rectangular prism of sides 2a, 2b, 2c and 
mass M about a diagonal is 

?M(6*c s + c 2 a* + «*6 8 )/(a* + 6* + c»). 

3 

Fig. 64 shows the cross-section of a rolled- 
steel joist 10 ft. long. Taking the weight 



of the steel as 480 lb./ft. 8 , find in lb. ft. 2 

the moments of inertia about the three axes of symmetry. 


A beam 8 ft. long has a cross-section which is a right-angled isosceles 
triangle, the equal sides being 1 ft. The material weighs 144 lb./ft. 8 . 
Find the moments of inertia about the three principal axes through 
the centre of gravity. 





CHAPTER 4 


MOTION OF A RIGID BODY ABOUT A FIXED AXIS 
4.1. Angular Velocity 

In discussing the motion of a rigid body we assume that such a body 
is completely inelastic and is made up of an indefinitely large number 
of particles whose relative positions are unaltered. There may be action 
between the particles of the body so that two particles exert on each 
other forces which are equal and opposite. These are the internal forces 
of the body, but since they occur in pairs and the relative positions of 
the particles are unchanged the work done by any such pair will be 
zero. It follows that the total work done by the internal forces will be 
zero and the motion is determined by the external forces acting on the 
body. 

The position of a rigid body turning about an axis is known if the 
position of a section of the body by a plane perpendicular to the axis 
through the centre of gravity is known. The position of this plane 
section may be fixed by one coordinate, usually the angle which the 
perpendicular from the centre of gravity to 
the axis makes with a fixed direction in its 
plane. If this angle be 9 and any other line in 
the section makes an angle <f> with the fixed 
direction then <f> — 6 is constant and therefore 
^ = 0. Thus we have an angular velocity 9 
common to all particles of the body. 

4.2. Kinetic Energy of Rotation 

Fig eg Let a body of mass M be rotating with 

angular velocity 9 about a fixed axis; let M 
be the mass of the body and 1 = Mk 2 its moment of inertia about the 
axis (Fig. 65). 

Let a particle of mass m be distant r from the axis. Since it is moving 

in a circle of radius r its velocity is r9 and its kinetic energy is ~mr 2 9 2 

2 

in absolute units. Hence we have the total kinetic energy of the 
body, 



T = Z-mr*9\ 
2 


the summation being over all the particles of the body. 
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Therefore 

T = IpZmr* 



= Immk 

This is the kinetic energy in absolute units; in gravitational units it 

is -MkW/g. 

z 

It follows that the kinetic energy of the body is the same as that of a 
particle of mass M placed at a distance k from the axis and turning 
about it with angular velocity 0. 

4.3. Energy Equation 

The increase of kinetic energy of any particle of the body as the body 
rotates is equal to the work done by the forces both internal and 
external which act on it. Hence, since the total work done by the 
internal forces is zero, the increase of kinetic 
energy of the whole body is equal to the work 
done by the external forces acting on it. 

If these forces are conservative the work done 
by the external forces is equal to the loss of 
potential energy, and we have that the sum of 
the kinetic and potential energy is constant. 

Let a body of mass M have radius of gyra¬ 
tion k about a horizontal axis and let its centre 
of gravity G be distant h from the axis of rota¬ 
tion at 0 (Fig. 66). Let the line OG make an 
angle 6 with the downward vertical at 0. Then the angular velocity 



If the body can turn freely about the axis, the forces acting on it at 
0 do no work as it rotates, and the potential energy of the body due to 
its weight is Mgh( 1 — cosfl), since h — h cos 0 is the height of the 
centre of gravity above its lowest position. 

We have therefore 

l-Mk 2 6 2 + Mgh( 1 — cos 0) = constant. 

z 

If the body is released from rest in a position in which 0 = a, 0 is 
initially zero and we have 
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+ Mgh( 1 — cos d) = Mgh{ 1 — cos a) 

d 2 = -|^(cos 0 — cos a). 

/v 

The angular acceleration of the body is found by differentiating this 

equation with respect to d , and since ~0 2 = 20, we have 

ad 

0 =-4* sine. 
k 2 

If there is a frictional couple of magnitude G at the axis of rotation 
the work done by this couple against the motion in a displacement 
Q x to d 2 is 

r°* 

Gdd. 

If G is constant, this is G(d 2 — d x ) and if 6 X and 0 2 be the angular 
velocities in the two positions we have for the change of kinetic energy 

— \Mk 2 d^ = Mgh{cos d 2 — cos 0 X ) — G{6 2 — d x ). 

I I 


Example 1. A uniform rod of length 4 ft. and mass 2 lb. is free to turn about a hori¬ 
zontal axis through the rod at a point 1 ft. from one end. The rod is held in a 
horizontal position and released; what should be its angular velocity when it 
becomes vertical? 

If there is a constant frictional couple at the axis of rotation, and the rod after 
passing through the vertical position rises only until it is inclined at 60° to the 
vertical, find the frictional couple and the angular velocity when it first reached 
the vertical position. 

The moment of inertia of the rod about an axis through its centre is 
2 x 2 2 /3, and about the axis of rotation it is 

The kinetic energy when the angular velocity is 6 is 

^6* ft.pdl. 

The work done by gravity as the rod falls to the vertical position is 2g x 1 
ft.pdl. and we have in this position 

6 = 5-24 rad./sec. 

If the rod comes to rest inclined at 60° to the vertical the loss of potential 
energy in this position is 2 g cos 60° — 32 ft.pdl. 
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This is, therefore, the work done by the frictional couple in the rotation 
through 150°. Hence, if G be the couple 

G X - 32, 
o 

G = 12*22 ft.pdl. 

With this couple the velocity in the vertical position is given by 

- 2g - ir x 12-22 

3 4 

to* = 19*2 

to — 4*38 rad. /sec. 


Example 2. A uniform circular cylinder of mass M and radius a can turn freely about 
its axis which is horizontal. A chain of length 2 na and mass m per unit length is 
fixed to the cylinder at the end of a horizontal diameter and encircles the cylinder. 
A weight of mass M x is attached to the free end of the chain and released . Find an 
expression for the velocity of the weight when the cylinder has turned through an 
angle to. 


The change in potential energy of the chain is that a length 0 of the cir¬ 
cumference is freed of chain and a length ad of the chain hangs vertically 
(Fig. 67). 

The centre of gravity of the circular arc is on a central radius at a distance 
(2 a sin \Q) /0 from the centre, and therefore at a 
depth (2 a sin 8 £0) /0 below the centre. Therefore 
the loss of potential energy by the chain is 
Jad 2a sin 8 i 
- 1 

The energy equation is 

^Ma*to* + ^(2jtatn 4- M x )a*to* 

=*= mga^ad* — 2a sin 2 ^0^ -J- M x gad, 
and the velocity of the weight is ad. Fig. 67 



4.4 Moment of Inertia of a Flywheel 

The moment of inertia of a flywheel is found experimentally by 
mounting it in a horizontal bearing and attaching to it a weight by a 
light string wrapped round the wheel. From the 
time taken by the weight to fall a measured distance 
the moment of inertia can be calculated. If the 
bearing is not smooth the frictional torque can be 
eliminated by finding the time taken by two different 
weights. 

Let I be the moment of inertia of the flywheel, r 
its radius, and w the attached weight. When the wheel 
has turned through an angle d the angular velocity 
l of the wheel is 6 and the velocity of the weight is rd 
(Fig. 68). 



Fig. 68 
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The kinetic energy of the system in gravitational units is 

fo* + fr*6*. 

2 g 2 g 

If F be the frictional torque the work done in turning through an 
angle 6 is wrd — FO and we have 


(l±J^e* = wr6-Fd. 

Differentiating this equation with respect to 6 we have 
(I + wr 2 )6 — (wr — F)g . 

Thus the acceleration rd with which the weight descends is seen to be 
constant. This acceleration is found by timing the fall of the weight and 
an equation involving I and F is obtained. 


Example 3. A flywheel on a horizontal axis 2 in, in diameter is set in motion by 
weights attached to a cord round the axle and allowed to fall vertically. The time 
to fall 5 ft. from rest for weights of 10 lb. and 20 lb. are 9*5 and 5-5 sec. respec¬ 
tively. Show that the moment of inertia of the flywheel is approximately 1440 lb.in , 2 
and determine the frictional torque in the bearings. (L.U., Pt.I) 


For the weight of 10 lb. falling 5 ft. in 9*5 sec., the acceleration is —and 

6 = \ X J2 9 ' X (9 ' 6)8- 

For the weight of 20 lb., falling 5 ft. in 5*5 sec., the acceleration is and 

6 • 1 x r^ 2 x (5 ' 5)s * 

Therefore ^1-33, B 2 = 3*97 rad./sec. 2 

Substituting in the equation 

(7 -f wr*)B = (wr — F)g, 


('+£)«-(S-'V 


Subtracting we have 


661 10 

2*64 1 4-= —g. 

^ 144 IF 


I = 9-93 lb.ft. 2 

= 10 lb.ft. 2 approximately. 

/33 

32 


„ 10 / A 10 \ 1*3 

F = — — I 9-93 + -—} x — 
12 \ ' 144/ 3S 


- 0*42 ft.lb. 
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4.5 Flywheel of a Reciprocating Engine 
When the crank of a reciprocating engine is turning with a certain 
angular velocity the torque exerted on it by the connecting rod will 
vary, being zero when the crank and the connecting rod are in line. 
Also the piston and connecting rod have a certain kinetic energy which 
varies with their position and the loss or gain of energy of these moving 
parts is reflected in an increase or decrease of the torque on the crank. 

Thus the torque will vary about its mean value during a revolution 
in some way. The variation may be plotted from a knowledge of the 
energy of the moving parts and the piston thrust and a diagram of the 
variation such as is shown in Fig. 69 obtained. 



From A to B there is an excess of torque giving a maximum speed of 
rotation at B, similarly, there is a minimum speed at A . 

The excess work done by the torque at B is energy which has to be 
absorbed by the flywheel without excessive variation in speed. 

Thus if Mk 2 be the moment of inertia of the flywheel, oo the mean 
angular velocity, co B the angular velocity at B and W B the excess work 
at B we have 

<o b * - co a ) = W B . 

The larger the flywheel the smaller will be the variation of angular 
velocity. Thus if a variation of not more than one per cent from an 
angular velocity oo is desired, we have ct> 2 {(T01) 2 — 1} = 0*02a> 2 , 

approximately, so that for — Mk 2 x 0-02a> 2 ^ W B we must have 
oo 2 

EXERCISES 4 (a) 

I. A wheel has a cord of length 10 ft. coiled round its axle; the cord is 
pulled with a constant force of 26 lb.wt., and when the cord leaves 
the axle, the wheel is rotating five times a second. Calculate the 
moment of inertia of the wheel and axle. (L.U.) 
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2. A uniform straight rod AB of length 2a is smoothly jointed at A to a 
horizontal table and is allowed to fall, in a vertical plane through A 
from rest when AB makes an angle a with the vertical. Prove 
that when the angle which AB makes with the vertical is 6, then 
2 ad 2 — 3 g (cos a — cos 0). Find also the angular acceleration of the 
rod just before it becomes horizontal. 

3. A uniform circular disc of mass 120 lb. and radius 10 in. is free to 

rotate about a horizontal axis through its centre perpendicular to its 
plane. A particle of mass 30 lb. is attached to the highest point of the 
rim of the disc and the equilibrium of the system slightly disturbed. 
Find the angular velocity of the particle, in revolutions per minute, 
when the particle is passing through its lowest point. (L.U.) 

4. A uniform thin rod of length 6a and mass m is suspended so as to 
rotate freely about a fixed axis perpendicular to the rod and through 
a point of trisection. It is allowed to rotate freely from the horizontal 
position. What should be its greatest angular velocity ? If there is a 
constant frictional couple, so that the rod turns through an angle of 
60° beyond the vertical before coming to instantaneous rest, show 
that the greatest angulax velocity is V(' 7 5 r /20a). 

6. A torpedo is driven by expending the energy stored in a flywheel, 
initially rotating at 10,000 r.p.m. If the mass of the flywheel is 200 lb. 
and it is regarded as a uniform circular disc of diameter 2 ft., show 
that it will be rotating at half the initial rate after about 686 yd. run 
at 30 m.p.h. assuming that the average power necessary for this speed 
is 60 h.p. (L.U.) 

6. A uniform solid wheel of mass 20 lb. and radius 9 in., is free to turn 
about a horizontal axis through its centre. A light inextensible string 
is wrapped three times around the wheel and carries a mass of 6 lb. 
hanging vertically from the other end. If the system is released from 

, rest, find the angular velocity of the wheel when the string has left it, 
assuming that the string does not slip on the wheel. 

7. A flywheel is carried on a shaft of radius 1-6 in., mounted horizontally 
in frictionless bearings. A thin cord has one end attached to the shaft 
and is then wound round it, a weight of 40 lb. being attached to the 
other end, which leaves the shaft vertically. 

On releasing the weight it is found that it takes 2 sec. to fall 8 ft. 
Find the moment of inertia of the flywheel and shaft about their axis 
and the tension in the cord during the motion. (Q.E.) 

8. A solid flywheel 10 in. in diameter is mounted on a horizontal axle 
2 in. in diameter running in frictionless bearings. The mass of the 
wheel is 44 lb. and of the axle 8*8 lb. One end of a string is fixed to the 
axle and twenty turns of the string are wound round it and a mass of 
30 lb. is hung from the free end. If the system is released from rest, 
find the angular velocity when the string is just unwound. 

9. A flywheel and shaft at a particular instant are rotating at 200 r.p.m. 
If the moment of inertia is 6400 lb.ft. 2 , what is the kinetic energy of 
the wheel and shaft? 
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If during the next ten revolutions the kinetic energy decreases by 
10 per cent, what is the average retarding torque for this amount of 
rotation ? 

If at the end of the ten revolutions the torque remains constant at 
the previous average value, how long will it take for the flywheel and 
shaft to come to rest? (Q.E.) 

10. A pulley whose radius is r and moment of inertia about its axis 7 is 
mounted in a smooth horizontal bearing. A chain of weight W and 
length 3nr has one end fixed to the pulley at an extremity of a hori¬ 
zontal diameter and then passes completely round the pulley, its 
other end hanging freely. If the system is allowed to move from rest, 
show that the angular velocity of the pulley after turning through 
half a revolution will be 

{ Wrg(S 7 t 2 - 4)/3 n(I + Wr*)}\ (L.U., Pt. I) 

11. A flywheel on a horizontal axle 3 in. in diameter has weights attached 
to a light string wound round the axle. When the weight is 20 lb. the 
time it takes to fall 6 ft. is 10 sec., when the weight is 30 lb. the time 
to fall the same distance is 7*5 sec. Find how long a weight of 40 lb. 
will take to fall the same distance. 

12. An engine, working against a steady resistance, develops 200 h.p. at 

400 r.p.m., and the greatest fluctuation of energy is 40 per cent of the 
energy developed in a revolution. If the radius of gyration of the fly¬ 
wheel is 3 ft., calculate its mass if the revolutions of the engine are to 
be kept within the limits 399 and 401 r.p.m. (C.U.) 

13. A wheel of moment of inertia / is fixed on a shaft of small radius r 
and round the shaft is wound a length l of thin chain of mass m per 
unit length, one end being fixed to the shaft, the other carrying a 
mass equal to that of the whole chain. Initially the shaft is at rest 
with the attached mass level with the axis. If the mass is released, 
show that the length of chain unwound after t seconds is 2/ sinh 2 
where 

A = \{mgr*l(I + (L.U., Pt. II) 

4.6 Angular Momentum 

Let a body of mass M rotating about a fixed axis with angular 
velocity 9 have moment of inertia I — Mk z 
about the axis (Fig. 70). 

A particle of mass m at a point P distant r 
from the axis at 0, is moving in a circle of 
radius r about 0 and has velocity r0 perpen¬ 
dicular to OP, Its momentum is tnrd and the 
moment of this momentum about 0 is mr 2 6 . 

This moment of momentum is called the angular 
momentum of the particle about 0. Fig. 70 
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The angular momentum of the body about the axis is the sum of the 
angular momenta of all the particles of the body, that is 

Etnr 2 8 
= 6Emr* 

= / 0 . 

Let the internal and external forces which act on the particle at P 
have component X perpendicular to OP, Then since the particle is 
moving in a circle we have 

X = mrO. 

Therefore Xr = mr 2 d. 


Summing for all the particles of the body we have 
EXr = Emr 2 d 
= 16. 

Now EXr is the sum of the moments of all the forces acting on the 
particles of the body about the axis. In this sum the moment of the 
internal forces of the body, which occur in pairs, vanishes. Hence, if G 
be the moment of the external forces about the axis we have 

G = Id 

= *16. 
dt 

That is, the sum of the moments of the external forces acting on the 
body about the axis of rotation is equal to the rate of change of angular 
momentum about the axis. It is clear that in 
this equation the forces and their moment 
are expressed in absolute units. 

If the external forces have no moment about 
the axis, G = 0 and Id is constant, that is, 
the angular momentum remains constant. 

Let the centre of gravity of the body G be 
distant h from the axis of rotation and OG be 
inclined at 6 to the vertical (Fig. 71) and let 
the body be free to turn under its own weight 
about the axis. The forces at 0 have no 
moment about the axis and the external forces have therefore a 
moment— Mgh sin 0 about the axis. 

We have, therefore, 

Mk 2 8 = —Mgh sin 0. 

If there is in addition a frictional couple F opposing motion, we have 
Mktf = —Mgh sin 6 — F, 

These equations are, of course, the derivatives of the energy equa¬ 
tions obtained in § 4.3. 






109 


4] PULLEY SYSTEMS 

Example 4. A uniform solid wheel of diameter 2 ft. and mass 60 lb. is turning in 
frictionless bearings at 600 r.p.m. If the wheel is to be stopped in 40 seconds by a 
brake pressing on the rim, calculate the pressure required assuming that the 
coefficient of friction is 0*1 between the brake block and the rim . 


Let X lb.wt. be the pressure required. The frictional force is 0*1 Xg pdl. 
and its moment about the axis of rotation 1 x 0T Xg ft.pdl. 

Therefore 60x~x#=—lx 0'lXg, 

2 

0 « — 0T067X rad./sec.*. 

The wheel is stopped from a speed of 20jz rad./sec. in 40 sec. and the de¬ 
celeration is therefore rad./sec. 1 

Therefore 0 1067X = ^ = 1-6708 

X - 14*7 lb.wt. 


4.7 Pulley Systems 

When a light string passes over a pulley which is in motion the ten¬ 
sion in the string is not in general the same on either side and it is the 
difference in the tensions on either side of the pulley which provides 
the torque which changes the angular momen¬ 
tum of the pulley. 

Thus if T x and T 2 be the tensions either side 
of the pulley (Fig. 72), r its radius and I its 
moment of inertia, its angular acceleration is 
given by the equation 

(T 2 - T x )r - 16. 

In problems involving complicated systems 
of weights and pulleys the acceleration of the 
parts of the system can usually be found by 
means of the energy equation, the tensions in 
the parts of the string being internal forces of the system. To find 
these tensions, however, equations of motion for the parts of the 
system must be considered. 


e 



Example 5. Two bodies of equal mass are attached to the ends of an inextensible string 
which passes over a pulley which can be regarded as a uniform circular disc , 
whose plane is perpendicular to the edge of a rough horizontal table, coefficient of 
friction 1/2. One body rests on the table and the other hangs vertically, and the 
mass of the pulley is equal to mass of each of the bodies . Assuming that the string 
does not slip on the pulley and that the part of the string over the table is parallel 
to the table, determine the acceleration of the system and prove that the ratio of 
the tensions in the string on the two sides of the pulley is 7 : 8. (L.U., Pt, I) 

Let T 1 and T 2 be tensions in the horizontal and vertical portions of the 
string respectively (Fig. 73). If m be the mass of each body the frictional 
force on the table is Jmg, 
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Let B be the angular acceleration of 
the pulley and r its radius. Then if 
the string does not slip on the pulley 
the linear acceleration of each of the 
weights is rB. 

The equations of motion for the 
three masses are 

Ti — \ng = mrB, 

(T a - Tj)r = 

mg ~ T t = mrB. 


Dividing the second equation by r and adding it to the first and third 
equations we have 

\ m 8 = *t mr 8. 


Hence the linear acceleration r8 ~ \g. 

5 


We have 


and hence 


r, = Img + mr8 = ^ mg. 

T 2 = nig — mrB = %mg, 

5 

T 1 : T a = 7 : 8. 


Example 6. Two masses 2m and m are attached to the ends of 
a light inelastic string passing over a pulley of mass m 
with its axis fixed horizontally. From m is suspended 
another mass m by means of an elastic string of un¬ 
stretched length a and modulus mg. If the system is re¬ 
leased from rest with the elastic string unstretched and 
the pulley is considered as a solid circular disc, prove that 
each mass will move with simple harmonic motion , and 
find the period and the distance over which the mass 2m 
oscillates. (L.U., Pt. II) 

Let T lf T s , T s be the tensions in the three portions 
of string (Fig. 74), 0 the angle through which the wheel 
has turned and y the length of the elastic string at 
time 

The accelerations of the 2m mass and of the upper m 
mass are each rB, r being the radius of the pulley, and 
the acceleration of the other mass is rB + 

The equations of motion are 



T x — 2 mg = 2 mrB, (I) 

r(T 2 - 7\) = hnr*B, (2) 

mg + T 3 — r 2 « mrB, (3) 

mg — r 3 = m{rB + y), (4) 

r 3 = ( 6 ) 


and 
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Adding equations (1) to (4), having divided (2) by r, we have 

0 = + f)' 

Hence 2y 4- 9 rB = 0, 

2y + 9r$ = 0, 

2y -f 9 r6 = 2a. 

Adding equations (4) and (5) and substituting for rS we have 

mg = m(y - ??) + ). 

that is y + “ 2a) — 0. 

This is an equation of simple harmonic motion and initially y *= a, $ = 0, 
therefore 

y *= 2a — a cos ( §glla) v H . 

2 

Hence r0 — — -a{l — cos (9g/7a) y2 /}. 

9 

The period is therefore 2ji(7aj9g) 112 and the 2m mass oscillates over a distance 
4a/9. 


EXERCISES 4 (b) 

1. A uniform cylindrical wheel of mass 100 lb. and radius 2 ft. is fixed on 
a light horizontal axle of radius 6 in., which turns in frictionless 
bearings. A fine string wrapped round the axle carries a weight of 
10 lb. at its free end and a similar string wrapped round the wheel in 
the opposite sense carries a mass of 12 lb. at its free end. If the 
system is released from rest, find the velocity of the 12 lb.wt. when it 
has fallen through 6 ft., and the tension in the string from which it 
hangs, 

2. A flywheel whose moment of inertia is 5400 lb. ft. 2 is rotating at 100 
r.p.m. Find its kinetic energy. Ehiring ten revolutions the kinetic 
energy decreases by 10 per cent, find the average retarding torque. 
Find how long it would take this torque to bring the flywheel to rest 
from 200 r.p.m., assuming it to be constant. 

3. Two particles each of mass m are joined by a light inextensible string 
of length na which passes over a uniform rough circular cylinder of 
radius a and mass 2m. The cylinder is free to rotate about its axis 
which is horizontal. Initially the particles are in equilibrium at oppos¬ 
ite ends of a horizontal diameter of the cylinder. One particle then 
receives a small displacement vertically downwards. When the second 
particle reaches the top of the cylinder, the first particle strikes the 
floor and remains there. Find the velocity of the first particle on 
striking the floor, and prove that the second particle leaves the 
cylinder when it has travelled a further distance. 

1 
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4. A uniform circular disc of radius a and mass M with a rough edge is 
mounted on a horizontal axis. A string is passed over the disc and 
carries masses and m 2 {m 1 > m 2 ) at its ends. The system starts 
from rest, and the string does not slip on the disc. Show that the velo¬ 
city v of each weight is expressible in terms of the distance x each has 
moved by the equation 

(M + 2m 1 2 m 2 )v 2 = 4(m 1 — m 2 )gx. 

Find the acceleration if m 1 = 4 lb., m 2 = 1 lb. and M = 2 lb. 

(L.U.) 


5. A wheel and axle having a moment of inertia of 4 lb.ft. 2 is free to 
rotate about a horizontal axis. A mass of 3 lb. is fixed to the wheel at 
a distance of 1 ft. from its axis. A weight of 18 lb. is suspended from a 
light string wound round the axle which is 2 in. in diameter. The 3-lb. 
mass is held level with the axis of the axle and released, thus causing 

the 18-lb. mass to be wound up. What is 
the greatest angular velocity of the 
wheel and axle in the subsequent 

motion ? (Q.E.) 

6. The diagram (Fig. 75) represents a wheel 
and axle, of radii 2 ft. and 3 in. re¬ 
spectively, total weight 3 cwt., and 
radius of gyration 18 in., free to turn 

about a horizontal axis. Neglecting 

friction, find the angular acceleration. 
The observed angular acceleration was 
1*74 radian/sec. 2 . Calculate the frictional 
torque. (L.U., Pt. I) 



7. 


An engine working at constant power P ft. lb. per sec., drives a fan 
whose moment of inertia about its axis is I lb.ft. 2 , and which is 
subject to a resistive torque Kn ft. lb., where n is the angular velocity 
in radians per second. Find the maximum speed at which the fan can 
be driven, and show that the time taken to reach a speed n from rest is 


1 P 
2 Kg' ° g P - Kn 2 ' 


(L.U., Pt. I) 


8. Two gear-wheels A and B, of radii a and b and moments of inertia I * 
and 7 2 respectively, are mounted on parallel axes and run permanently 
in mesh. When in motion, there are constant frictional torques P and 
Q on A and B respectively. A constant torque G is applied to A . Find 

(i) the tangential force between the wheels, 

(ii) the angular acceleration of A , 

(iii) the number of revolutions made by B in acquiring from rest a 
speed of N revolutions per unit time. 

Prove also that, for motion to be possible, G must be greater than 
P + Qa/b. (L.U., Pt. I) 

9. A fl) wheel has a moment of inertia of 3600 lb.ft. 2 and its speed varies 
with time as shown in the table. Show that the retarding torque on 
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IMPULSIVE TORQUES 

the flywheel is approximately constant and find its value in lb.ft. 
What is the mean horse-power absorbed by this torque during the 
period covered by the table ? 

Time, secs. 0 10 20 30 40 50 60 

Speed, r.p.m. 240 224 206 189 173 155 140 

(Q-E.) 

10. A friction band is passed round a pulley of radius r keyed to the shaft 
of a dynamo armature. One end of the band is connected to a helical 
spring whose other end is fixed, while the other end of the band 
carries a weight W , the extension of the spring when the system is in 
equilibrium being a. 

Neglecting friction in the armature bearings and assuming that the 
band does not slip, obtain the equations of motion of the weight W 
and the armature when the system is oscillating freely, and hence 
find the moment of inertia of the armature in terms of the time of 
oscillation. (L.U., Pt. II) 

11. A thin uniform rod of mass m and length 2 a is free to rotate in the 
vertical plane about a horizontal axis through one end. Each element 
of the rod is subject to a resistance per unit length of amount mk/a 
times its velocity. Obtain the differential equation of motion if the rod 
is released from rest in a position making a small angle with the down¬ 
ward vertical. 

State the condition for the motion to be oscillatory and solve the 
differential equation when this condition is satisfied. 

If a torque of magnitude L and frequency the same as the natural 
undamped frequency of the rod is applied, prove that the resulting 
final oscillation (assumed small) is of amplitude (L/4:mka)(3fga) 1,2 . 

(L.U., Pt. II) 

4.8 Impulsive Torques 

If a force P acts on a body which is free to rotate about a fixed axis 
and pP be its moment about the axis, we have Mk 2 being the moment 
of inertia and 8 the angular acceleration, 

pp = Mk 2 8. 

Therefore J pPdt = . 

Hence, the time integral of the torque over a given period is the 
change of angular momentum. If p is constant 

[*'pPdt = p P* Pelt , 

J t t J 

and the impulsive torque is the moment of the impulse about the axis 
of rotation. 

When we are dealing with large and possibly varying forces acting 
for a short period we can measure the impulsive torque by the change 
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The new kinetic energy is 

X 3608 + x 180*| = 97,200m*-*. 

The proportion lost = - = —. 

r r 118,800 11 

EXERCISES 4 {c) 

1. A uniform rod of mass m and length l is free to turn about a horizontal 
axis through one end of the rod. When the rod is at rest in its position 
of stable equilibrium it receives a blow J perpendicular to the rod and 
to the axis of rotation at the lower end of the rod. If the rod subse¬ 
quently turns through an angle of 60° before coming to rest, show that 

J = fnVteW- 

2. A uniform solid flywheel of mass 25 lb. and diameter 1 ft. is set in 
motion by a pull on a rope wrapped round the wheel. If the impulsive 
tension in the rope is 50 lb. sec., find the kinetic energy imparted to 
the flywheel. 

3. A uniform solid flywheel of mass 20 lb. and diameter 1 ft. is rotating 
at 1200 r.p.m. A particle of mass 2 lb. which is at rest becomes 
attached to a point on the rim of the wheel. Find the loss of speed of 
the wheel. 

4. A uniform rod of length 2 a and mass m can turn freely about a hori¬ 
zontal axis through one end. The rod is released from a horizontal 
position, and when it is vertical it strikes a particle of mass tn which 
becomes attached to the extremity of the rod. Find the angle through 
which the rod turns from the vertical before coming to instantaneous 
rest. 

5. A uniform rod of length 2 ft. and mass 2 lb. is free to oscillate about a 

horizontal axis through one end. When the rod is hanging vertically 
it receives a blow in a direction perpendicular to the rod and to the 
axis of rotation at the mid-point of the rod. Subsequently the rod 
turns through a right-angle before coming to rest. Find the magnitude 
of the blow. ° 

6. A flywheel whose moment of inertia is 2400 lb.ft. 6 7 8 is rotating at 
1000 r.p.m. when it is suddenly put into gear with a stationary wheel 
of equal radius whose moment of inertia is 750 lb.ft.* Find the rate at 
which the two wheels rotate and the loss of kinetic energy. 

7. A uniform steel plate of side 2 ft. and mass 80 lb. can turn freely 
about one side which is horizontal. When the plate is hanging vertic- 
aUy a bullet of mass 2 oz. moving horizontally strikes the plate at a 
distance of 15 in. from the axis of rotation and the plate turns 
through an angle of 30°. If the momentum of the bullet is destroyed 
by the impact, find the velocity with which it strikes the plate. 

8. In an impact shear test a heavy pendulum carrying a hammer at 
its lower end is released from rest at an inclination of 60° to the 
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vertical. At the bottom of its swing the hammer meets the test-piece 
at a point 3 ft. below the pivot and, after shearing through it, rises to 
an inclination of 30° to the vertical. If the mass of the pendulum and 
hammer is 50 lb., the distance of its centre of gravity from the pivot 
2*25 ft., and its moment of inertia about the pivot 400 lb. ft. 2 , find 
(a) the energy dissipated during the impulse and (6) the total impulse 
of test-piece on hammer. (L.U., Pt. II) 

9. Two coaxial flywheels, A and B , of moment of inertia 32 lb.ft. 2 and 
96 lb.ft. 2 are rotating in opposite directions at 1000 r.p.m. and 500 
r.p.m. respectively, when they are suddenly connected by a friction 
clutch which slips when the couple applied to it exceeds 50 lb.ft. 
Calculate the speed and direction of motion of the wheels when 
slipping ceases and find the time for which slipping persists. (Q.E.) 

10. Two cog-wheels A and B are mounted on parallel shafts and are 
rotating in opposite directions at the rate of one and two revolutions 
per second respectively. The distance between the shafts is diminished 
so that the wheels engage. The wheels may be treated as uniform 
circular discs of the same material and thickness, the radius of B 
being three times the radius of A . Find the new rate of revolution of 
each wheel, and prove that 9/130 of the energy is lost. (L.U., Pt. I) 

11. The moments of inertia of three gear-wheels A, B and C are in the 

ratios 4:2:1, and the radii of their pitch circles in the ratios 
4:3:2. Initially B and C are in mesh and at rest, while A is rotating 
at w r.p.m. If A is suddenly brought into mesh with B show that its 
speed is reduced to 9n/26, and find the ratio of the impulse between 
A and B to that between B and C. (The shafts on which the wheels 
are mounted remain fixed.) (L.U., Pt. I) 

12. Two wheels A and B are mounted on parallel axes in a fixed frame. 
Their rims press against one another and the friction at the point of 
contact is such that when B is held fixed a couple L must be applied to 
A to cause slipping. The wheels are rotating without slip, A having an 
angular velocity co lt when a third wheel mounted on the same axle as 
B and at rest is suddenly connected to B. Find the angular velocity of 
A after slip has ceased, and show that this slip continues for a time 

+ W + ^i 2 )}> 

where I v I 2 , r lt r 2 are the moments of inertia and radii of A and B and 
I is the moment of inertia of the third wheel. (C.U.) 

13. Two wheels A and B, rotating in fixed parallel bearings are of radii 
R x and R z respectively and their moments of inertia about their axes 
of rotation are I x and / 2 . Initially the angular velocity of A is a) x and 
B is at rest. The rims of the wheels are then suddenly pressed together, 
the total reaction between them being P . Show that after the rims 
have acquired the same speed, the angular velocity of A has been 
reduced to 

AW(W + W). 

If the coefficient of friction between the rims is fx, obtain an ex¬ 
pression for the length of time during which slip occurs. (C.U.) 
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A beam AB of uniform cross-section is hinged at the end A to a fixed 
point and supported horizontally at the other by a vertical helical 
spring. The mass of the beam is M and its length l. 

When the beam is at rest, a mass m is suddenly applied to it at a 
section distant a from A, the downward vertical velocity of m at the 
instant of application being u . If, in the subsequent motion, m moves 
with the beam and the beam is assumed to be rigid, show that its 

mua 

angular velocity just after the blow is —-^y 8 . 

ma 2 + — 

If the spring is such that pi is the force required to give it unit 
elongation, show that d the maximum vertical displacement of B is 
the positive root of the equation 


d 2 - 



tna 2 + 


Ml 2 ' 


(C.U.) 


4.9 Compound Pendulum 

A rigid body oscillating freely under gravity 
about an axis is called a compound pendulum. 

Let M be the mass of the body, Mk 2 its 
moment of inertia about the axis of rotation 
and h the distance of its centre of gravity G 
from the axis at 0 (Fig. 77). 

When OG is inclined at an angle 0 to the down¬ 
ward vertical, the moment of the weight of the 
body about the axis is Mgh sin 0 in the sense tending to diminish 0. 

Therefore Mk 2 0 = —Mgh sin 0, 

h 



= —g sin 0. 


For a simple pendulum of length l we have the equation 

Id = —g sin 0, 

and for small oscillations about the equilibrium position, the motion is 
simple harmonic with period 2 n \/(//g). 

The equation of motion of the compound pendulum is, therefore, 
exactly the same as that of a simple pendulum of length k 2 jh , and the 
quantity k 2 jh is known as the length of the equivalent simple pendulum . 

The period for small oscillations about the equilibrium position is 
271 \/{k 2 lgh). 

If the axis of rotation were inclined at an angle a to the horizontal, 
the moment of the weight about the axis would be Mg cos a h sin 0 and 
the length of the equivalent simple pendulum would be k 2 l(h cos a). 

A.M.E.- 5 
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The length of the equivalent simple pendulum is the second moment 
of the body about the axis divided by the first moment about the axis 
and problems involving the compound pendulum are largely problems 
of finding second moments or moments of inertia. 

Example 8. A compound pendulum consists of a uniform rod of length 6 in. attached 
to the rim of a uniform disc of diameter 3 in., the rod lying in the plane of the disc 
and the centre of the disc in the line of the rod produced. If the mass of the disc is 
four times that of the rod and the pendulum oscillates in the plane of the disc 
about an axis through the other end of the rod, find the length of the equivalent 
simple pendulum. 

If the mass of the rod be m lb., its moment of inertia 
about the axis of rotation (Fig. 78) at O 

4 

= -m x 3 2 - 12m lb.in. 2 . 

The moment of inertia of the disc about a parallel axis 

3 2 

through its centre is 4m x —, and about the axis of 
rotation it is 

. /9 /15\ 2 \ 459 _ 

Mi + vtJJ --r* 

483 

The total moment of inertia «= ——m lb.in.*. 

2 

The first moment about the axis is 

15 

m x 3 + 4m x — — 33w lb.in. 
z 

The length of the equivalent simple pendulum 

483m 

** 2 X 33m’ 

= 7-32 in. 

Example 9. A uniform rod of mass 3m and length 2 ft. can turn freely in a vertical 
plane about a horizontal axis through one end. Find at what distance from the 
axis of rotation a particle of mass ±m must be attached to the rod so that the period 
of small oscillations of the combined mass shall be a minimum, and find this 
period. 

Let the particle be x ft. from the axis of rotation. 

The total moment of inertia about the axis 

4 

= 3m x - H- 4m* 8 
*= 4m(* 2 + 1). 

The first moment about the axis 

= 3m X 1 + 4m* 

*= m(4* + 3). 



Fig. 78 
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The length l of the equivalent simple pendulum is 
7 4 (** + 1 ) 

/ as-- 

4* + 3 

3 25 

” * ” 4 + 4(4* + 3)' 

This length has to be a minimum, and we have 
dl 25 

dx (4x + 3) 2 ’ 

d 2 / 200 


For a turning value 4* + 3 = +5, and x = - gives / its minimum value of 
1 ft. 2 

T- O 

The minimum period is t 

2ny/(Hg) - Ml sec. ^ 

4.10 Centre of Oscillation J_ 

Let GO (Fig. 79) be the perpendicular from the centre 21 
of gravity to the axis of rotation of a compound pendulum, -jj -h 

so that OG = A, and the radius of gyration of the body J_ , 

about the axis through 0 is k. ° 

Let O' be a point on OG produced, such that 00' = k 2 jh t Fig 79 
the length of the equivalent simple pendulum. Then the 
radius of gyration squared about an axis parallel to the axis of 
rotation through G is k 2 — h 2 . 

About a parallel axis through O' it is 

k 2 -h 2 + [(k*/h) - h] 2 , 

- [(k*/h) - h][h + (k*/h) - h] t 
= (k*/h)(k*lh - A). 

But the length O'G is — h, therefore if the body should oscillate 
about the axis through O', the length of the equivalent simple pendu¬ 
lum is again k 2 jh . The point 0' is called the centre of oscillation of the 
pendulum. 

This property of an alternative point of suspension with the same 
period is used in Rater's pendulum to determine the value of g. This 
pendulum has two knife-edges, whose distance apart is accurately 
known, and a movable mass is adjusted until the time of oscillation 
about the two knife-edges is the same. Then if / be their distance apart, 
the period is 2tz and by measuring the period g may be found. 
Thus the quantity to be measured in determining g is a time which may 
be found accurately from a number of oscillations. 


4.11 Experimental Method of Finding Moments of Inertia 

If a body can be made to oscillate about a knife-edge, its period as a 
compound pendulum can be determined with some accuracy and hence 
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the ratio k 2 jh found. If h , the distance of the centre of gravity from the 
knife-edge, is known the value of k 2 is found and the square of the radius 
of gyration about a parallel axis through the centre of gravity is 
k 2 -h\ 


If the position of the centre of gravity is not accurately known, the 
moment of inertia may be determined by finding the periods of oscilla¬ 
tion about two knife-edges such that the centre of gravity lies on the 
line connecting them. 

Let k x be the radius of gyration about the centre of gravity and let 
the knife-edges be distant a and l — a from the centre of gravity, l 
being known. 

The periods of oscillation are 


wm w(w-> 

Hence the periods t x and t 2 having been found, k x and a can be determined. 


4.12 Thrust on the Axis of Rotation 

Since a particle of mass m, distant r from the axis of rotation, is 

moving in a circle of radius r 
with angular velocity Q, it 
has an acceleration rd 2 to¬ 
wards the centre of the circle 
and an acceleration rS in a 
perpendicular direction. 

Let the radius OP (Fig. 
80) make an angle a with the 
line OG joining the centre of 
gravity to the axis of rota¬ 
tion. The effective force act¬ 
ing on the particle has components mrd 2 along PO and mrQ perpen¬ 
dicular to OP. 

Resolving these components along and perpendicular to GO we have 
mrQ 2 cos a + mrQ sin a, parallel to GO, 
mrQ cos a — mrQ 2 sin a, perpendicular to GO. 

If the summation is taken over all the particles of the body, since 
these sums determine the position of the centre of gravity with respect 
to 0, 

Emr cos a = Mh t 
Emr sin a = 0, 

M being the total mass of the body and h the length OG. 

Hence the total effective force acting on the body has components 
MhQ\ along GO, 

MhQ, perpendicular to GO. 
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Let X and Y be the components of the thrust of the axis of rota¬ 
tion on the body along and perpendicular to GO. If the only other 
force acting on the body is the weight acting at G we have 
X — Mg cos 0 = Mhd 2 
Y — Mg sin 0 = MhS. 

The values of 8 and 0 2 for any value of 6 are given by the equations 
jd == —£ sin 0, 

^-0*= 2g (cos 0 — cos /}), 
h 

where fi is the amplitude of swing. 

A 2 

Hence X = Mg cos 0 + 2Mg— (cos 0 — cos /?), 

A 2 

Y = Mgfl — sin 0. 


Example 10. A rod of length 2 a and mass m has a particle of mass m attached to it at 
one end and oscillates about a horizontal axis through the other end. If the rod 
oscillates through an angle of 60° each side of the vertical find the thrust on the 
axis (i) when the rod is vertical , (u) when it is instantaneously at rest. 


The length of the equivalent simple pendulum (Fig. 81) 
= + 4 ma*^ (ma + 2 ma) 


16 


When the rod is vertical 6 = 0, 8 = 0, and 


0 2 


9g 


Hence 


6=0, and 


Hence 


16a 
V = 0 


69 mg 
16 * 


9 s 2 * 



X = mg, 

Y = 2 mgy£ - 2m x \a X (|g)* 


5V3 
32 ' 


mg, 


y/(X* + Y>) = V(1099)m£/32. 
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EXERCISES 4 (d) 

1. A uniform rod of length 3 ft. and mass m is rigidly attached to a thin 

uniform disc of diameter 2 ft. and mass 4 m. The rod is in the plane of 
the disc and lies along a radius produced. The rod and the disc are 
suspended freely from the outer end of the rod. Determine the periodic 
time of small oscillations in the plane of the disc. (Q.E.) 

2. A pendulum consists of a thin uniform rod 5 ft. long pivoted 1 ft. 

below its upper end. If it is released from a position 2° from vertical, 
calculate its inclination 20 sec. later, assuming successive swings all 
have the same amplitude. (Q-E.) 

3. A symmetrical bicycle wheel has a moment of inertia of 7 lb.ft. 2 about 
its axis. It is supported in frictionless horizontal bearings, and a con¬ 
centrated mass of 2 lb. is rigidly attached to its rim, 15 in. from its 
axis. 

(а) If it is released from the position in which the mass is as high as 
possible and the equilibrium is just disturbed, find the greatest angular 
velocity the wheel will have during its subsequent motion. 

(б) What is the period of small oscillations of the wheel and weight 

about their position of stable equilibrium ? (Q-E.) 

4. A thin uniform rod of length 4 a and mass m has a uniform disc of mass 
m and radius a attached to one end, the centre being in line with the 
rod. Find the radius of gyration about an axis perpendicular to the 
plane of the disc through the mass centre. 

If the body oscillates as a pendulum about an axis through one end 
of the rod perpendicular to the plane of the disc, find the period. 

Show that there is another parallel axis through a point of the rod 
about which the body would swing with the same period. 

(L.U., Pt. I) 

5. A cylinder of radius r and height 4 r is joined to another of radius 2 r 

and height r end to end and with the axes in line. The body oscillates 
as a compound pendulum about a horizontal axis through a diameter 
of the outer end of the long cylinder. Find the period of oscillation. 
Prove that there is a parallel axis about which the body would oscillate 
with the same period and determine its position. (L.U., Pt. I) 

6. A straight uniform thin rod of mass 3 m and length 2 a has a particle 

of mass m attached to one end. It swings under gravity in a vertical 
plane about a horizontal axis through a point on it. Find all the pos¬ 
sible positions of the axis for which the length of the equivalent simple 
pendulum is 5a/3. (L.U., Pt. I) 

7. A compound pendulum is made by suspending from one end a straight 
uniform rod of length l and mass m. At a distance x from the point of 
suspension a particle of mass nm is fixed to the rod. As x varies from 
0 to /, show that there is a value of x which renders the time of 
oscillation a minimum. Show that for a minimum time of oscillation 
x — IjZ nearly, when n is small and l/^Zn nearly when n is large. By 
ascribing suitable values to n, determine the time of oscillation of a 
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uniform rod oscillating about one end and the time of oscillation of a 
simple pendulum of length x. (L.U., Pt. I) 

8. A straight thin uniform rod of mass 20 lb. is pivoted at one end and 
swings in a vertical plane. It makes 30 complete oscillations per 
minute. A small mass of 5 lb. is then attached to the rod at a point 
1 ft. from the point of suspension. Determine the number of oscilla¬ 
tions made by the new arrangement in one minute. (L.U., Pt. I) 

9. A uniform piece of wire of length 18a and mass m is bent to form a 
right-angle ABC in which AB = 12a, BC — 6a. It is smoothly hinged 
at A and oscillates in its own plane, which is vertical. 

Prove (i) that the moment of inertia about the axis of rotation is 
84ma 2 , and (ii) that the length of the equivalent simple pendulum is 
84a/^65. (L.U., Pt. 1) 

10. A circular washer of uniform material has internal radius a and ex¬ 
ternal radius b. Find the period of small oscillations, in the plane of 
the washer, about a knife-edge in contact with the inner surface. 

(L.U., Pt. I) 

11. A uniform heavy rectangular plate 30 cm. by 40 cm., oscillates as a 
compound pendulum about a pivot through one corner and per¬ 
pendicular to its plane. Find the period of the small oscillations. 

Find the locus of points in the lamina at which it may be pivoted in 
order that the period of its small oscillations in its own plane may be a 
minimum, and find this minimum period. (L.U., Pt. I) 

12. Four uniform thin bars, each of mass m per unit length, are joined 
rigidly together to form a rectangle of sides 2a, 2b. This body performs 
under gravity, small oscillations in its plane about a horizontal axis 
through the mid-point of one of the bars of length 2a. Find the period. 

(L.U., Pt. I) 

13. A uniform disc of mass M, radius a and centre C oscillates under 
gravity about a fixed horizontal tangent through the point O on the 
circumference. If the angular velocity of the disc in its lowest position 
is eo, find the total pressure on the axis for a deflection 6 from this 
position. 

Find the value of co if, in a position of instantaneous rest, the result¬ 
ant pressure is perpendicular to the line OC. (L.U.,Pt.I) 

14. A thin uniform rod of mass m and length 2a is pivoted freely about a 
horizontal axis through one end. It is slightly displaced from the 
position of unstable equilibrium and falls under gravity. Show that 
there is an oblique position for which the reaction at the pivot is 
entirely vertical and find the reaction in this position. 

(L.U., Pt. I) 

4.13 Torsional Vibrations 

When a body is suspended from a fixed point by a wire and is turned 

through an angle 6 about a vertical axis through the point of suspension 
the wire exerts a restoring couple tending to bring the body back to its 





APPLIED MATHEMATICS FOR ENGINEERS 


124 


[4 


original position. It is found that this restoring couple is proportional 
to 0 and we may take it as 


where l is the length of the wire and the constant X is independent of 0 
and, within certain limits, of the weight of the body. 

The quantity X is called the torsional rigidity or stiffness of the wire. 
If Mk 2 be the moment of inertia of the body about the axis of rota¬ 
tion we have in gravitational units 


m= 

s l 


This is an equation of simple harmonic motion with period 2 n{MkHjXg) m . 
Hence, if the body is turned through some angle a and then released it 
will oscillate about its equilibrium position with this period, and at 
time 0 = a cos {XgjMkH) m t. The isochronism, that is, the equal period 
of swing, of a torsion pendulum may be used to find the moment of 
inertia of a body by measuring its period when suspended by a wire 
whose torsional rigidity is known. 


4.14 Torsional Rigidity of Shafts 

If a length of circular shaft is subjected to two equal and opposite 
torques at its ends one end will rotate slightly with respect to the other 
and the angle of twist is proportional to the torque. Thus for an angle 
Xd 

of twist 0 the torque is X is called the torsional rigidity of the shaft. 
/ 

If the shaft has diameter d t the second moment of area about the 
axis of the shaft is ndAj 32, and, denoting this quantity by J, the 
torsional rigidity is written as 

A = GJ t 

and G is called the modulus of rigidity of the material. 


A B 4.15 Oscillation of a Shaft 

with Two Flywheels 

Suppose that a light shaft 
turns without friction and 
carries two flywheels A and B 
of moments of inertia I x and / 2 , 
the length of shaft between the 
wheels being l . 

Fig. 82 When the shaft is rotating let 

0j and 0 2 be the angular dis¬ 
placements of A and B respectively from their mean position (Fig. 82). 
The twist of the shaft is 6 X — 0 2 and if GJ be its torsional rigidity we have 
a torque G /(0 X — 0 2 )// in the shaft. 
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SUSPENSION BY SEVERAL STRINGS 


Therefore /A = -~-{0 x - 0 2 ), (1) 

/ 2 6 2 = i ^ 2 )* (2) 

Hence /A + J 2 0 2 = 0, 

I-fii + I 2 0 2 = constant. 

Now the twist in the shaft varies uniformly from 6 X at A to 0 2 at B . 
Therefore at a point C distant x from A the twist is 


= V 


fa 


if 


* = 


v 

h + /.* 


= 01 - 


e»). 


-(0i - 0*) 


A + h 

I-fil ~h j. 4. 

= --- a= constant. 

A » *2 

Therefore at the point where 

hi 


x = 


h l 


-,l-x = 


h + U " /, + /.* 

that is at a point which divides the shaft inversely in the ratio of the 
moments of inertia there is a constant angular displacement from the 
mean. 

We have also from (1) and (2) 

V,(0, - 0 2 ) = + 4)(0, - 0*). 

Therefore the twist 0 2 — 0 2 varies harmonically with period 

ttj)- 


4.16 Suspension by Several Strings 

If a body is suspended symmetrically by several strings and made to 
oscillate about a vertical axis the period of oscillation is also approxim¬ 
ately constant. 

Suppose that a uniform circular disc of radius a and mass m is sus¬ 
pended in a horizontal position by three vertical strings of length l, the 
strings being attached to points on the rim of the disc. 

When the disc turns through an angle 0 about a vertical axis through 
its centre, the lower end of each string is displaced horizontally through 

a distance AB = 2a sin -0 (Fig. 83). 

2 

A.M.E.- 5* 
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Fig. 84 


Now consider the vertical plane through one of the strings in its 
equilibrium position and in its displaced position (Fig. 84). If T be the 
tension in the string in its displaced position the horizontal component 

. . „2asin£0 

of this force is T --——. 

The perpendicular distance from the centre of the disc on to the line 
AB is a cos -6 and hence the turning moment of the tension is 


T x 


2 a sin 

r 


X a cos -0 = T j sin 0. 

Li i 


If we assume that when 0 is small T has the same value as in its 

equilibrium position we have T = and the restoring couple due 

o 

la 2 la 2 

to one string is ~tng — sin 0 = - mgjB, approximately. 

3 l o i 

Thus for the three strings we have 

a 2 a a* 

= —mgjO, 

he = - g e, 

2 


and the period is 2ny/{ll2g). It is evident that the numbers of strings 
by which the disc is suspended is immaterial. 

The assumption that the tension in the strings is unchanged in the 
displaced position is equivalent to neglecting the rise and fall of the 
disc during its rotation. 

In fact, if x be the vertical displacement of the disc due to a rotation 6 


x = l — 1 1 ' 2 — 4a 2 sin 8 ^0 
a 2 

= —d 2 , approximately. 
21 


} 


1/2 


Thus if 0 is small, the vertical displacement of the disc is of the second 
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order of small quantities and its vertical velocity and acceleration are 
of the same order and may be neglected. 


2 . 


3. 


4. 


5 . 


6 . 


7. 


EXERCISES 4 (e) 

A uniform circular disc of radius 6 in. and mass 1 lb. is suspended in a 
horizontal position by a long vertical wire attached to its centre and 
the period of its torsional oscillations is 2 sec. If the disc is replaced 
by a body of mass 4 lb. with an axis of symmetry which is in the line 
of the wire and the period of oscillation is now 3 sec. find the radius 
of gyration of the body about its axis of symmetry. 

The balance wheel of a chronometer has a moment of inertia I about 
its axis. What must be the torsional stiffness of the controlling spiral 
spring if the wheel is to perform one complete oscillation per second ? 

If the wheel oscillates with a maximum angular deflection a degrees 
from its equilibrium position, what is the total energy of the motion ? 

(L.U., Pt. I) 

Two pulleys, of moments of inertia I x and / 2 axe mounted at the end 
of a shaft of length a and torsional rigidity GJ which runs in tee- 
bearings with negligible friction. Show that the torsional oscillations 
have a node at a point in the shaft which divides its length inversely 
in the ratio of the moments of inertia, and find the frequency of the 
oscillations. (L.U., Pt. I) 

A light shaft whose torsion modulus is k ft.lb. per radian is mounted 
in smooth bearings and carries a flywheel of moment of inertia 
I x lb.ft. 2 at one end and one of moment of inertia / 2 lb.ft. 2 at the other. 
An impulsive torque Q ft.lb.sec. is applied to the first wheel. Find the 
time-period T, of the oscillations in the subsequent motion, and show 
that the amplitude of the oscillations of the second wheel is 

T Qf> 

s-a + 7; (L - u - Pt ' n) 

Two flywheels of moments of inertia l x and I 2 are mounted at the 
ends of a light shaft of length l and torsional rigidity G J which runs in 
bearings with negligible friction. A variable torque of magnitude 
M sin cot is applied to the wheel whose moment is I v Show that in the 
state of steady motion the twist of the shaft is 

M sin cot GJ (1 l\ 

—— ; where co x 2 — — 4- — i 

IjH 2 — o> 2 ) l 




A uniform circular disc of mass M and radius r hangs with its plane 
horizontal supported by three vertical strings, each of length /, 
attached to points on its rim. Show that its small oscillations about its 
axis will be approximately simple harmonic of time-period 2?i(l/2g) 112 . 

(L.U., Pt. I) 

A uniform rod of length 2 a is suspended in a horizontal position by 
two vertical strings of length l attached to the ends of the rod. Find 
the period of the small oscillations of the rod about a vertical axis 
through its centre. 
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8. A uniform circular disc of radius a is suspended with its plane hori¬ 
zontal by a number of vertical strings, each of length l, attached to 
points which are the vertices of a regular polygon concentric with the 
circle. Show that the period of a small oscillation about a vertical 
axis is 

2n(a*l/2R*g)**, 

where R is the radius of the circle circumscribing the polygon. 

9. A circular platform of mass 2 lb. and radius 1 ft. is suspended in a 
horizontal position by four vertical strings each of length 6 ft. attached 
to points on its rim. A shell of mass 20 lb. is placed on the platform 
with its axis of symmetry vertical and central and the period of the 
small oscillations of the platform and shell about the axis of symmetry 
is 2-01 sec. Find the radius of gyration of the shell about its axis. 

10. A flywheel is suspended with its axis vertical by long ropes attached 
to its rim. It is found that a torque of 45 ft.lb. is required to hold the 
wheel when it has been turned about its axis through an angle of 
5 degrees. When it is released it makes a complete oscillation in 4 
seconds. Find its moment of inertia. 






CHAPTER 5 


PLANE MOTION OF A RIGID BODY 


5.1 Coordinates and Degrees of Freedom 

When a rigid body is moving in a plane, that is in such a way that 
the motion of any particle of the body is confined to a plane, the posi¬ 
tion of any particle of the body is known at a given time if the position 
of a plane section through the centre of gravity is known. Thus the 
motion of the body may be described as that of a lamina moving in its 
own plane. 

The position of every point of the lamina is known if the position of 
one point and the direction of one line in the lamina are known. Thus 
the position of the body is determined by three coordinates, usually the 
x and y coordinates of the centre of gravity with reference to fixed 
rectangular axes in the plane of its motion and the angle 6 which a line 
through the centre of gravity in the plane of motion makes with the 
#-axis. 


These three coordinates need not be in¬ 
dependent. For example, if a disc of radius 
r is rolling in a straight line on a horizontal 
plane (Fig. 85) its centre is always verti¬ 
cally above the point of contact. When the 
disc has rotated through an angle 6 a length 
of axe rd has been in contact with the ground 
and so the point of contact has moved a 
distance rd along the plane. Hence the 
coordinates of the centre of the disc are 



Fig. 85 


* = rd, y — r. 


In this case the position of the disc is determined by the one co¬ 
ordinate 6 and the motion is said to have one degree of freedom. If the 
disc were to slide instead of rolling x and 6 would vary independently 
and the motion would have two degrees of freedom. There would be 
three degrees of freedom if x t y and d should all vary independently. 

If x t y and Q are known for a set of values of the time t, their deriva¬ 
tives x, y and 6 may be found. Then x and y are the components of the 
velocity of the centre of gravity and 6 is the angular velocity of the 
lamina. The angular velocity 6 is the rate at which any line in the lamina 
is changing its direction, for if one line makes an angle d with the x-axis 
and another line makes an angle d + a with the same axis, a is the 
angle between the lines and is constant. 
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Therefore the derivative of 0 + a is the same as the derivative of 0 
and is 0. It follows that if any two points of the lamina are at a distance 
l apart the relative velocity of either with respect to the other is 16 in 
a direction perpendicular to the line joining the points. 

Similarly, 6 is the angular acceleration of the lamina as a whole and 
the relative acceleration of any two points l apart has components 10 2 
and along and perpendicular to the line joining the points. 


5.2 Motion of the Centre of Gravity 

Let a particle of mass m of the lamina have coordinates (x lf y x ) with 
respect to fixed axes OX, OY, and let the forces acting on this particle, 
which may be internal or external forces of the body, have compon¬ 
ents X x and Y 1 parallel to OX and OY respectively (Fig. 86). 



Then mx x — X v 

my, = Y v 

Summing these equations of motion over all the particles of the body, 
we have 

Emx x — EX x — X (say), 

Emy x = EY X — Y (say). 

Now if M be the total mass and (. x, y) the coordinates of the centre of 
gravity 

Mx = Emx j, 

My = Emy x . 

These equations hold for all values of t and therefore may be differ¬ 
entiated with respect to t, giving 

Mx = Emx lf 
My ass Envy x . 

Also, in the summation of the components of force acting on the 
particles the internal forces, which occur in pairs, vanish and X and Y 
are the sums of the components of the external forces acting on the body. 
We have therefore 


Mx = X, 
My « Y. 
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These equations, which are fundamental in rigid dynamics, show that 
the centre of gravity moves as if the whole mass of the body were con¬ 
centrated there and all the external forces acted upon it there in 
directions parallel to their actual directions. By virtue of this principle 
we have been able to discuss the motion of large bodies as if the bodies 
were particles when we were concerned only with their motion of 
translation. 

5.3 Motion about the Centre of Gravity 

If G(x, y ) be the centre of gravity and P(x v y t ) be a particle of the 
lamina, let x x — x = r cos a, y 1 — y = r sin a . Then r and a are polar 
coordinates of P relative to the centre of gravity and r is constant. 
Also, a is the rate at which the line PG is changing direction and, 
therefore a — 0, where d is the angular velocity of the lamina. 

The relative velocity of P with respect to G is, therefore, rd in a 
direction perpendicular to PG. 

The relative acceleration of P with respect to G has components rd 
perpendicular to PG and rd 2 along PG. 

The components of the acceleration of the centre of gravity are x 
and y parallel to the axes of coordinates and hence the acceleration of 
P is the vector sum of the components x t rB and rd 2 in the appropriate 
directions (Fig. 87), 

Let the force acting on the particle of mass m at P have components 
R along GP and S perpendicular to GP (Fig. 88). 



Fig. 87 Fig. 88 

Then 5 — mrB + my cos a — mx sin a, 

Sr = mr 2 § + ymr cos a — xmr sin a. 

Adding for all the particles of the lamina we have 

USr a= BUmr 2 + yEmr cos a — xEmr sin a. 

Now ESr is the sum of the moments of all the forces acting on the 
particles of the lamina about the centre of gravity, and in this sum the 
moments of the internal forces cancel. Therefore G — ESr is the sum of 
the moments of the external forces about the centre of gravity. Also 
Emr 2 — Mk % is the moment of inertia of the lamina about the centre of 
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gravity; Emr cos a = Emr sin a = 0, since these are the sums of 
moments of mass about the centre of gravity. 

Thus we have the third equation of motion 


G = Mm. (1) 

The velocity of the particle at P is the vector sum of the components 
of velocity x and y of the centre of gravity and the relative velocity 
rd (Fig. 89). The component of velocity 
perpendicular to GP is rd + y cos a — x sin a 
and the corresponding momentum is 
m(r6 + y cos a — x sin a). The moment of this 
momentum about the centre of gravity is 
mr 2 0 + ymr cos a — xmr sin a, and the total 
moment of momentum of all the particles of 
the lamina is 

6Emr 2 + yEmr cos a — xErnr sin a. 



Since Emr 2 = Mk 2 and Emr cos a ~ Emr sin a — 0 we see that the 
total moment of momentum about the centre of gravity is Mk 2 0. This 
moment of momentum is called the angular momentum of the body and 
equation (1) shows that, Mk 2 being constant, the rate of change of 
angular momentum about the centre of gravity is equal to the moment 
of the external forces about the centre of gravity. 

If G = 0 it follows that Mkd is constant and we have conservation of 
angular momentum . 

The equation (1) is similar to that obtained for the rotation of a body 
about a fixed axis and shows that the rotation about the centre of 
gravity is the same as it would be if the centre of gravity were a fixed 
point. It also shows the independence of the motions of translation and 
rotation. 


5.4 Equations of Motion 

We thus have three equations of motion for the plane motion of a 
rigid body: 

X = Mx (1) 

Y — My (2) 

G = MkS (3) 

Here, X and Y are the sums of the components of the external forces 
parallel to the axes of reference and G is the moment of the external 
forces about the centre of gravity. 

M is the mass of the body, k the radius of gyration about a perpendi¬ 
cular to the plane of motion through the centre of gravity. 

x and y are the components of the acceleration of the centre of 
gravity parallel to the axes of reference, and § is the angular accelera¬ 
tion of the body. 
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5] KINETIC ENERGY 

5.5 Kinetic Energy 

The coordinates of a typical particle of mass m with respect to the 
centre of gravity being (r cos a, r sin a), the velocity of the particle is 
the vector sum of the velocity (x, y) of the centre of gravity and the 
relative velocity r0 with respect to the centre of gravity (Fig. 89), 

The velocity of the particle has therefore components 

x — rO sin a, y + r0 cos a, 

parallel to the axes of reference. 

The kinetic energy of the lamina is 

T = — r0 sin a) 2 + (y + cos a) 8 } 

= \Em{{x 2 + y*) + r 2 0 2 — 2x0r sin a + 2yOr cos a} 

= %(x 2 + y 2 )Em + \0 2 Emr 2 — x0Emr sin a + yOEmr cos a. 
Hence, since Emr cos a = Emr sin a = 0, we have 
T = \M{x 2 + y 2 ) + \Mk 2 0 2 , 

where M is the mass of the body and k its radius of gyration about an 
axis perpendicular to the plane of motion through the centre of gravity. 

Thus the kinetic energy has two parts, the kinetic energy of transla¬ 
tion \M(x* + y 2 ) and the kinetic energy of rotation \Mk 2 0 2 , 

The energy of translation is what the kinetic energy would be if the 
whole mass were concentrated at the centre of gravity and moved with 
its velocity. 

The energy of rotation is what the kinetic energy would be if the 
centre of gravity were fixed and the body allowed to rotate about it. 

Since in any displacement the change in kinetic energy of any 
particle is equal to the work done in the displacement by the forces, 
both internal and external, which act on it, and the total work done by 
the internal forces is zero, the change in kinetic energy of the lamina is 
the total work done by the external forces which act on it in any dis¬ 
placement. 

If the forces are conservative, so that the work done in the displace¬ 
ment depends only on the initial and final positions of the body, the 
work done is the loss of potential energy and the total of kinetic and 
potential energy is constant. 

5.6 Use of the Equations of Motion 

In problems involving the plane motion of a rigid body the quantities 
to be determined in the first instance are the displacements (x t y) of the 
centre of gravity with respect to some fixed axes of reference and the 
angle 6 through which some line of the body has turned in the plane of 
motion. 

A clear figure should be drawn showing these displacements from the 
initial position. 
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The number of degrees of freedom of the motion should then be 
investigated. 

If there is only one degree of freedom there will be two geometrical 
relations between the coordinates x , y and 6, and these relations will be 
caused by constraints, that is, forces, in general unknown, which com¬ 
pel the body to move in this way. The three coordinates can then be 
expressed in terms of one of them and the three equations of motion 
will determine this coordinate and the two constraints. 

If there are two degrees of freedom the equations of motion will 
determine the two independent coordinates and the one constraint; 
with three degrees of freedom the three coordinates are determined by 
the equation of motion. Instead of cartesian coordinates ( x , y) it is 
often convenient to fix the position of the centre of gravity by other 
coordinates such as polars. 

Thus if (r, <f>) be the polar coordinates of the centre of gravity and 
R, S the components of the external forces along and perpendicular to 
the radius vector the equations of motion are 

M(r — r<j > 2 ) = R , 

Mk 2 8 = G. 

The equations of motion determine accelerations and involve second 
differential coefficients of the coordinates, and integration is necessary 
to complete the solution of the problem. 

It is convenient in dealing with problems to draw two figures, each 
showing the body in its displaced position. On one of these can be 
shown the forces acting on the body, on the other the mass x accelera¬ 
tion of the centre of gravity and the rate of change of angular momen¬ 
tum about it, that is the effective forces and couple. 

The equations of motion are written down by equating the forces and 
couples in the two figures. 

Example 1. A solid of revolution of mass M whose bounding radius is a and whose 
radius of gyration about its axis of symmetry is k, rolls without slipping down 
the line of greatest slope of a plane inclined at an angle a to the horizontal. Find 
its acceleration down the plane and the least coefficient of friction between the body 
and the plane for rolling to be possible . 

Let x be the displacement down the plane of the centre of gravity and 6 
the angle through which the radius to the point of contact has turned at 
time / (Fig. 90). The y coordinate of the centre of gravity is constant. 

We have the geometrical equations 

x = ad, y — a, 

and the motion has one degree of freedom. 

Let R be the force normal to the plane and F the frictional force along the 
plane, this friction being not necessarily limiting. 





The equations of motion are 

Mg sin a — F = Mx = Mad, 

R — Mg cos a = My = 0, 

Fa = Mk*6. 

Eliminating F between equations (1) and (3) we have 
Mga sin a = M(A 2 + a 2 )# 


(1) 

( 2 ) 

(3) 


. g sm a. 


A 2 + a 2 

Hence we have the constant acceleration with which the centre of gravity 
moves down the plane and the constant acceleration with which the body 
rotates. 

1 „ 2 

A 2 = ad = -g sin a. 


For a solid cylinder 
For a solid sphere 


A 2 


2 

2 

5** 


-g sin a. 


For a spherical shell 
From equation (3) we have 


A 2 = V a6 

O 


& 


g sm a. 


k* 

F = MU 
a 


= Af- 


k 2 


Also, from (2) 
therefore 


R = Mg cos a, 
F _ k 2 
R " aT \f A 2 


T* gi 


i tan a. 


If slipping is not to occur F must be less than or equal to (xR, that is we 
A* 

must have u > --- tan a. 

a 2 + A 2 


Example 2. A uniform rod of mass M and length 2a falls from rest in a vertical posi¬ 
tion with one end on a rough table. Find the angular velocity of the rod when it 
is inclined at an angle Q to the vertical and the horizontal and vertical components 
of the reaction of the table in this position. 

Since the rod turns about O (Fig. 91) it is clear that there is only one degree 
of freedom. The centre of gravity of the rod moves in a circle with angular 
velocity 6 and has components of acceleration a8 perpendicular to the rod 
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Fig. 91 

and «0 2 along the rod towards O. The components of the reaction being R 
and F we have the equations of motion 

F = Mad cos 0 — Mad 2 sin 6 , (1) 

R — Mg — —Mad sin 6 — Mad 2 cos 0, (2) 

Ma* 


Ra sin 6 — Fa cos 6 — 


3 


(3) 


EJimmating R and F between these equations we have 

4 

~Ma 2 d — Mga sin 0. 


(4) 


Integrating (4) with respect to 0, remembering that — (0 2 ) = 2 6 , we have 




since 0 is zero when 0 is zero. 
Therefore 


—Mga cos 0 -f constant, 
Mga( I — cos 0), 


0 -f? sin0, 
4a 

3g, 


02 = J(i _ cos 0). 

Z& 

Substituting in the equations of motion we find 

3 

F — -Mg sin 0(3 cos 0 — 2), 

R = 1 — 3 cos 0) 2 . 

Hence, R becomes zero when 3 cos 0 = 1 and unless the end is fixed slipping 
will take place before 0 reaches the value cos _1 Q^. 


Example 3. A wheel of mass m and radius a is eccentrically loaded so that its centre 
of mass G is at a distance b from its axis C. The wheel is constrained to roll with 
uniform velocity V on a rough horizontal track. Prove that the horizontal force 
P, which must be applied at C to maintain this motion at the instant when OG 
has turned through an angle 0 from the downward vertical, is given by 


P + a S) sine - 


(L.U., Pt. II) 
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The forces acting on the wheel are the weight mg, the horizontal force P, 
the reaction R and the frictional force F (Fig. 92). 




The horizontal and vertical displacements of G being measured from the 
point of contact when GC is vertical, we have 

x — ad — b sin 0, y — a — b cos 0. 

The angular velocity being 6 and the horizontal velocity of C being V , a 
constant, we have 

a6 *= 

aB - 

Therefore * = 

x = 


9 - 

y « 

The equations of motion are 

bV 2 

P — F = tn — - sin 6 , (1 

a % 

bV 2 

R — mg = m-~- cos 6, (2) 

ar 

F(a — b cos 0) + Pb cos 0 — Rb sin 0 = * 0. (3) 

Eliminating R and F between these equations we have 

( mh V 2 \ / mb V 2 \ 

p-- s in 6J(a — & cos 0) + Pb cos 0 — H-cos 0j6 sin 0 = 0, 

tnb 

p = —(K 2 + flg) sin 0. 

Example 4. /I so/id cylinder (Fig. 93) o« a rough horizontal plane, the coefficient 
of friction being fz. The cylinder is set in motion by a pull applied to the free end 
of a rope which passes round part of the circumference of the cylinder in the plane 
of symmetry and is attached to a point on it. If the direction of the pull is at an angle 
a above the horizontal show that the greatest acceleration that can be given to the 

1 3 

cylinder without slipping taking place is /*(! 4* cos a)gl( 1 — - cos a -f* gp a)- 

(C.U.) 


V, 

0 . 

a6 — b$ cos 0 

aS — bS cos 0 + bd % sin 0 

bV* . 

—- sin 0. 
a 2 

bd sin 0 

bd sin 0 -j- b6 2 cos 0 

fcV 2 . 

—— cos 0. 
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If the cylinder does not slip, the horizontal acceleration is aB, where B is 
the angular acceleration. 

The forces being as shown in Fig. 93, the equations of motion are 


T cos a + F = MaB, 

(1) 

T sin a F R — Mg = 0, 

(2) 

Ta — Fa ~ M-B. 

2 

(3) 

From (l) and (3) F(1 -f cos a) — (1 — \ cos a)MaB, 

(4) 

3 

T(1 -h cos a) = - MaB. 

(5) 

These equations show that F must act in the direction shown 
From (2) and (5) 

in the figure. 

3 

R{1 -f cos a) — Mg( 1 -|“ cos a) — - sin a.MaB. 

z 

(6) 


From (4) and (6) 


F (l-lcosa)aS 

— = “ ■ 
g(l -f- cos a) — sin a.aB 

r_ m _i 

aB = £(1 + cos a} J / 1 \ 3 . [ 

l\ ~ 2 C ° Sa ) + 2 sma ^ /i? ) j 

1 — i cos a 

" I 3 " JF 

l- 2 cosa+-sma(- ^ 

Therefore aB is greatest when F/R has its greatest possible value /x, and this 
gives the required value of aB. 

Example 5. The door of a railway carriage is open and perpendicular to the carriage. 
The train starts with an acceleration f causing the door to close. Taking the door 
as uniform and of width 2 a find the velocity of the outer edge of the door as it 
closes , 


g( 1 + cos a) 
3 , 

-sma 
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When the door has turned through an angle 0, let R and 5 be the components 
of the force exerted on the door at its hinges (Fig. 94). These are the only 
forces affecting the motion. 

The acceleration of the 
hinges is /. The accelera¬ 
tion of the centre of gra¬ 
vity is the vector sum of 
the acceleration of the 
hinges and of its accelera¬ 
tion relative to the hinges. 

This relative acceleration 
has components aB and aB 2 
as shown in the figure. 

The equations of motion are 



R = m(f cos 6 — aB), 
S — m(f sin 0 + aB 1 ), 
a 2 K 

Ra — w—y. 

o 


( 1 ) 

( 2 ) 

(3) 


4 

From (1) and (3) ~aB — / cos 0. 

Integrating with respect to 0, 

2 

-a0 2 = / sin 0 + constant. 

3 

Since 6=0 when 0=0 the constant is zero and we have 
aB 2 = sin 0. 


When 0 = |, 



The velocity of the outer edge is then 2 aB = (Oa/) 1 '*. 


Example 6. A uniform plank of mass M is placed symmetrically upon two equal 
rough uniform cylindrical rollers, each of mass m, on a rough plane inclined at 
an angle a to the horizontal. Assuming no slipping and that the cylinders do not 
touch, find the initial values of the frictional forces on each cylinder and the 
acceleration of the plank. (L.U., Pt. II) 

Let a8 be the acceleration of the centre of gravity of each cylinder down the 
plane. 0 is the angular acceleration, a point of contact with the plank has 
acceleration 2 aB and this is the acceleration of the plank down the plane. 
Let the frictional forces be F v F 2 , S v S 2 , as shown in Fig. 95. 
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Two equations of motion for each cylinder and one for the plank are 


S 1 = S 2 = —%naB \mg sin a. 
4 £ 


and we have 
Hence, from (5) 

Mg sin a + mg sin a — {%M + gnjaB, 


Si 

Fi 


2(M + m)£ sin a 
4 M + 3m 
\Mmg sin a 
4 M -f 3m ' 

£(3 M + 2 m)mg sin a 
4 M -f 3m 


[5 


—S l — F 1 -f- mg sin a = maB, 

(i) 

— aSj -f- aF x = m—of, 

£ 

(2) 

—S 2 — F 2 + mg sin a = maB, 

(3) 

a 2 .. 

~aS 2 -f aF % — m—B, 

£ 

(4) 

Mg sin a -f- Sj -|- S 2 = M2aB- 

(5) 

ions (1) to (4) Sj = S 8 , 





EXERCISES 5 (a) 

1. A uniform solid sphere rolls down a rough plane inclined at 30° to the 
horizontal. What is the least value of the coefficient of friction that 
will prevent slipping ? If there is no slipping find how long the sphere 
will take to roll 10 ft. down the plane from rest. 

2. A uniform thin hollow sphere and a uniform hollow cylinder whose 
external radius is double its internal radius are placed side by side at 
the top of a plane 20 ft. long inclined at 30° to the horizontal and 
released. Find which will reach the bottom first and the difference in 
their times for the distance. 

3. A light inextensible string is wound round a uniform circular cylinder 
of mass M and one end of the string is fixed to a point of it. The other 
end is held and the cylinder falls with its axis horizontal and the 
string vertical. Find the acceleration of the axis of the cylinder and 
the tension in the string. 

4. A uniform circular disc 10 in. in diameter is supported on a spindle 
£ in. in diameter and of negligible weight which rolls on rails sloping 
at an angle sin- 1 1/30. Find the time taken to roll 4 ft. from rest and 
the velocity of the centre of gravity at the end of that time. 

5. Two uniform circular cylinders each of radius a and mass m but with 
radii of gyration and k 2 have their axes joined by two light in¬ 
extensible strings so that they remain parallel and are placed on a 
rough plane inclined at an angle a to the horizontal with the strings 
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taut. If the strings remain taut throughout the motion find the 
acceleration down the plane and the tension in the strings. 

6. A flywheel with an axle of radius r, total weight W and radius of 
gyration k, rolls with its axle on two parallel horizontal rails, rough 
enough to prevent slip. Motion is caused by a weight w attached to a 
light cord wrapped round the axle, with w hanging freely. Show that 
motion is possible in which the hanging portion of the cord makes a 
steady angle a with the vertical, given by, 

sin a/(l — sin a) 2 = wr 2 jW(r 2 -f A 2 ), 
and that the acceleration of the axis of the flywheel is then g tan a. 

(L.U., Pt. II) 

7. A uniform solid cylinder of mass 20 lb. rolls down a plane inclined at 
30° to the horizontal. A light inelastic string attached centrally to the 
axis of the cylinder is parallel to a line of greatest slope of the plane 
and passes over a smooth pulley at the top of the plane. It then hangs 
vertically carrying a weight of 5 lb. If the plane is rough enough to 
prevent slipping, find the time taken by the cylinder to roll 20 ft. 
down the plane from rest. 

8. A horizontal force P is applied to the rim of a disc of mass M whose 
plane is vertical so that it rolls on a rough horizontal plane. Show that 
the disc will not slip if P < 3 pMg, where p is the coefficient of fric¬ 
tion, and find the acceleration of the centre of the disc. 

9. A uniform circular cylinder of mass M and radius a is acted on by a 
force P through its centre, the direction of the force being at an angle 
a above the horizontal. The cylinder rests on a horizontal plane, the 
coefficient of friction being p. Show that slipping will not occur if 
P(cos a -f Zp sin a) < 3 Mgp, and find the acceleration of the centre 
of gravity if there is no slipping. 

10. A uniform rod A B of mass m and length 2a lies at rest on a smooth 
horizontal plane when a constant horizontal force P is applied to B 
in a direction making an angle a(< n/2) with BA. Prove that when 
the rod makes an angle 6 with the direction of P 

mad 2 — 6P(cos a — cos 0). 

Prove also that the rod oscillates with amplitude 2(n — a). 

(L.U., Pt. II) 

11. A uniform rod stands vertically on a rough horizontal plane and is 
allowed to fall. Assuming that slipping has not occurred, find the 
horizontal and vertical components of the reaction on the rod when 
the rod makes an angle 6 with the vertical. 

If slipping occurs when the rod is inclined at 30° to the vertical, 
find the coefficient of friction. 

12. A uniform rod of length 2 a swings freely under gravity about one end 
which is fixed at a height k( > 2a) above the floor. Its greatest in¬ 
clination to the vertical position is tt/ 3. When the rod is passing 
through the vertical position the upper end is set free and the rod 
strikes the floor when it is next vertical. Prove that h = f a{n 2 + 3). 

(L.U., Pt. II) 
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13. Two uniform rods OA , AB, each of mass m and length 21, are smoothly 

jointed at A, and the end 0 is smoothly jointed to a fixed point on a 
horizontal table. Initially the rods are at rest and in line on the table. 
The rod AB is then given an angular velocity (3 g/l) m about A in a 
vertical plane. Prove that, so long as the rod OA remains on the 
table, the angular velocity of the rod AB is (2 — sin 0) ll2 {3g/2l) 112 
when it has turned through an angle 0. Find the vertical component 
of the reaction of OA on A B and hence find the value of 0 at which 
the rod OA will begin to rise. (L.U., Pt. II) 

14. A uniform sphere of radius b is placed on the highest point of a fixed 
sphere of radius a and rolls down it, the friction between the spheres 
being sufficient to prevent slipping. Show that as the centre of the 
sphere moves in a circle with angular velocity 0, the sphere turns 
about its centre with angular velocity (a + b)6/b. Find the inclination 
to the vertical of the radius to the point of contact when the spheres 
separate and the velocity of the centre of moving sphere at this 
instant. 

15. A car of weight 1 ton has two pairs of wheels; each pair of wheels and 
axle weighs 70 lb., the radius of gyration is 6 in. and rolling radius 
9 in. The car runs freely down a slope of 30°. Show that the accelera¬ 
tion of the car is 18g/37. 

16. A four-wheeled railway truck of total mass M moving along a level 
track has an acceleration a and r is the radius and mk 2 the moment of 
inertia of each pair of wheels and axle. Show that the difference in the 
pull on the couplings at the ends of the truck is (M -|- 2 mk 2 jr 2 )a, and 
find the horizontal force exerted by each axle on the truck. 

17. The thrust of the brake blocks on the rim of each of the four wheels of 
a railway truck is R lb.wt. and p is the coefficient of friction between 
the blocks and the wheels. If the truck is in motion when the brakes 
are applied and the force R is insufficient to lock the wheels find the 
retardation of the truck, M being its mass, r the radius and mk 2 the 
moment of inertia of each pair of wheels and axle. 

18. The door of a stationary railway carriage stands open and perpendicu¬ 

lar to the length of the train. The train starts off with acceleration/ 
and at the same time the door is given an angular velocity Q in the 
direction towards the front of the train, so as to shut the door. Show 
that if the door can be regarded as a smoothly hinged uniform rect¬ 
angular plate of width 2a, then Q must be at least of magnitude 
(3 f/2a) 112 in order to close the door. (L.U., Pt. II) 

5.7 Use of the Energy Equation 

The solutions of many of the examples of the previous section can be 
simplified by using the energy equation, that is, by equating the change 
in kinetic energy of the body to the work done by the external forces 
or to the loss of potential energy when the forces are conservative. 

The kinetic energy involves first derivatives only of the coordinates 
and is a first integral of the equations of motion, that is, it can be ob- 
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tained by integrating some combination of the equations of motion. It 
does not, in general, contain the constraining forces which limit the 
degrees of freedom of the motion. 

In the energy equation, the following types of force make no contri¬ 
bution to the work done: 

(1) The tension of an inextensible string with one end fixed. The 
displacement of a particle attached to the other end must be per¬ 
pendicular to the string and therefore no work is done by the tension. 

(2) Internal forces of a rigid body. 

These occur in pairs and the work of the forces of each pair will be 
equal and opposite. If a system consists of more than one body the 
reaction between any two bodies may be considered as an internal 
force when the energy of the system as a whole is considered. 

(3) The normal reaction of a smooth surface with which the body is 
in contact. 

The point of contact can only move in a direction tangential to the 
surface and no work is done by the force in such a displacement. 

(4) The reaction at the point of contact of a rolling 
body. 

If the body turns through a small angle 66 (Fig. 96) 
the centre moves forward add , where a is the radius 
to the point of contact. The relative displacement of 
the point of contact is a sin 66 backwards, and 
a — a cos 66 upwards. Its absolute displacement is, 
therefore, a{66 — sin 66) forwards and a( 1 — cos 66) 
upwards. These displacements are second-order 
quantities, so the work done by the reaction is of the same order. If the 
rotation is in time 6t the rate at which work is being done is a first- 
order quantity and is zero in the limit. 



Example 7. A solid of revolution of mass M, bounding radius a and radius of gyration 
k about its axis rolls without slipping down a plane inclined at an angle a to the 
horizontal. Find its angular velocity when it has rolled through an angle 0 from 
rest. 


If 0 be the angular displacement, the linear displacement is ad ; the angular 
velocity is 6 and the linear velocity ad. 

When it has turned through an angle 6 the kinetic energy of translation is 


^M(a 2 6 2 ). The kinetic energy of rotation is i Mk 2 6 2 . The work done by grav¬ 


ity is Mg sin a X ad. 
The energy equation is 


-Mia 1 + A a )0 2 


= Mg sin a X ad, 


6 2 = 


2 ag sin a 
a 2 + k 2 
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If this equation is differentiated with respect to 0 we have 

. a*g sin a 
a* + k* 

which is the result obtained in Example 1. 


Example 8. A uniform rod of mass M and length 2 a is held in a vertical position with 
one end in contact with a smooth horizontal surface and falls over when released . 
Find its velocity when it Has turned through an angle 0 from the vertical and the 
reaction of the ground in this position . 


The forces acting on the rod are its weight Mg and the reaction of the 
ground R (Fig. 97). There is no horizontal force, therefore the centre of 
M gravity can have no horizontal acceleration. 

Since it is initially at rest it can move only in a 
vertical line. 

Let y be the height of the centre of gravity 
above the ground. Then y — a cos 0. 

The velocity of the centre of gravity is there¬ 
fore p and 

$ » —a sin 0.0. 

The kinetic energy is 



Fig. 97 


|Af(—a sin + i 


The work done is 
The energy equation is 



Mg(a — a cos 0). 
a 2 sin 2 0j$ 2 = Mga{ 1 — cos0). 


and hence the angular velocity 6 is found. The linear velocity of the centre of 
gravity is then a sin 0.0 downwards. 

To find R we may use the equation of motion for rotation about the centre 
of gravity 

a 2 .. 

Ra sin 0 = M—b. 

O 


Now 


0 2 

1 *+ 
2 W 


R 


6g(l — cos 0) 
a{ 1 + 3 sin 2 0) 

3# sin 0(4 — 6 cos 0 -f 3 cos 2 0) 
a(l + 3 sin 2 0) 3 
4 — 6 cos 0 4* 3 cos 2 0 
Mg (l + 3sin>0)» - 


Example 9. A car of total mass M has two pairs of wheels of radius r and the moment 

of inertia of each pair of wheels and axle is mk 2 . The car runs freely down a 

slope of length l inclined at an angle a to the horizontal. If u be the speed of the 
car at the top of the slope, find its speed at the bottom . 

Let v — r$ be the speed at the bottom. The energy equation is 

1 1 v 2 1 1 « 2 

-Mv* + - X 2mk 2 — — -Mu 2 — - X 2mA 8 — 

2 2 r 2 2 2 r* 

** Mgl sin a . 

2 2Mglr 2 sin a\ Va 
U + Mr* + 2mA* J ' 



Therefore 


t; 
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Example 10. A uniform solid sphere of mass M and radius a rests on a rough hori¬ 
zontal plane. A particle of mass m is fixed to the highest point of the sphere and 
given a small displacement. Find the angular velocity of the sphere when the 
radius to the particle makes an angle 0 with the vertical. 

If 6 be the angular velocity, the linear velocity of the sphere is a6 and its 
kinetic energy is 

'-Mart* + 1 X 

The particle has velocity a6 with respect to the 
centre of the sphere in a direction inclined at 0 to 
the horizontal (Fig. 98). Its velocity is therefore 
the vector sum of this velocity and the velocity a6 
of the centre of the sphere, that is 

{a*6* + a*6 2 + 2 a*6* cos G} 1 ' 2 Fig gg 

**= ad (2 + 2 cos 0) 17 *. 

The work done is mg(a — a cos 0) and the energy equation is 
7 1 

—Afa*0 2 + ^ ma 2 6 2 (2 + 2 cos 0) = mga( 1 — cos 0), 

10 2 



and 


6 * = 


10mg(l — cos 0) 
a{7M + 10m(l + cos0)}' 


EXERCISES 5 (6) 

1. A uniform rod of length 2 a is placed with one end against a smooth 
vertical wall and the other on smooth horizontal ground, the rod 
being in a vertical plane perpendicular to the wall and inclined at an 
angle a to the vertical. If the rod is, then released, find its angular 
velocity when it is inclined at an angle /? to the vertical. 

2. Two similar trucks have total loaded weights M t and M z (M t > M t ) 
and each has two pairs of wheels of radius r> the moment of inertia of 
each pair of wheels and axle being mk 2 . The trucks are coupled to¬ 
gether and run freely down a track inclined at an angle a to the hori¬ 
zontal with the heavier truck leading. Show that the pull on the 
coupling is 

(Mj — M t )g sin a 
2 + r 2 (Afj + M 2 )/(2mk*)' 

3. A uniform hemisphere of mass M and radius a is placed on a rough 
horizontal plane with its plane face vertical and allowed to fall. Find 
its angular velocity when its plane face becomes horizontal and the 
vertical reaction of the plane when it is in this position. 

4. A uniform rod of length 2 a is suspended in a horizontal position by 
two vertical light inextensible strings each being of length / and 
attached to an end of the rod and to a fixed point. If the rod is given 
an angular velocity co about a vertical axis through its centre, find 
the height to which it rises above its initial position before coming 
instantaneously to rest. 
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5. A uniform rod of length 2a has a light ring attached to one end and 
the ring can slide without friction on a horizontal wire. If the rod is 
held inclined at an angle a to the vertical in the vertical plane through 
the wire with its centre below the wire and released show that its 
angular velocity when the rod makes an angle 0 with the vertical is 

{6# (cos 0 — cos a)/a(l -f- 3 sin 2 0)} 1/2 . 

Find the reaction of the wire when the rod is vertical. 

6. A locomotive with six wheels, each of diameter 5 ft. and weighing 
2000 lb., altogether weighs 66 tons. Find its total kinetic energy when 
moving at 30 m.p.h., taking into account the rotational energy of the 
wheels, each of which may be considered as a solid disc of uniform 
thickness. In calculating the distance in which a braking force of 8 
tons would stop the locomotive, find by what percentage the distance 
would be underestimated if the rotational energy were not taken into 
account. 

7. A uniform rod of mass m, length 2 a, has particles of the same mass m 
attached to its ends. It falls from the vertical with its lower end on a 
smooth horizontal plane. Find the velocity of the lower end when the 
rod makes an angle 0 with the vertical. Show that when the rod 
becomes horizontal its angular acceleration is 9g/16a. 

(L.U., Pt. II) 

8. A uniform circular disc of mass 2m and radius a has a particle of mass 
m fixed to its circumference. The disc is projected, with its plane 
vertical and the particle initially in its highest position, so as to roll 
without slipping on a horizontal rail. Prove that, when the radius to 
the particle makes an angle 0 with the upward vertical, 

a& 2 = {laQ 2 + 2g(l — cos 0)}/(5 + 2 cos 0) 

where Q is the angular speed of projection. 

Hence or otherwise find the vertical reaction on the rail when the 
disc has turned through one right-angle. (L.U., Pt. II) 

9 A thin hollow cylinder of radius a has a particle of equal mass attached 
symmetrically to its inner surface. If the system is disturbed from its 
position of stable equilibrium on a rough horizontal table and then 
left to itself show that, when the radius to the particle makes an angle 
0 with the downward vertical, 

a$ 2 (2 — cos 0) — g cos 0 — constant. 

(L.U., Pt. II) 

10. A uniform rod AB of mass m and length 2 a has its end B freely 
jointed to the centre of a uniform circular disc of radius r and mass m, 
where ay /3 > r . The end A of the rod is placed in contact with a 
smooth vertical wall, and the disc rests on a rough horizontal table on 
which it can roll without slipping. The rod and disc he in the same 
vertical plane, which is at right-angles to the wall, and initially AB 
is inclined at an angle of 60° with the downward vertical through A . 
The system is held in this position and then released. Show that in the 
subsequent motion during which A remains in contact with the wall 
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a6 2 (4 -f 18 cos 2 0) = 3g(I — 2 cos 0), 

where 0 is the angle which AB makes with the downward vertical 
through A. (L.U., Pt. II) 

11. A uniform circular disc of mass M and radius a rotates about a smooth 
fixed vertical axis through its centre perpendicular to its plane, and 
carries a particle of mass kM, which is free to move along a smooth 
radial groove. Initially the disc rotates with angular speed co and the 
particle is at rest at the centre. Prove that, when the particle, after 
being slightly disturbed, has moved a distance r along the radius, the 
angular velocity of the disc is 

a 2 (o/(a 2 + 2 hr 2 ), 

and that the radial velocity of the particle is awrl(a 2 + 2 kr 2 ) 112 . 

(L.U., Pt. II) 


5.8 Motion with Two Degrees of Freedom 

When the motion has two degrees of freedom there are two indepen¬ 
dent coordinates and one unknown constraint and these are deter¬ 
mined by the three equations of motion. The energy equation will in¬ 
volve the two coordinates and can be used in conjunction with the 
equations of motion. 

An example is a body rolling and sliding on a rough plane. The dis¬ 
placement x of the centre parallel to the plane is now independent of the 
angular displacement 0, but the friction must then be limiting and the 
equation F = fiR reduces the number of unknown constraints to one. 


Example 11. A uniform ring of radius a is placed in a vertical position on a hori¬ 
zontal plane so that its centre has a velocity u parallel to the plane and it has an 
angular velocity co about its axis in a sense tending to make it roll in the opposite 
direction to the velocity u . If the coefficient of friction between the ring and the 
plane is [i, find the time that elapses before the ring begins to roll. 



Fig. 99 


Let x be the displacement of the centre and 0 the angular displacement in 
the sense shown in Fig. 99. The normal reaction is equal to Mg and the fric¬ 
tional force is ptMg in the direction shown. 

Then MX = -fxMg t 

Ma 2 0 — a/jMg. 

Integrating these equations we have 

x = — pgt + u, 
a6 = figt — aw. 




[5 
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Rolling begins when x = a6, that is after time t given by 
figt — aw « -fxgt + u, 
u 4* aa> 


that is 


After this time 


t 


tyg 

u — am 


ad. 


Example 12* A rough plank rests on horizontal ground with a rough uniform solid 
cylinder of the same mass resting on it , the length of the plank and the axis of the 
cylinder being at right-angles. The plank is suddenly given a velocity v in the 
direction of its length. If fi is the coefficient of friction at all points of contact , 
show that the cylinder will cease slipping on the plank after a time t//(6 pg) and 
that the cylinder and plank will simultaneously come to rest after a time vj{2fig). 

(L.U., Pt. II) 

Let the velocity of the plank, the velocity and the angular velocity of the 
cylinder after time t be y, * and 6 respectively in the directions shown in 
Fig. 100, y being in the same direction as the initial velocity v. The reactions 



2 M M9 

Fig. 100 


between plank and ground and plank and cylinder are 2Mg and Mg, where 
M is the mass of the plank. The limiting friction is therefore 2j uMg and juMg 
as shown in the figure. 

The equations of motion are 


My — — 3/uMg, 

a) 

MX — fiMg, 

(2) 

a 2 .. 

M—0 = —juMga. 

Jd 

(3) 

y = —3 pgt + v, 


* = 


a$ = — 2figt. 



Rolling begins when the velocity of the point of contact of the cylinder is the 
same as that of the plank, that is when 

& — ad — y. 


* 

y 


V 

W 


i 



This gives 
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After this time the friction between cylinder and plank is no longer limiting 
and the equations of motion become 

My = —2 fiMg — F, 

Mx « F, 

a* x 

M-B * -aF. 

Hence * + y = —2/jg, 

2 * + = 0 , 

and, since rolling persists, 

& _ afy « 

Integrating and measuring the time from the instant when rolling begins, we 
have 

2 

* + y = -2^ + 3V, 

2 * + ^ « 0 . 

Hence i - ^ - g® - 

Therefore motion ceases after time v/iS/ug), making a total time of vj(2fzg). 


1. 


2 . 


EXERCISES 6 (c) 


A uniform solid cylindrical roller of radius r, rotating about its axis 
with angular velocity Q radians per second, is gently placed with its 
axis horizontal on a rough inclined plane of slope a and begins to 
move up the plane. If tan a is less than n* the coefficient of friction, 
show that the cylinder begins to roll without slipping after a time 
rQjg(3f.i cos a — sin a). (L.U., Pt. I) 

Find the moment of inertia about its axis of a hollow cylinder of 
external radius a and internal radius b. 

If the cylinder is placed on an inclined plane of angle a with its axis 
perpendicular to the fines of greatest slope of the plane, prove that 
it will roll down the plane without slipping if 


f* > 


a 2 + b 2 
3a 2 -f b 2 


tan a. 


If n is less than this value, show that whilst the cylinder, starting 
from rest, makes one revolution about its axis it will move down the 
plane a distance greater by 


— {(a 2 -f b 2 ) tan a — (3«* + &*)/*} 

an 

than it does when n is greater than this value. (L.U., Pt. II) 

3. A uniform circular disc of radius a is projected in its own plane, 
which is vertical, along a rough horizontal table. The initial velocity 
of the centre is v and the initial angular velocity is a> in the direction 
which will make the disc return to its starting point. Prove that the 
disc will stop slipping when it returns to its initial position if am = 5v. 

(L.U., Pt II) 


a.m.e.— 6 
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4. A uniform circular disc of mass m and radius a is at rest, with its 

plane vertical, on a rough horizontal table, the coefficient of friction 
at the point of contact being p. A constant horizontal force P is 
applied to the disc in a line through its centre and in its plane. Prove 
that slipping will occur if P > Zfimg. If P = Qfxmg and the force is 
applied for a time T and then removed, prove that the disc will 
continue to slip for a further time T and find its velocity when slipping 
ceases. (L.U., Pt. II) 

5. A uniform sphere of radius a is placed on a rough plane inclined at an 
angle a to the horizontal. The centre of gravity is given a velocity aco 
down a line of greatest slope and at the same time the sphere is given 
an angular velocity 3co about its horizontal diameter in the sense that 
would make it roll in the opposite direction. Prove that the sphere 
will eventually begin to roll up the plane if the coefficient of friction 
fi is greater than 6 tan a. 

6. A uniform solid sphere of radius a and mass m rests on a uniform 
board of mass M which lies on a smooth horizontal plane. If the board 
is given a horizontal velocity u, show that the sphere will slip on the 
board for a time 2Mul{jug(7m + 2m)}, where p is the coefficient of 
friction between the sphere and the board. Show also that the velocity 
of the board is then 7Mu/(7M + 2m). 

7. A uniform thin hollow sphere of radius a is projected up a line of 
greatest slope of a rough plane inclined at an angle a to the horizontal. 
The initial velocity of the centre of the sphere is u and the initial 
angular velocity is w, both in senses which make the sphere move 
upwards, and \x is the coefficient of friction between the sphere and 
the plane. If aco > u and 5ju cos a > 2 sin a, show that the sphere 
will begin to roll after a time 2 {aco — u)/{g(5fi cos a — 2 sin a)}. Find 
the angular velocity of the sphere when rolling begins. 

5.9 Angular Momentum about any Point 

Let ( x, y) be the centre of gravity of a lamina, I — Mk* the moment 

of inertia about it and 8 the angular 
velocity. 

The linear momentum of the lamina has 
components Mx and My parallel to the 
axes. The angular momentum, which is 
the moment of momentum about the 
centre of gravity, is Mk 2 8. Hence the 
whole momentum of the lamina consists 
of a vector with components Mx and 
My located at the centre of gravity and a 
couple Mk 2 6 which is a vector perpendicular to the lamina (Fig. 101). 

If (x v y x ) be the coordinates of a typical particle of mass m, the 
angular momentum about a point (a, /?) 
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= Em{{x t — a)y l — (y x — £)* x } 

= Em{(x 1 - *)& — (y x — y)*3 + Em{{x — ct)y x - (y - /?)* x } 

= Af& 2 0 + (x — a)-27wy! — (y — i 

= Af£ 2 0 + (# — a)Afy — (y — fi)Mx. 

This expression is the moment about the point (a, /?) of the momentum 
of the lamina shown in Fig. 101, treating the linear and angular momen¬ 
tum as a force and a couple respectively. 

The rate of change of the angular momentum about (a, /?) is 

Mk*§ + (* — a)My - (y - p)Mx - M{ay - $x). ( 1 ) 

Now if the forces acting on the lamina have components X and Y 
and moment G about the centre of 
gravity, the force system is as shown in Y .Y 

Fig. 102, and the moment L of the force G * T\ 

system about (a, ft) is (*i?) 

L = G+(x-a)Y-(y-(I)X. .(«,*) 

Hence since 

G = MteQ, O X 

X = Mx t Fig 102 

y = 

we have L = Mk 2 8 + (x — a)My — {y — fi)Mx. (2) 

The expressions (1) and (2) are identical only if ay — $x = 0, and 
this is so if (a, /?) is a fixed point. It is also true if (a, /?) is the centre of 
gravity so that a = x t = y. 

Therefore, the moment of the forces about any fixed point or about 
the centre of gravity is equal to the rate of change of angular momen¬ 
tum about the same point. 

The moment of the forces about any point, whether a fixed point or 
not, is equal to the moment about the point of the effective forces and 
couple as expressed in equation (2). 

Thus, in Example 5, page 139, the effective forces on the railway 
carriage door are maB , maO 2 , tnf in the directions shown in Fig. 94, 

and the effective couple is -ma 2 6. Since the force system has zero 

o 

moment about the hinge the moment of the effective forces about the 
hinge is zero. 

Therefore, -wa 8 0 + ma*B = tnf X a cos 6, 


Fig. 102 


and hence 


-a# = f cos 0. 


5.10 The Instantaneous Centre 

We shall show that when a lamina is moving in a plane there is at 
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any instant a point of the lamina which is at rest. This point is called 
the instantaneous centre. 



hypothesis this is zero 


Let x 9 y be the components of the velocity of 
the centre of gravity and 0 the angular velocity 
and let the point Q which is the instantaneous 
centre have coordinates (r cos a, r sin a) with 
respect to the centre of gravity. The point Q 
has the velocity (x, y) of the centre of gravity 
and a relative velocity rO with respect to the 
centre of gravity (Fig. 103). Its velocity is the 
vector sum of these velocities and since by 
we have 


x = rd sin a. 


y = —rd cos a. 


Therefore 


r cos a = —, 
0 


x 

r sin a = . 

0 

Thus the point whose coordinates relative to the centre of gravity 
are (—y/0, x/d) is instantaneously at rest. These coordinates give the 
position of a definite point unless the motion is one of translation only 
with 0 = 0, in which case we may say that the instantaneous centre is 
at infinity. The point Q whose coordinates are (—y/0, xjO) may be out¬ 
side the lamina, but it can be thought of as rigidly connected to it. 

The velocity of any point P of the lamina which is at a distance r x 
from Q is the vector sum of the velocity of Q which is zero and the 
velocity relative to Q, that is, its velocity is r x d in a direction per¬ 
pendicular to PQ. 

Therefore the angular momentum of the lamina about the instantane¬ 
ous centre Q is 

Emr^B = Mk-fd 

where Mk 2 a is the moment of inertia of the lamina about Q m 
Similarly the kinetic energy of the lamina is 

= hik'd*. 

Therefore the kinetic energy may be quickly written down if the mo¬ 
ment of inertia about the instantaneous centre is known. 


5.11 Graphical Methods for Instantaneous Centre 

The position of the instantaneous centre and the velocity of any 
point of a lamina at any instant may be found by drawing if the direc- 
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tions of the velocities of two points of the lamina are known and the 








Fig. 104 


magnitude of the velocity of one of them. 

Let P and R be two points of the 
lamina which at some instant are moving 
in the directions PP ' and RR' respec¬ 
tively (Fig. 104). Let v be the velocity 
of P, Then if Q be the instantaneous 
centre, P is moving in a direction per¬ 
pendicular to PQ, therefore Q lies on the 
perpendicular to PP r through P. Simi¬ 
larly Q lies on the perpendicular to RR' 
through R . Therefore Q is found as the intersection of these perpen¬ 
diculars. 

Also, if 6 be the angular velocity we have 

v = PQ x 0. 

Therefore the velocity of any other point S 

= SQ x 6 
SQ 

— _±_ x v . 

PQ 

The position of the instantaneous centre and the angular velocity may 
also be found by analytical methods. 


Example 13. A thin uniform rod AB moves in the plane XOY so that A slides on OX 
and A B touches the parabola ky — x 2 . Prove that the locus of the instantaneous 

k 2 

centre of the motion of A B is an arc of the parabola ky — 4x 2 -f —. Find also 

4 


the rate at which the instantaneous centre is describing this curve when A is at a 
distance a from O and is moving with velocity u. (L.U., Pt. II) 


If y — mx 4* c be a tangent to the parabola (Fig. 105), the coordinates of 
the point of contact C are given by 



Fig. 105 


x 2 — k(mx + c) ■= 0, 

and since this equation has equal roots, khn* -f 4 kc = 0. 

Therefore the tangent is y = mx —-km 2 , and the co- 

4 

ordinates of C are The tangent meets OX 

at the point A, oj. 

The point A moves along OX, therefore the instantaneous 
centre of the motion of the rod lies on the perpendicular 

to OX at A which is the line x — -km. 

4 


The point C can only move tangentially to the parabola. Therefore, the 
instantaneous centre lies on the normal to the parabola at C. 
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The equation of the normal at C is 

and hence the instantaneous centre is at Q km, ^Aw 8 + ^A^, and this point 


4** + i A’. 


lies on the parabola A y 
For the displacement of the instantaneous centre we have 


x 

* 

y" 


• -Aw 

4 


a, 


1 , 1 L 
1 l km * + 

4a* 1 


* - ■ 


8aa 


Saw 

~A~’ 


I 


( 64 a 2\U2 

1 -4——j , and this is the rate at which the instantaneous 
centre moves along the curve. 

5.12 Motion of a Connecting-rod 

Let AB (Fig. 106) be the connecting-rod of a reciprocating engine 

and BC the crank and let AB and BC 
make angles tf> and d respectively with 
the line AC. 

Since A is moving along AC the in¬ 
stantaneous centre must lie on the 
perpendicular to AC through A . 

Since B is moving in a circle its 
motion at any instant is perpendicular 
to BC and the instantaneous centre 
must he on BC produced. The centre 
/ is, therefore, at the intersection of 
these two lines. 

Since 6 is the angular velocity of the crank and <f> that of the con¬ 
necting-rod, the velocity of B considered as a point of either is 

IB x <£ = BC x 6. 

Let G be the centre of gravity of the connecting-rod and Mk 1 its 
moment of inertia about G . 

The velocity of G is IG X <f> and hence the kinetic energy of the 
connecting-rod is 

1 1 0^2 
-M{IG* + = -M(/G 2 + £*) X — X 0 s . 
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The kinetic energy of the connecting-rod varies for different positions 
and this accounts for a variation of the crank-effort torque at C from 
that given by the thrust in the rod. 


5.13 Moments about the Instantaneous Centre 


It was shown in § 5.9 that the moment of the forces about any point 
(a, P) is equal to the moment of the effective forces about that point, 
that is, 

L — Mk 2 6 + (x — a)My — (y — P)Mx. 

If (a, P) be the instantaneous centre, 

a — * = —y/6, p — y = i/0, 


and we have 


L = Mk 2 S + \m{xx + yty), 

e 


= {yMkW + ± M(x* + y*)l. 

2 0[dt at J 

Let r be the distance of the instantaneous centre from the centre of 
gravity and k x the radius of gyration about it, so that k x 2 = k 2 + r 2 . 
Then the velocity of the centre of gravity is r0 and we have 

L = + r*)d' 

2 Qti 


= 

26 dt 

= Mk^d + MkJijd. 


If k x is constant, that is if the instantaneous centre remains at a 
constant distance from the centre of gravity = 0 and we have 

L = Mk x 2 S. 


In this case the moment of the forces about the instantaneous centre 
is the rate of change of angular momentum about it. If k x is not con¬ 
stant, the rate of change of angular momentum is Mk x 2 S + 2 Mk x k x d 
and this is not equal to the moment of the forces about the point. 

We have L = . d -{Mk^) 

26 dt 


so that 



that is, the work done by the forces in a rotation about the instantane¬ 
ous centre is equal to the change of kinetic energy. 
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Example 14. A solid of revolution of mass M whose hounding radius is a and whose 
radius of gyration about its axis of symmetry is k, rolls without slipping down 
the line of greatest slope of a plane inclined at an angle a to the horizontal. Find 
its acceleration down the plane. 


The point of contact is the instantaneous centre and the moment of inertia 
about it, which is constant, is M(k 2 -f a 2 ). 

The moment of the forces about the point of contact is (see Example 1, page 
134) Mga sin a. 

Therefore if & be the angular acceleration 

M(k 2 -}- a 2 )& = Mga sin a, 


aB 


d 2 

a 2 + k 2 


.g sin a. 


Example 15. A uniform thin hollow sphere of radius a and mass M rests on a rough 
horizontal plane. A particle of mass m is attached to the highest point of the 
sphere and displaced slightly. Find the angular velocity of the sphere when the 
radius to the particle makes an angle 0 with the upward vertical. 


The instantaneous centre is the point of contact. The distance of the mass 

m from this point is {a 2 -f a 2 + 2a 2 cos 6} 112 — 2 a cos ^0. 

z 

The moment of inertia about the point of contact is the variable quantity 


Ar(fo' + « ! ) 


+ m^4a 2 cos 1 




The moment of the forces (Fig. 107) about the point of contact is mga sin 0 
and we have 



-M + 2 m cos 2 
\6 2 


mga sin 6 = -f 4 m cos 2 a 2 6 2 , 

— mg( 1 — cos 0), 

6mg( 1 


cos 0) 


5M + 6m(l + cos0)* 

In this case it would not be correct to equate the 
moment of the forces about the instantaneous centre 


EXERCISES 5 (d) 

1. A uniform rod of mass m and length 2 a moves on a horizontal table 
so that its centre has velocity u in a direction perpendicular to the 
rod and its angular velocity is co. Find its angular momentum about 
one end of the rod and about the instantaneous centre. 

2. A uniform solid cylinder of mass M and radius b rolls on the surface 
of a fixed cylinder of radius a the axes of the cylinders being parallel. 
When the angular velocity of the moving cyfinder is co, find its angular 
momentum about the axis of the fixed cylinder. 

3. The diagram (Fig. 108) represents three gear wheels. A rotates on a 
fixed shaft while C is a fixed annulus with internal teeth. A and B 
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have equal pitch circles of radius r. 

Treating B as a uniform disc of mass M, 
show that its angular momentum about 
the centre of the fixed shaft, when the 
latter has an angular velocity co, is 
$Mr 2 co. 

Find the tangential forces acting on 
B when the shaft is given an angular 
acceleration a> radians per sec. per sec. 

(L.U., Pt. II) 

4. A body consisting of two thin straight 
rods OX, OY which are joined at right- 
angles moves in a plane so that OX touches a fixed circle of radius a 
and OY passes through a fixed point A on the circle. 

Determine the position of the instantaneous centre of rotation of 
the body and prove that it lies (i) on a fixed circle of radius \a, 
(ii) on a circle fixed with respect to the body and of radius a. Find the 
velocity of the instantaneous centre in terms of the angular velocity 
of the body. (L.U., Pt. II) 

5. The stroke of an engine is 24 in. and the connecting-rod is 4 ft. long. 
If the crank is rotating at 300 r.p.m. find the velocity of the piston at 
the mid-point of the stroke. 

The mass of the connecting-rod is 50 lb., and its radius of gyration 
about its centre of gravity, which is central, is 18 in. Find its kinetic 
energy at the mid-point of the stroke. 

6. A uniform rod of mass M and length 2 a is placed with one end against 
a smooth wall and the other end on a smooth horizontal floor, the rod 
being in a vertical plane perpendicular to the wall and initially in¬ 
clined at an angle a to the wall. Show that as the rod slides down the 
instantaneous centre is at a constant distance from its centre and find 
the angular velocity of the rod when the rod leaves the wall. 

7. A uniform solid sphere of radius b is placed on the highest point of a 
fixed sphere of radius a and rolls down it. Show that if 0 be the angle 
which the common radius makes with the vertical at any instant the 
angular velocity of the rolling sphere is (1 + a/b)6. 

Prove that 7 (a 4* h)0 3 — 10^(1 — cos 0) and show that if the 
spheres are rough enough to prevent slipping they will separate when 
cos 0 — 10/17. 

8. A uniform hemisphere of mass M and radius a is placed with its plane 
face vertical in contact with a horizontal table rough enough to pre¬ 
vent slipping and released. Show that when the plane face of the 
hemisphere is inclined at an angle 0 to the vertical its moment of 
inertia about the point of contact with the table is 

Ma 2 ( 28 — 15 sin 0)/2O. 

Show that the angular velocity in this position is 
{15^ sin 0/a (28 - 15 sin 0)}^. 

A.M.E. — 6* 
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9. A uniform rectangular block has edges of length 2a, 2b, 2c and A BCD 
is one of its faces with AB = CD = 2c and BC = AD = 2a. 

The block is placed with A B in contact with a smooth vertical wall 
and CD in contact with a smooth horizontal floor, the face A BCD 
being inclined at an angle a to the vertical, and released. 

Prove that if a > tan- 1 (i b/a ) the angular velocity of the block when 
the face A BCD reaches the floor will be 

| ?g(a cos a -f b sin a — 6)/(a 8 + 6 s ) | . 

10. A uniform solid circular cylinder of radius b rolls without slipping 
inside a fixed hollow cylinder of radius a. Show that if the centre of 
gravity of the moving cylinder has velocity v in its lowest position it 
will make a complete revolution around the inside surface of the fixed 
cylinder if 3i> a > Ug{a — b). 

5.14 Initial Accelerations 

When a constraining force which keeps a body in equilibrium is 
suddenly removed we can find the initial values of the acceleration and 
of the other forces by writing down the equations of motion. These 
equations are considerably simplified for the following reasons: 

(1) At the initial instant all velocities are zero, therefore, for ex¬ 
ample the polar components of acceleration are r and rO. 

(2) The forces may be taken as acting in their initial directions. 

(3) The total moment L of the forces about the instantaneous centre 
is (§ 5.13) equal to 

Mk^Q + Mk x k x 0, 

where 6 is the angular velocity and k x the radius of gyration about the 
instantaneous centre. Since k x is initially zero we have for the initial 
motion 

L = Mktf. 

Therefore in finding the initial acceleration we may equate the moment 
of the forces about the instantaneous centre to the rate of change of 
angular momentum about it, treating k x as a constant. 

Example 16. A uniform rod AB of mass M and length 2a has a light inextensible 
string of length l attached to each end. The other ends of the strings are attached 
to a fixed point O so that the rod is suspended in a horizontal position. If one 
of the strings is suddenly cut, find the initial angular acceleration of the rod and 
the tension in the other string . 

The motion of the rod has two degrees of freedom and is specified by 
coordinates 6 and (f> , where 6 is the inclination of the string to the vertical and 
the inclination of the rod to the horizontal (Fig. 109). 

Initially Q — a, where sin a — ajl, <f> = 0 and Q — </>= 0. 

The point A moves in a circle of radius l and has initially acceleration iB 
perpendicular to OA. 
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Fig. 109 


The centre of gravity G of the rod moves in a circle of radius a about A, 
therefore its acceleration relative to A is cuj> perpendicular to A B. 

Therefore G has components of acceleration af> and iS perpendicular to AB 
and OA respectively. 

Taking the forces in their initial positions the equations of motion are 


T cos a — Mg s* M(l$ sin a — a$) $ (1) 

T sin a = ~M(l& cos a), (2) 

a 2 .. 

T cos a x a — M—p. (3) 

3 


Hence 


Mg cos a l(P - a*)V* 

4-3 sin 2 a ~~ g ~ti* - 3a* ' 



g sin a 
— 3 sin 2 a 


gal 

4:1* - 3a 2 ’ 


3 g cos 2 a 
4 — 3 sin 2 a 


3g(l 2 - a 2 ) 
4J 8 - 3a 2 ’ 


Example 17. A uniform solid sphere of mass M and radius a rests on a rough hori¬ 
zontal table, the coefficient of friction being /a. If a particle of mass m is attached 
to the surface of the sphere at the level of its centre and the system is released, find 
the condition that the sphere should begin to roll without slipping and in this case 
find the angular acceleration of the sphere . 


If the sphere rolls, its instantaneous centre is the point of contact (Fig. 
110) and the moment of inertia about it is 

2 
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Taking moments about the instantaneous centre for the initial motion we 
have 


Qma 2 -f 2 ma^B = niga 


8 = 


5mg 


a(7M + 10m) 

The friction F and the reaction R are given by the equations of motion 

F = (M + m)aB, 

(M -j- m)g — R =* ma&. 

5m (M + m)g 


Hence 


F 7 M + 10 m ’ 
R — (M + m)g — 


5m 2 g 


1M + 10m’ 
(7 M 2 + 17 Mm 4- 5m 2 )g 
7 M 4- 10m 

The condition for rolling without slipping is therefore 
^ 5m(M 4- m) 

M ^ 7M a 4* 17JWwTf 5m 2 * 


5.15 Calculation of Internal Forces 

When the plane motion of a rigid body is fully known, that is, the 
linear acceleration of its centre of gravity, its angular acceleration and 
the forces acting on it are known, the internal forces acting at any 
section of the body can be found in the following manner. 

Let G be the centre of gravity of a portion of 
the body of mass M 1 cut off by a plane section 
AB (Fig. 111). Then the components x lt y lt of 
the linear acceleration of G may be found from 
a knowledge of the acceleration of the centre of 
gravity of the body as a whole. The angular 
acceleration § is the same as for the whole body. 

The internal forces exerted by the remainder 
of the body on M 1 may be reduced to a force 
and a couple. Let the force have components 
R perpendicular to AB and S parallel to AB, and let M be the couple. 
Then by writing down the three equations of motion for M x the values 
of R, S and M may be found. , 

S is the shearing force at the section and M is the bending moment. 
Thus the tendency of a body to break at some section during its motion 
may be investigated. 

Example 18. A uniform rod AB of mass m and length 2 a rests on a smooth horizontal 
plane. A horizontal force P is applied to the end B of the rod; P is constant in 
magnitude and acts in a fixed direction which is initially perpendicular to the 
length of the rod. Find the bending moment and shearing force in the rod at a 
distance 2c from A when the rod has turned through an angle 0. 


A 



6 

Fig. Ill 
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Let x be the displacement of the centre of the rod in the direction of P at 
time t and 0 the angular displacement from its initial position (Fig. 112). 
The equations of motion are 


P 

Pa cos 0 



Therefore 


and by integration 



g __ 3Pcos0 
am 

02 = 6jP sin 6 
am 



Now consider the portion AC of the rod (Fig. 113) of length 2c and mass 
(me I a). 

The centre of gravity of AC has the acceleration x of the centre of gravity of 
the rod and components of acceleration relative to the centre of gravity 
(a — c}6 2 and (a — c)8 along and perpendicular to the rod. 



Fig. 113 


If R and 5 be the components of the internal force at C and M the moment 
there, we have 

R *= (~){^ sin 0 + (a — c)0 a }, 

S = cos 0 — (a — c)0} f 

M + Sc = (—)-6. 

V a / 3 

Substituting the values obtained for x, 6, and 0 a , we have 


R = 


c(la — 6c) 
a* 


. P sin d. 


S 


c(2a — 3c) 
a 2 


. P cos 0, 


M = 


2 cHa - c) 
a ~ 2 


. P cos 0. 


For a given angle 0 the bending moment is greatest when c 2 (a — c) is a 
2a 

maximum, that is when c = —, 
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EXERCISES 6 (e) 

1. A uniform rod of length 2a is suspended in a horizontal position by 
two light inextensible vertical strings each attached to one end of the 
rod and to a fixed point. If one of the strings is cut, show that the 
tension in the other is instantly halved. 

2. A uniform thin bar whose centre of gravity is G is of length 2 a and 

rests horizontally on two props at points distant b and c from G. If 
either prop is suddenly removed, show that the load on the other is 
instantaneously increased or decreased accordingly as a 2 > 3 be or 
d 2 < 3 be. (L.U., Pt. II) 

3. A uniform bar AB of length 2a is suspended in equilibrium by two 
light inextensible strings OA, OB, each of length 2a. Find the tension 
in each string and show that if one of them is cut the tension in the 
other is instantly reduced to 6/13 of its equilibrium value. 

(L.U., Pt. II) 

4. A solid uniform hemisphere of weight W and radius a is held at rest 
on a horizontal plane with its plane face vertical. If it is released from 
rest, find the initial values of the vertical component of the reactions 
of the plane and the angular acceleration (a) if the plane is perfectly 
smooth, (6) if it is rough enough to prevent slipping. (L.U., Pt. II) 

5. A uniform thin rod of length 3J is supported horizontally on two small 
rough pegs each at a distance 1/2 from its mid-point. If one peg be 
suddenly removed, show that the reaction at the other is instantane¬ 
ously increased by half its original value. If in the subsequent motion 
the rod begins to slip on the second peg when its inclination to the 
horizontal is tan -1 0*1, find the coefficient of friction. (L.U., Pt. II) 

6. A uniform circular solid cylinder of mass 2m and radius a has a 
particle of mass m attached to a point on the circumference of its 
central section. The cylinder is placed on a horizontal plane, coeffi¬ 
cient of friction pi, with the radius to the particle inclined at an angle 
of 60° to the upward vertical through the centre. Show that the cyl¬ 
inder will begin to roll without slipping if pi > 7^3/69. 

7. A uniform bar of length a and weight W is freely pivoted at one end, 
and is let fall from a horizontal position. Determine the angular 
velocity when the rod has fallen through an angle 0. 

Show that in this position, the tension in the rod at a distance x 
from the pivot is \W sin 0(5 — 2 x/a — 3 x 2 /a 2 ). (L.U., Pt. II) 

8. A uniform rod of mass m and length l is freely suspended from one end 
and swings through an angle a either side of the vertical. Find the 
bending moment and shearing force in the rod at a distance a from 
the pivot when the rod is in the position of instantaneous rest, and 
show that the bending moment is greatest at a point of trisection of 
the rod. 

9. Two uniform circular cylinders each of mass m and radius a are 
fastened one to each end of another uniform cylinder of mass m and 
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EQUATIONS OF IMPULSE 

radius \a so that the axes of the three cylinders are in line. The body 
rolls without slipping down a plane inclined -at an angle a to the hori¬ 
zontal with the axis perpendicular to a line of greatest Slope. Find 
the shearing force and the torsional moment at the join of two of the 
cylinders as the body rolls. 


5.16 Equations of Impulse 

The equations of motion for the plane motion of a rigid body are: 

Mx = X, 

My = Y, 

Mk*6 = G. 


Here x and y are the components of acceleration of the centre of 
gravity, 8 the angular acceleration, M the mass and k the radius of 
gyration about the centre of gravity. X and Y are the components of 
the external forces and G their moment about the centre of gravity. 

The impulses, which are the time integrals of the forces, are found by 
integrating these equations between t — 0 and t = r, giving 


II 

r§ 

* 

a) 

II 

(2) 

Gdt === T. 

(3) 


MH 

M-f 

If very large forces act on the body for a very short time r we may 
regard the integrals in these equations as limits and the impulses as 
being instantaneous. Then the effect of the other forces such as gravity 
which act continuously on the body is negligible during the period of 
the impulse. 

J is therefore the sum of the components parallel to the #-axis of the 
impulses which act on the body and K is the sum of the components 
parallel to the y-axis. 

— ~‘ r 

are the changes in the linear momentum of the 


and 


body parallel to the x and y-axis respectively and are the changes in the 
respective components of velocity of the centre of gravity multiplied 
by the mass. L is the sum of the moments of impulse about the centre 

of gravity and f M£ 2 0~] is the change of angular momentum about the 


Jo 


centre of gravity. 

It is evident that if the component of impulse in any direction is zero 
there is no change in momentum in that direction. 
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Example 19. A uniform rod of mass m and length 2 a on a smooth horizontal table has 
angular velocity co and its centre has velocity u in a direction perpendicular to the 
rod . It receives a blow J at one end in a direction perpendicular to the rod and 
opposing the motion of that end. Find the velocity of the centre of gravity and the 
angular velocity immediately after the impulse, and the change of kinetic energy . 

Let u x be the velocity of the centre of gravity after the impulse and w x 
the angular velocity. The velocities before and after the impulse and the 
impulse are shown in three separate diagrams (Fig. 114). 



before impulse after 

Fig. 114 


The impulse J reduces the linear momentum of the centre of gravity from 
mu to mu x , therefore 

J = mu — mu t . ( 1 ) 

The moment of impulse reduces the angular momentum about the centre 
of gravity from \na 2 w to \ma*w l , therefore 


, 1 , 1 , 

Ja = ~ma 2 w — -ma*co v 


Hence 


u-l 

m 


3/ 

aw x = aw -. 

The loss of kinetic energy is 

1 


m 

1 1 


^m(w 2 - u x 2 ) + - X -ma*(w 2 - wf). 

Substituting for u x and w x this is 

J(u -f aw) — 2—. 

m 


( 2 ) 


5.17 Induced Impulse 

When an impulse is applied to a body there may be one or more 
constraints which prevent the body from moving in the manner dic¬ 
tated by the impulse. These constraints are increased during the time 
the impulse lasts and become additional impulses which with the applied 
impulse determine the changes in linear and angular momentum. Each 
induced impulse involves a geometrical relation between the coordin¬ 
ates and therefore between the components of linear and angular 
momentum. 

Thus if a rod at rest on a smooth table is freely hinged at one end and 
receives a blow J perpendicular to the rod through the other end we 
must assume an induced impulse X at the hinge (Fig. 115) opposing the 
motion which that end would otherwise have. 
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A « 

t 


Taking m the mass and 2 a the length of the 
rod, u and co the velocities we have 
J + X = mu, 

Ja ~ Xa — m%t>. 

J 3 

We have also the geometrical relation that the hinged end is station¬ 
ary, that is, 

u — act) — 0. 


Fig. 115 


3 j 

From these equations u — aco ~ 

2 fH 



There is an induced impulse when a point of a body is suddenly 
brought to rest; the corresponding geometrical equations are found by 
equating to zero the velocity of the point after the impulse. 


Example 20, Two uniform rods A B and BC, each of mass m and length 2a are freely 
jointed at B and rest in a straight line on a smooth horizontal plane with the 
extremity A freely hinged to a fixed point. An impulse J is applied at C 
perpendicular to the rod BC. Find the kinetic energy imparted to the rods. 

Let the linear and angular velocities o i AB and BC be u v a) t and u 2 , co 2 
as shown in Fig. 116. 



A 

©- 



B 


Fig. 116 



c 


Induced impulses and V must be assumed at A and B and the corre¬ 


sponding geometrical equations are, 

for A , Uj — (w> 1 — 0, (1) 

for B t «! + oo>i — u 2 ~ (2) 

The equations of impulse for the two rods are 

J + Y - mw 2 , (3) 

X + V - -mu t . (4) 



Xa — Ya =» m—a) t . 


( 6 ) 


These six equations determine the six unknown quantities u v u 2 , co lf co 2 , X, Y. 
Substituting for u v u 2 , <o t , a> 2 in equations (1) and (2) from equations (3) to 
(6) we have 

-x - y - 3X + 3y = o, 

-X - Y + 3X - 3Y = J + Y - 3J + 3Y. 
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Therefore X — i/, Y = 


3/ 

«1 = — —, « 2 = 
7w 


OCOj = — 


3 / 

7m’ 


oco 2 = 


7m’ 

15/ 


7m 


The kinetic energy imparted is 


1 

-mu 
2 


« 1 * 1 a 2 . la 2 

i* + o wm 2 + 2 m 3 a>1 + 2 m 3° >l ‘ 


127* 

7m * 


EXERCISES 5 (/) 

1. A straight uniform rigid rod A B lies at rest on a smooth horizontal 

table. The rod is struck at B by a blow whose direction is horizontal 
and perpendicular to AB. Prove that the centre of the rod will begin 
to move with a speed equal to one-quarter of the initial speed of B, 
and that the rod will begin to rotate about the point P of its length, 
such that AP = (1/3 )AB. (L.U., Pt. I) 

2. A uniform rod of mass m and length 2 1 is rotating about its centre G 

with angular velocity <o, on a smooth horizontal table, when a point 
of trisection A hits a small inelastic stop so that the rod begins to 
turn about A . Find the new angular velocity and show that one quar¬ 
ter of the energy disappears in the impact. (L.U., Pt. I) 

3. A lamina is moving in its own plane. Determine the changes in the 
motion of the lamina if it is acted upon by an impulse whose line of 
action is in the plane of the lamina. 

A uniform thin rod A B , of mass M , has a particle of mass m fixed 
to it at B, The rod is spinning on a smooth horizontal table with 
angular speed co about a smooth fixed pivot at A , Suddenly A is released 
and the mid-point C of AB is fixed. Determine the new angular speed 
of the rod and the impulsive reaction at C. (L.U., Pt. II) 

4. Two uniform thin rigid rods AB, BC of equal length and mass are 
freely hinged at B and the extremity A is freely hinged in a fixed 
point. The rods are at rest in a straight-line when an impulse is 
applied to the mid-point of BC perpendicular to the rods. Show that 
the initial angular velocity of the rod PC is double that of rod A B . 

Find also the ratio of the initial K.E.'s of the rods. 

(L.U., Pt. II) 

5. Two equal uniform rods freely hinged at a common end are lying in a 

straight line on a smooth horizontal table and one rod is struck at its 
free end by a horizontal blow at right-angles to its length. Prove that 
the kinetic energy generated is greater in the ratio 7 : 6 than it would 
be if the rods were rigidly fastened together. (L.U., Pt. II) 

6. Two equal uniform thin rods AB, BC, each of mass m, length l are 
freely joined at B and are in line, moving perpendicular to their 
length with velocity u. The mass-centre of AB is suddenly brought 
to rest. Find the angular velocity of each rod immediately after im- 


i 
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pact and prove that four-sevenths of the original kinetic energy is 
lost by the impact. (L.U., Pt. II) 

7. A uniform rod of mass M and length 2 a moving parallel to itself with 
velocity v strikes a stationary particle of mass m which adheres to the 
rod at a distance x from the centre. Show that the magnitude of the 
impulse is MmatvftMa 2 + m(a 2 + 3* 2 )} and find the loss of kinetic 
energy. (L.U., Pt. II) 

5.18 Moments about any Point 

Let u be the change in velocity parallel to the tf-axis of the centre of 
gravity of a lamina due to an impulse, v the change parallel to the y- 
axis and to the change in angular velocity. If Af is the mass and k the 
radius of gyration about the centre of gravity, the changes in linear and 
angular momentum are Mu, Mv and Mk 2 co. 

Let X and Y be the components of impulse parallel to the x- andy- 
axis and G the moment of impulse about the centre of gravity. 

Then X = Mu, 

Y = Mv, 

G = Mk*a >. 

We thus have complete equivalence of the system of momentum and 
impulse of the lamina as shown in Fig. 117. 



The change in angular momentum about any point whose coordin¬ 
ates with reference to the centre of gravity are (a, /?) is 

Mk*co + pMu — aMv = G + 0X — aY. 

Hence we may equate the change in angular momentum about any 
point of the lamina to the moment of the impulses about that point. 

It is often convenient to take moments about a point at which an 
induced impulse acts to find the change in momentum without evaluat¬ 
ing the induced impulse. 

Example 21. In Example 20 let us find the velocities without finding the induced 
impulses . 

Taking moments about B for the rod BC we have 
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Taking moments about A for the two rods together we have 

a 2 a? 

-f «fl«j + m~w 2 + 3 mau 2 = / X 4a. (2) 

The geometrical equations are as before 

“ aa) 1 = 0 , ( 3 ) 

«i + cuo 1 = « 2 ~ (4) 

From these four equations the values of u v w 2 , w lf w 2 can be found as before. 


Example £2. A uniform sphere of radius a rolling with angular velocity co on a hori¬ 
zontal plane meets a step of height h(< a) at right-angles to its path . If the step is 
inelastic and rough enough to prevent slipping, find the angular velocity of the 
sphere after impact and show that it will mount the step if w % > lOghjlla — 5h) 2 . 

Let co' be the angular velocity immediately after impact. The sphere will 
then be turning about the point of contact with the step and will have 
velocity aco' perpendicular to the radius to the point of contact. The impulse 





will have components R and F as shown in Fig. 118, and will have no 
moment about the point of contact with the step. 

2 2 

Therefore ~tna 2 to 4- maw [a — h) = -ma 2 w' 4* maw' x a, 

5 5 



The kinetic energy after impact is 

-ma 2 (w') 2 4- - -ma*(a/)* 



“ —— m(7a — 5h) 2 co a . 


The potential energy lost when the sphere has mounted the step, so that its 
centre has risen through a height h , is mgh. 

The kinetic energy after impact must be greater than this if the sphere is to 
mount the step, and we must have 


— -m(la — 5A) 2 o) 2 > nigh, 
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EXERCISES 5 (g) 


A uniform rod AB of mass m and length 2a is free to move on a 
smooth horizontal table about a pivot at A. Initially the rod is at 
rest and a particle of mass m is attached by a light string to the end 
B and is at rest at B. If the particle is projected with a velocity V 
along the table at right-angles to A B, show that the angular velocity 
with which the rod begins to move is ZmV/2a(M + 3m) and find the 
impulse on the pivot and the impulsive tension in the string. 

(L.U., Pt. II) 

A uniform straight rod of mass m and length 21, standing upright on a 
table, is slightly disturbed and allowed to fall, no slipping occurring 
during the motion. When it reaches an inclination of 60° to the 
vertical it strikes a small fixed peg at a distance from the lower end 
and begins to turn about it. Show that the angular velocity immedi¬ 
ately after impact is and find the impulse on the peg. 

(L.U., Pt. I) 

Equal uniform bars PQ, QR, each of mass m freely jointed at Q lie at 
rest on a smooth horizontal table inclined to each other at an obtuse 
angle n — a. A horizontal blow of impulse I is applied to P in direc¬ 
tion perpendicular to PQ. Show that the velocity given to P has a 
component along PQ of magnitude 


6/ sin a cos a 
m( 16 + 9 sin 2 a)' 


(L.U., Pt. II) 


A uniform rectangular block of length 2b and square section of side 2 a 
stands on one of its square ends on a smooth horizontal floor. It 
receives a horizontal blow J at a height b/2 above the floor normal to 
and in the centre line of one face. Determine the initial motion of the 
block, and show that if 

P > 8m 2 g(4a 2 + 6 2 ){(a 2 + b 2 ) 112 - fy/Zb* 
the block will topple over. (L.U., Pt. II) 

A uniform solid sphere of mass M and radius a, resting on a table, is 
given a horizontal blow J in a vertical plane containing the centre, at 
a height 3a/4 above the table. Calculate the linear velocity of the 
centre and the angular velocity, immediately after the blow, and also 
the amount of kinetic energy which it generates. (L.U., Pt. II) 

A cubical block of edge 2 a stands on a horizontal plane rough enough 
to prevent sliding. If the plane is suddenly given a horizontal velocity 
v parallel to two vertical faces of the block, determine the initial 
motion of the block, and prove that the block will upset if 


« s >y^(V2- 1). (L.U., Pt. II) 


A uniform inelastic sphere of radius a, rolling without slipping along 
a horizontal plane with constant velocity v, comes in contact with a 
step of height f a perpendicular to its plane of motion. Assuming that 




170 APPLIED MATHEMATICS FOR ENGINEERS [5 

the step is sufficiently rough to prevent slipping, prove that the 

420 

sphere will surmount the step if »* > r—ag. (L.U., Pt. II) 

8. In an impact shear test a heavy pendulum carrying a hammer at its 

lower end is released from rest at an inclination of 60° to the vertical. 
At the bottom of its swing the hammer meets the test-piece at a point 
3 ft. below the pivot and, after shearing through it, rises to an inclina¬ 
tion of 30° to the vertical. If the mass of the pendulum and hammer is 
50 lb., the distance of its centre of gravity from the pivot 2*25 ft., 
and its moment of inertia about the pivot 400 lb.ft. 2 , find (a) the 
energy dissipated during the impulse and ( b ) the total impulse of 
test-piece on hammer. (L.U., Pt. II) 

9. A uniform heavy circular cylinder is rolling along a horizontal plane 
with speed V when it meets a plane inclined to the horizontal at an 
angle a = cos -1 (3/4), the line of intersection of the two planes being 
parallel to the axis of the cylinder. Assuming the impact to be in¬ 
elastic and no slipping to occur, find with what speed the cylinder will 
begin to roll up the plane, and show that the magnitude of the im¬ 
pulse on the cylinder is 2 M V /3, where M is the mass of the cylinder. 

(L.U., Pt. II) 

10. A uniform solid cube of mass M and edge of length 2a rests on one 
face on a smooth horizontal table. It is given a horizontal impulse I 
at the mid-point of one edge of its top face and perpendicular to that 
edge. Show that the impulsive reaction at the table is 3 1/5, and find 
the initial angular velocity of the cube. 

Show also that the cube will overturn in the subsequent motion if 
P > l0M*ga(V2 - l)/3. (L.U., Pt. II) 

11. A thin uniform rod of mass m and length 2 a falls freely with its length 
vertical. When the rod is moving with speed v the lower end strikes a 
smooth inelastic plane fixed at an angle of 30° to the horizontal. 
Prove that the magnitude of the impulsive reaction of the plane is 
2 a/3 

and find the speed after impact of the end striking the plane, 

(L.U., Pt. II) 

12. A uniform circular disc of radius a rolls without slipping, with its 
plane vertical on a rough horizontal table, the speed of the centre 
being v. If the disc strikes a rough inelastic step of height h(< a) 
show that it will begin to turn about the top of the step with angular 
speed (3a — 2h)v/(Za z ) assuming that it maintains contact with the 
step. 

Show also, that the disc will surmount the step if 

v 2 > 12a*gh/(3a - 2A) 2 . (L.U., Pt. II) 

5.19 Centre of Percussion 

When a body which is turning about a fixed horizontal axis receives 

at some point a blow which is horizontal and perpendicular to the axis, 

there is in general an induced impulse at the axis. The point at which 







Mk< 


Mhoa 


Fig. 119 
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the blow must be struck in order that the induced impulse shall be zero 
is called the centre of percussion . 

Let M be the mass, Mk 2 the moment of inertia about the axis and h 
the distance of the centre of gravity G from the axis at O (Fig. 119). 

Let a blow J whose line of action is at a ^ ^ 

distance c from the axis cause a change of x* 
angular velocity co and let X be the in¬ 
duced impulse at the axis. 

Taking moments about O we have 
J x c = Mk 2 a). 

Also, since G has velocity hco, we 
have 

J - X = Mhm. 

If X = 0 we have from these two equations on eliminating J, 

k* 

Therefore the distance of the centre of percussion from the axis is 
equal to the length of the equivalent simple pendulum. 

5.20 Impulsive Bending Moment and Shearing Force 

When the change of momentum of a body and the external impulses 
which act on it are known, it is possible to find the internal impulses 
which act at any section of the body by considering the change of 
momentum of one of the two parts into which the body is divided by 
the section. 

Let XX' (Fig. 120) be a section of the body and let u and v be the 

changes in velocity of the 
centre of gravity G of one 
part and co the change in 
angular velocity. These 
quantities are known if the 
changes in velocity of the 
whole body are known. 

Let the components of 
impulse at XX' be T and S 
perpendicular to and parallel 
to XX' and let M be the 
moment of impulse at the section. Then the system of impulses S, T 
and M together with the external impulses which act on this portion 
of the body causes the changes of momentum corresponding to u, v, 
and co, and can be found from the equations of impulse. 

J is an impulsive tension or compression, S is a shearing impulse and 
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is called the impulsive shearing force at the section. M is called the 
impulsive bending moment at the section. 


Example 23. A uniform rod of mass m and length 2 a is at rest on a smooth horizontal 
table. It receives a horizontal blow J in a direction perpendicular to the rod 
through one end. Find the impulsive bending moment and shearing force at a 
distance 2c from the end which is struck. 


If u be the velocity imparted to the centre of gravity and co the angular 
velocity we have 

J = mu, 
a 2 

Ja = m-~(o. 

3 

Let S be the impulsive shearing force and M the impulsive bending 

moment at the section which cuts off a 
length 2c (Fig. 121). The mass of the 
portion cut off is mcja, and the velo¬ 
city given to its centre of gravity is 
u + (a — c)co. 

Therefore we have 


9 


4 


-*-■1 

mV 


im'A» 


s + J — ~{u + (a - c)(o}. 


Fig. 121 


„ , T _ me C* 

AT + Jc — Sc = — x ~<o. 

a 3 


Substituting the values obtained for u and co we have 

s “ ~i {a ~ c){a ~ 3e) ’ 


* - -¥«“ 


C) 2 . 


EXERCISES 5 (h) 

1. A uniform rod of mass M and length 21 is rotating with angular 
velocity co, about an axis through its mid-point perpendicular to its 
length when it is brought to rest by one end striking a fixed stop. 
Find the impulse on the stop and that on the pivot, and show that the 
impulsive bending moment at the mid-point of the rod is iMPco. 

(L.U., Pt. I) 

2. Two equal uniform rods AB, BC each of length l and mass m are 

connected at B by a pin joint having sufficient friction to maintain 
the rods in a straight line as they turn, with spin co, on a smooth 
horizontal plane, about a fixed vertical axis at A. The rods are 
brought to rest by meeting a fixed inelastic pin P which strikes BC 
so that no impulsive bending moment is produced at B . Find the 
distance of this pin from B, and the impulsive reactions at A, B 
and P. (L.U., Pt. II) 

3 Two equal straight uniform rods AB, BC, each of mass m and length 
a, are jointed together at B. When the rods rest in line on a smooth 
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horizontal table C is jerked into motion with velocity v perpendicular 
to BC. If A BC remains a straight line after motion begins prove that 
the friction at the joint B must supply an impulsive couple of magni¬ 
tude \mva. (L.U., Pt. II) 

4. A uniform rod OA of mass m and length 2 a turns freely in a horizontal 
plane about a fixed vertical axis through O. A similar rod AB is 
hinged to the first at A so that it turns in a horizontal plane. At the 
moment when OA, AB are in line and rotating with respective 
angular velocities a?, w' in opposite senses, the hinge at A is suddenly 
locked. If the rods come to rest prove that 5 co' = 11a), and find the 
impulsive reaction on the axis through 0 in terms of co. 

(L.U., Pt. II) 

5. A rectangular trapdoor, of uniform thickness and mass M , is pivoted 

so as to turn about a line in its plane parallel to two sides, the length 
of either of the other sides being a. When closed it is in a horizontal 
plane and the side farthest from the pivot axis rests on a stop. What 
must be the position of the pivots in order that they may be subjected 
to no impulsive force when the door is allowed to fall into the closed 
position. If the door falls from the vertical position what will be the 
magnitude of the impulse on the stop? (C.U.) 





CHAPTER 6 


SMALL OSCILLATIONS AND VIBRATIONS 

6.1 Oscillation with One Degree of Freedom 

When a body is in a position of equilibrium and is slightly displaced 
it will, if the equilibrium be stable, tend to return to the equilibrium 
position and will in fact oscillate about it. We shall show that if the 
motion has only one degree of freedom and the amplitude of the 
oscillations is small the motion is approximately simple harmonic, and, 
if 0 be a coordinate in terms of which the displacement can be expressed, 
the equation of motion is of the form 

IS + g0 = O. 

The solution of this equation is readily obtained and the period of 
the motion is 2 ny/{ljg). The length l is, therefore, the length of the 
equivalent simple pendulum. 

This equation of motion is easily obtained by differentiating the 
energy equation and approximating to the equation obtained by 
supposing that the displacement, velocity and acceleration are all small 
quantities whose squares and products may be neglected. 


Example X. A uniform hemisphere of mass M and radius a rests with its curved sur¬ 
face in contact with a rough horizontal plane. Find the period of its small 
oscillations about its equilibrium position. 


The centre of gravity is distant -a from the centre and the moment of 

o 


inertia about it is 


"{s* -&■)■}• 


When the hemisphere has turned through an angle 8 (Fig. 122) the distance 
of the point of contact, which is the instan¬ 
taneous centre, from the centre of gravity, is 

and the moment of inertia about the point of 
contact is 



+ 

20 ' 


■Ma \28 - 15 cos 8). 


The kinetic energy is therefore 


^Ma 2 (28 - 15 cos 0)6*. 


I 
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The potential energy in this position is Mg(a — ^a cos 0^, and the energy 
equation is 

~Ma 2 (28 ■— 15 cos 0)0 2 + Mg(a — |a cos 0) = constant. 

40 \ 8 / 

Differentiating this equation with respect to 0, and dividing by Ma, we 
have 


1 | K Q 

-~a(28 — 15 cos 0)0 + —a sin 0 0 a + -g sin 0 =0. 

«U 4U o 

In this equation we neglect 0* and 0 2 , and replacing sin 0 by 0 and cos 0 by 1, 
we have 

l?a S + -g6 = 0, 

20 8 fi 

that is ^0 + £0=0. 

15 


Then the length of the equivalent simple pendulum is 26a/16 and the period 
of the oscillation is 2ny/(26a/15g). 


6.2 Use of the Instantaneous Centre 

We have seen (§ 6.13) that if Mk^d be the angular momentum about 
the instantaneous centre the moment of the forces about the instan¬ 
taneous centre is 

Mktf + Mkji-fi. 

Now k x is in general a function of 0 and for small values of 0 we may 
write 

^ = a + b6 + cO* + ... 

= a + b6, approximately, 
ky = b6, approximately. 

Therefore MkJ^d = M (a + b6) bd 1 
and this quantity may be neglected. 

Also MkfB = M (a 2 + 2 abO + ...)$ 

= Ma 2 B, approximately. 

Therefore, when dealing with small oscillations we may equate the 
moment of the forces about the instantaneous centre to the change of 
angular momentum about it giving to the moment of inertia its value 
in the equilibrium position. 

Thus for the hemisphere considered in Example 1, the moment of 
inertia about the instantaneous centre in the equilibrium position is 
13 

— Ma 1 , The moment of the weight about the instantaneous centre is 
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= —Mg x sin 0 
3 

= — -Mga6, approximately, 

o 

26 

that is -—a& + g0 = 0. 


6.3 Small Oscillations and Stability 

When a body moves with one degree of freedom so that its position 
may be specified by one coordinate 0, the expression for its kinetic 
energy will be of the form 

nm 

where /(0) may vary with 0 but is positive for all values of 0. 

If the forces are conservative the potential energy is also a function 
of 0 which we may write as F(0). 

The energy equation is, therefore, 

/(0)0 2 + F(0) = constant. 

Differentiating this equation with respect to 0 we have 

+ «>{>)} +^/(9) = 0. (1) 


In a position of equilibrium we must have 4-F(0) = 0, since this is 

du 


the condition that if 0 is zero 8 is also zero and the body will remain in 
this position. 

Therefore, if 0 = a be a position of equilibrium we have 


(5L- 

Now suppose that 0 — a is small so that we can expand/(0) and F(0) 
in a Taylor series in powers of (0 — a). 

We have 

m =/(«) + (e - 



, approximately. 
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Substituting in equation (I) and neglecting 0 2 and (6 — a)6 we have 

2/(a)6'+(e-«)(^)^ = 0. 

Since /(a) is positive this is an equation of simple harmonic motion, the 
variable being 6 — a, if 



In this case the equilibrium is stable and the period of the oscillatory 
motion about the position 6 = a is 


2 n 



Example 2. A body rests in equilibrium on another fixed rough body , the portions of 
the two bodies near the point of contact being spherical with radii r and R re¬ 
spectively and the centre of gravity of the upper body distant h from the point of 
contact. Find the condition that the equilibrium be stable and if it is stable find 
the period of small oscillations about the point 
of contact , the moment of inertia of the upper 
body about the point of contact being Mkf. 

When the radius to the point of contact of 
the lower body is inclined at an angle 0 to the 
vertical let the upper body have turned 
through an angle 0 -j- <j> by rolling (Fig. 123). 

Then since the arcs of rolling are equal 

r<l> = R6, 


Fig. 123 

The potential energy in this position is 

proportional to the height of the centre of gravity G above the centre O 
of the fixed body. 

We have 


e + 4> - — 



V = Mg £ (R + *-) cos 6 - fy - h) cos jj-t ifrV 

S = {R + r)Mg { ~ S “ 6 + ~r~ Si “ ^7^}’ 
= (R + r)Mg | - cos 6 + — - + — cos 




In the position of equilibrium 0=0 and we have 


/<PV\ 
\d6*) 0 ~ 


(R + r)Mg\ -\ + 


{- 


(r - h)(R + r) 


} 


(R + r)Mg 


Rr — hR — hr 


(R + r)Rh 



r 
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The equilibrium will be stable if this quantity is positive, that is if 

1 1 1 
A > R + r 

The angular velocity being —we have for the kinetic energy 

If the equilibrium is stable we have for the small oscillations 


and the period is 


+ *0 -r Rrhg{^ - I - ^)} l/J . 


1 1 1 (dW\ 

“ T " » + I ~7Kn I = 0. It is easily seen that in this case 
h R r \dd 2 /o 




d*V 


Hence is negative and for a small displacement 8 is positive so that 
the equilibrium is unstable. 


EXERCISES 6 (a) 

1. A uniform thin rod of length 2l is balanced on a rough circular 
cylinder of radius a, the cylinder being fixed with its axis horizontal 
and the rod being perpendicular to the axis. If the rod be slightly 
displaced by rolling on the cylinder, find the period of its small 
oscillations. 

2. A uniform hemisphere of radius a rests with its plane face horizontal 
and its curved surface in contact with a smooth horizontal plane. 
Find the period of its small oscillations about this position. 

3. A uniform bar of length 2 a has a small ring attached to one end, free 
to slide along a smooth horizontal wire. If the bar makes small 
oscillations under gravity, show that the period is 2n(a/Sg ) li2 . 

(L.U., Pt. II) 

4. A thin hollow cylinder of radius a has a particle of equal mass attached 
symmetrically to its inner surface. If the system is disturbed from its 
position of stable equilibrium on a rough horizontal table and then 
left to itself show that, when the radius to the particle makes an angle 
6 with the downward vertical, 

a6 2 (2 — cos 6) — g cos Q = constant. 

Hence or otherwise, prove that the period of small oscillations is 
2 n^/(2a/g). (L.U., Pt. II) 
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5. A uniform thin rod of length 2 a is suspended from two fixed points 

at the same level by vertical strings each of length b, attached to its 
ends. It is turned through an angle a about a vertical axis through its 
centre, and let go, the strings being kept taut. Construct the energy 
equation for the subsequent motion. If a is small determine the period 
of the oscillation. (L.U., Pt. II) 

6. A pulley of mass M is fixed to a shaft which can turn with negligible 
friction in horizontal bearings. The centre of mass, G, of the system is 
distant a from the axis of the shaft and the radius of gyration is k 
about that axis. A mass m hangs from a light cord coiled round the 
shaft and attached to a point on it. In equilibrium the line joining 
G to the axis is at an angle a to the vertical. Show that the period of 
small oscillations about the equilibrium position is 

2n{(Mk 2 Ma 2 sin 2 a) /mag cos a}^ 2 

when m moves vertically. (L.U., Pt. I) 

7. A uniform rod AB, of mass m and length 2 a, can turn freely about a 
horizontal axis at A. An elastic string of unstretched length a and 
modulus A is attached to B and to a point C vertically over A , where 
AC = 2 a. If 3A > mg, prove that there is a stable position of equi¬ 
librium given by sin Ja = A/(4A — mg), where a is the angle the rod 
makes with the upward vertical. 

If the rod is slightly displaced from this position, show that the 
period of a small oscillation is 

2^{(4A —mg) am/3(5A — mg)( 3A — fng)} 11 *. 

(L.U., Pt. II) 

8. A uniform circular cylinder of radius a and height h has a plane face 
joined to the plane face of a uniform hemisphere of radius a. The body 
rests with the curved surface of the hemisphere in contact with a 
rough horizontal plane. Show that the equilibrium is stable if 
W < a 2 . If h — \a, find the length of the equivalent simple pendu¬ 
lum for small oscillations about the position of equilibrium. 

9. A uniform rod A B of mass M lb. and length a ft. is hinged at A and 
supported by a spring attached to B and to a point C # which is a ft. 
vertically above A . When the rod is horizontal the spring is just un¬ 
stretched and the strength of the spring is such that a pull of M lb. 
elongates it a length of e ft. Show that a position of stable equilibrium 
is attained when <f> the inclination of to the vertical is given by 
cos \<j> = a\/2/(2a — e). 

Show that the time of a small oscillation about this position is given 
by t — 2 7i{(e\/2 cos J<£)/(3 g sin 2 J^)} 1/2 . 

(C.U.) 

10. A pair of wheels and axle are free to roll without resistance along a 
horizontal track. The radius of the wheels is 3 ft., the moment of 
inertia of the system about the centre line of the axle is 9000 lb.ft.*, 
and its mass is 1500 lb. 

Each wheel is then fitted with a mass of 200 lb., which may be re¬ 
garded as concentrated at a point distant 2 ft. from the wheel centre, 
the two masses being in the same radial direction. The wheels are 
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placed so that the added masses are vertically above the axle and 
then slightly displaced. Calculate the linear velocity of the wheels at 
the instant when the masses have descended to their lowest position. 

If this system is mounted so that the axle turns freely in fixed 
horizontal bearings, find the time of a small oscillation about the 
position of statical equilibrium. (C.U.) 


6.4 Static Displacement of Springs 

Let a weight W be suspended from a light helical spring of stiffness 
s and let <5 be the static displacement of W, that is the extension of the 
spring in the equilibrium position (Fig. 124). 

Then W = s.d. 

When W is displaced a further distance x down¬ 
wards the additional energy stored in the spring is 

l{s<5 + s(<5 + x)}x, 

and the loss of potential energy by W is Wx — #s<5. 
Hence the energy equation is 


6 

h- 

X 


w<? 

Fig. 124 


W 1 

+ ij(2s<5 + sx)x 


xs8 = constant. 


that is 


W 1 

— x 2 + -sx 2 = constant. 

2g ^2 


Differentiating with respect to x we have 

W 

—x + sx = 0, 
g 

that is 8x + gx = 0. 

Therefore 8 is the length of the equivalent simple pendulum and the 
period of the oscillation is 2 n^/(8lg). 


6.5 Vibrations of Light Beams 

The concept of the static displacement may be used to write down 
the period of oscillation of a light beam. 

For example, if a light cantilever of length l and flexural rigidity El 
carries a load W at its free end the deflexion is 


W/ 3 
3 El' 


The deflexion being proportional to the weight, the motion for small 
oscillations is equivalent to that of a spring and the length <5 of the 
equivalent simple pendulum is the static displacement. 


We have, therefore. 




<5 
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Example 3. A light beam of length l and flexural rigidity El is end supported and 
carries a weight W at a distance c from one end. Find the period of the small 
oscillations of the weight. 


The deflexion equation is (Fig. 125), 


w| 




1 


w 

Fig. 125 


”S- 




+ Cx. 


Since y — 0 when x ** l t C 

H„, - 


Wc(l - c)(2l - c) 

6/ * 

Wc\l - c) Wc*(l - c)(2/ - c) 


61 

Wc\l - c )* 


6/ 


3/ 


The static displacement is therefore 


d 


Wc 2 {l - c )* 

3/17 ' 


and the period of small oscillations is 27i\S (dig). 

Example 4, A light uniform flexible lath of length l is clamped vertically at its upper 
end, and carries a small mass m at its lower end. Show that the time period of its 
small flexural oscillations is equal to that of a simple 
pendulum of length (nl — tank nl)/n, where El is the 
flexural rigidity of the lath and Eln* = mg. 

(L.U., Pt. II) 

We require to find the force P that will give a static 
deflexion Y to the lower end (Fig. 126). 

If y be the deflexion at distance x from the clamp the 
bending moment at this point is —mg{Y — y) 4* 

P(l - X). 


Therefore 


Ei^ 

dx* 


-mg(Y -y) + P(l - x), 
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The particular integral is easily found and the complete solution of this 
equation is 

P 

y — A cosh nx 4- B sinh nx •+- Y-(/ — x). 

mg 

dy 

When x — 0, we have y =—-=(), and hence 
dx 

PI 

0 = A + Y -> 

mg 

P 

0 = Bn H-. 

mg 

Also y « Y when x — /, therefore 

Y — A cosh nl + B sinh nl -f Y . 

Substituting for A and B we find a relation between P and Y, namely, 

mng 


P = 


nl — tanh nl 


. Y. 


The restoring force when the displacement of the mass is Y is therefore P and 
the equation of motion is 


mV = 


mn 8 y 
nl — tanh nl 


The length of the equivalent simple pendulum is therefore 

(nl — tanh nl)jn, 


6.6 Forced Oscillation of a Compound Pendulum 

Let the pendulum have mass M, moment of inertia Mk % about its 
axis and let its centre of gravity be distant h from the axis. 

Suppose the axis is made to oscillate hori- 
^ zontally about O (Fig. 127) so that its distance 

from 0 at time t is x = a cos cot. 

Then the axis has an acceleration aco 2 cos cot 
towards 0. Since every particle of the body has 
the acceleration of the axis together with its 
acceleration relative to the axis the centre of 
gravity has in addition to the other effective 
forces an effective force Maco 2 cos cot parallel to 
O'O. 

Therefore, the equation of motion is 

Mk 2 8 — Maw* cos cot x h cos 6 = —Mgh sin 0, 
that is, for small values of 6 
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Differential equations of this type were considered in Chapter 2, and 
the solution was seen to be 

9 - A eos [ J (¥•)' + 6 ] + cos “*• 

where A and e are constants determined by the initial conditions. 

ah 

Resonance will be set up if ct> 2 = 

r k* 


EXERCISES 6 (i b) 

When a weight is suspended from a light helical spring and oscillates 
the length of the equivalent simple pendulum is a. When the same 
weight is suspended from a second spring the length of the equivalent 
simple pendulum is b . Find the length of the equivalent simple 
pendulum if the weight is suspended from the two springs coupled 
together (i) in series, (ii) in parallel. 

A uniform light beam is freely supported at its ends in a horizontal 
position. Show that if a load W is placed on the beam at a distance 
equal to one-quarter of its length from one support the period of its 
oscillation is the same as that of a load 9PF/10 placed at the centre of 
the beam. 

A uniform light beam of length l and constant flexural rigidity El is 
end supported and its ends are clamped horizontally. If a mass W is 
placed at its centre and oscillates vertically, find the length of the 
equivalent simple pendulum. 

A uniform rod of length l is supported by its upper end and is free to 
swing in a vertical plane. If the upper end is given a horizontal 
reciprocal motion, the displacement x from the mean position being 
given by x = a sin 2nnt, obtain an expression for the angular move¬ 
ment of the rod after the motion has become steady, on the assump¬ 
tion that the oscillations generated are small in amplitude. (C.U.) 

A horizontal beam is mounted on a vertical axis passing through its 
centre of gravity and its moment of inertia about the axis is I. The 
beam is made to perform angular oscillations under the influence of 
an alternating couple L cos 2 nnt acting in a horizontal plane. If the 
friction at the pivot introduces a couple resisting motion of magnitude 
dd 

where 0 is the angular displacement of the beam, show that 
when the motion has become steady 

6 =-LcosjgwwM-^) where ^ . = J*_ 

2nn{ji 2 -f* 47i 2 w 2 / 2 ) 1/a ™ 2nnl 

dB 

Show that if 6 — 0 and ™ = 0, when t = 0, the earlier stage of the 
motion is given by 


-lJ-J 


+ 4 Jihi 2 !* 


cos (2 nnt -f <f>) 

2 nn(ii 2 + 4 nVI 2 ) 112 
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6. A light beam of length l and constant flexural rigidity El is clamped 
at its lower end so that it is vertical and a small mass m is fixed to its 
upper end. If the mass is slightly displaced, find the length of the 
equivalent simple pendulum in the subsequent oscillation. 

7. The lower end of a uniform light cantilever of length l and flexural 
rigidity El is clamped at an angle a to the vertical and a mass W is 
attached to the upper end. Show that the mean deflexion of the end 
of the beam is tan a(tan n — nl)jn, where Eln 2 = W cos a, and find 
the length of the equivalent simple pendulum for oscillations about 
this position. 


6.7 Deflexion of a Loaded String 


Let the string be of length l fixed between two points at the same 

level. Let x be the horizontal 
distance measured from 0 (Fig. 
128), y the deflexion and w the 
intensity of load at any point. Let 
T 0 and S 0 be the horizontal and 
vertical components of tension 
at 0, T the tension at a point 
P(x, y) at which the angle of slope 
is 0. 

Then from the equilibrium of the portion OP 

T cos 0 = r 0 , 

T sin 0 as* S 0 — I wdx . 

J o 

Therefore T 0 tan 0 = S 0 — f wdx, 

J o 

that is T 0 ~ = S 0 — f wdx, 

dx J o 



lQ dx* 


— w. 


If w is constant this leads to the parabolic equation 


If w Q is the weight 

so that 

and this leads to the 


w n V 

y = wf - *>• 

string which is uniform we have 
wdx = w 0 ds, 

T^=-w — 

T °dx* 0 dx 

[uation of a catenary. 
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6.8 Transverse Vibrations of a Taut String 
Suppose that the string is vibrating in a horizontal plane so that an 
element at a distance x from 0 (Fig. 129) has a horizontal displacement 



Fig. 129 

y . Since the string is taut the mass of an element is ntdx , where m is the 
mass per unit length of the string, and its acceleration is y , therefore 

the effective force on the element is 

\ g ) w 

The element may be considered as being in equilibrium under the 
forces acting on it together with the reversed effective force, and the 
displacement at time t will be that of an element of a loaded string 
where the load w is given by 

md*y 

w —-—. 

g dt* 

Hence, if T be the tension in the string, the differential equation satis¬ 
fied by the displacement of the string is 


that is 


dx* 

j&y _ = 0 

dx 2 g dt 2 


w. 


(1) 


The use of partial derivatives is necessary to distinguish the variation 
of y with x and with t, 

A solution of this partial differential equation which is consistent 
with harmonic vibration of the string is obtained by writing 

y = z(x) COS Cot, 

where z depends on x and not on t and co is a constant. It is evident that 
z is the maximum displacement of the string at any point. 
Substituting in (1) we have 

rryd 2 Z . W - - 

T- -1— co 2 z — 0. 

dx 2 g 


Hence 


z — A cos 




Since z — 0 when x = 0, A =0, and since also z 
we have 


0 when x = l 
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This equation can only be satisfied with B not equal to zero if 

j (£)*-’*■ 


where n is an integer. 
Hence we have solutions 


0 . nnx 

*n = Bn sm —, 

D . nnx 
y% = &n sm “7“ cos 


lfgT\ n nt 
sj\m) l 9 


for n = 1, 2, 3, . . the constants B n being as yet undetermined. 

The complete solution is the sum of a number of the partial solutions 
y n , the constants B n being determined by the initial conditions. 

_^_ The vibration with the lowest frequency 

" y x is called the fundamental vibration of the 
^string. If this vibration only were present 

_the string would move between the two 

Fig. 130 extreme positions shown in Fig. 130, with 

period 2ly/(mjgT). 

The vibrations with higher frequencies are called harmonics. Thus 
for n = 2 we have a vibration whose extreme positions are shown in 
Fig. 131, with a node at x — \l and period l^/(mlgT). 


Fig. 131 


Fig. 132 


For n — 3 the extreme positions are as shown in Fig. 132 and the 
period is 

The complete picture of the vibration of the string is, therefore, that 
of the fundamental mode combined with harmonics of higher fre¬ 
quencies and diminishing amplitudes. 


6.9 Vibration of a Uniform Beam 

Consider a uniform beam of length l and mass m per unit length 
simply supported at its ends (Fig. 133). 

If an element mdx at x from 0 has displacement y the effective force 







0] 
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the element is — and its displacement at time t will be that 
g W 

due to a load w where 

md*y 

w — -—. 

g dt* 

Hence the deflexion equation for the beam is 

EI Z-* 


that is 


Elp + ™ d ^ = 0. 

dx 4 g dt* 


(i) 


Writing y = z cos cot, where 2 depends on x alone and is, therefore, 
the maximum deflexion we have, 

d 4 z ma? - 


that is 
where 


d 4 z 

— - a*z = 0, 


( 2 ) 


/ mco i \ ut 

a ~\Wl) ‘ 

The auxiliary equation for (2) obtained by substituting z = e Xx is 

A 4 - a 4 = 0, 

and has solutions X = ± a and ± ta. 

Hence the solution of (2) is of the form 

z== ae** + be-** + ce iax + de~ iax 
= A cosh ax + B sinh ax + C cos ax + D sin ax (3) 

where A, B, C, D are constants. 

d*z 


When x — 0, z = 0 and, since the bending moment is zero, 


dx 2 


0, 


therefore 
and we have 


0 = A + C, 

0 = a 2 A - a 2 C, 
A = C = 0. 

d*z 


When x = l, z = 0 and — = 0, therefore, 
dx 2 

B sinh al + D sin al = 0, 
a*B sinh al — a 2 D sin al = 0. 

Hence, we must have B = 0, and if D is not zero 

sin al — 0, 
al — nn. 


where n is an integer. 
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The fundamental mode of vibrations has, therefore, a period 
2/ a 

— and the period corresponding to the nth harmonic is 

71 

equal to this period divided by n a . 



6.10 Beam with Clamped Ends 

If a beam of length l has its ends clamped so as to be horizontal the 
fundamental equation is the same but the boundary conditions are 

dz 

when x = 0, z = 0, — =0, 
dx 

when x = l, z = 0, % = 0. 

dx 


Substituting in Equation (3) of § 6.9 we have from the conditions 
when x = 0, 

0 = A+C 
0 = aB + oD. 

Hence z = A (cosh ax — cos ax) + #(sinh ax — sin ax). 

From the conditions when x — l we have 

0 = A (cosh al — cos al) + £(sinh al — sin al) 

0 = .4 (sinh al + sin al) + B(cosh al — cos al). 

If these equations are to give consistent values for the ratio A/B we 
must have 

cosh al — cos al __ sinh al — sin al 
sinh al + sin al cosh al — cos al * 
cosh 2 al + cos* al — 2 cosh al cos al = sinh 2 al — sin 2 al t 
that is cosh al cos al «= 1. 

This transcendental equation has to be solved by graphical or 
numerical methods to obtain the critical values of al. 

The least value of a which satisfies this equation is 

al = 1-5067T, 
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so that the fundamental period is 


V \gEI/ M3W 


Since cosh al increases rapidly the higher frequencies are given 
approximately by taking cos al = 0, or 


for n — 2, 3,..and 


al — (n + 


6.11 Vibration of a Cantilever 

For the vibration of a cantilever of length l the end conditions are 


when x 


dz 

0 , * = 0 , 

dx 


0 , 


d l z d*z 

when x^l t — = 0, — = 0, 
dx z dx? 

that is, there is no bending moment or shearing force at the free end. 
Thus we have as in § 6.10 

z = A (cosh ax — cos ax) + B(sinh ax — sin ax). 

From the conditions when x = l we have 

0 = A (cosh al + cos al) + B(sinh cd + sin al) 

0 = A (sinh al — sin al) + B(cosh al + cos al). 

For consistent values of the ratio AjB we have 

sinh al + sin al _ cosh al + cos al 
cosh al + cos al sinh al — sin al f 
that is cosh al cos al = — 1. 

The least value of al which satisfies this transcendental equation is 
al = 0 * 6071 , 

and this gives «, = 

so that the fundamental period is (—. 

* a/ \gEI/ 0*I8tt 

Since cosh al increases rapidly the roots corresponding to higher 
frequencies are given approximately by taking cos al = 0, or 


for n — 2, 3, . . ., and a> 


a/=(n-0*, 

jm 


(» - 1 / 2 ) ct ~| » 


J * 


A.M.E.— 7 * 
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6.12 Whirling of a Disc 


Consider a disc of mass M rotating with angular velocity Q on a light 
shaft through its centre and let its centre of gravity G be at a distance 
e from the centre of symmetry C (Fig. 134). 

If the point C is deflected a distance y from the line of the bearings 
there is a restoring force Xy due to the elasticity of the 
IV shaft. For example, if the disc is at the centre of a uni- 

I \ form hinged shaft of length l and flexural rigidity El we 

■ ' have 

a __ 48 Elg 

. * 

The natural frequency of vibration of the mass M on the 
shaft is given by the equation 

My = —Ay, 

and the period is —, where of = ^ 


F 

Fig. 134 


C o 


M 


If the centre of gravity G is moving in a circle of radius y + e and 
the motion is steady the centrifugal force is balanced by the restoring 
force on the shaft and we have 


Hence 


M(y + e)Q 2 = Xy 

= Mofy. 

eQ 2 

y of — £2 2 ' 


It follows that the deflection increases rapidly as Q approaches the 
value co and is theoretically infinite when Q = co. 

If Q increases beyond this speed y becomes negative and decreases 
as Q increases until in the limit when c o/Q is negligible y — —e. In 
this position the centre of gravity of the disc is in the line of the bear¬ 


ings. 

6.13 Whirling of a Shaft 

Consider a uniform shaft of length /, mass m 
per unit length and flexural rigidity El running 
in bearings which do not restrain the direction 
of its ends. If the shaft is rotating with angular 
velocity co and an element which is distant x 
from one end 0 (Fig. 135) has deflexion z from 
the line of the bearings the centrifugal force on 
the element is 

/tndx\ 9 




EXERCISES 


191 
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Hence the deflexion is the same as for a load w per unit length, where 
w ~ tnzcuPjg and we have 

r T d*z nuo 2 _ 
dx* g Z ~ 

This is the same equation that was found in § 6.9 for the modes of 
vibration of a uniform beam and, the end conditions being the same, 
we have solutions of the form 

z = D sin ax, 

WJT. 

where a 4 = mco 2 /(gEI), which satisfy the end conditions only if a = —. 

I 

Hence the critical speeds of rotation of the shaft at which such 
solutions are possible are given by 

tnco 2 __ / nji\* 

gEi~ W 

IgEI 
l 2 /si m 

for n = 1, 2, 3 .... 

When the speed of rotation of the shaft reaches one of these critical 
speeds the phenomenon of whirling occurs and the shaft may become 
violently unstable. This is explained by considering the centrifugal 
force as having components (tnzco 2 lg) cos cot and (mzco 2 lg) sin cot in fixed 
directions. We thus have alternating disturbing forces in two directions 
at right-angles and (as was seen in Chapter 2) when the frequency of the 
disturbing force coincides with the natural frequency of the beam there 
is resonance. At speeds between the critical speeds stability returns. 


1 . 


2 . 


3 . 


EXERCISES 6 (<;) 


A uniform beam of flexural rigidity El, mass tn per unit length and 
length l is clamped horizontally at one end and freely supported at 
the other end. Show that the modes of vibration of the beam are 
given by the equation tan al — tanh al, where gEIa* = mm 2 and that 
the frequency of the fundamental mode of vibration is 


Jt 


gEI\ (3-93) 2 
m ) 2 l 2 n 


The second moments of area of an R.S. J. about principal axes through 
the centroid of a section are 35 in. 4 and 7*93 in. 4 and the weight is 
24 lb. per ft. If the joist is 10 ft. long and the ends are fixed but direc¬ 
tion free, find the frequencies of the fundamental modes of vibration 
in the directions of the principal axes. 


A disc 1 ft. in diameter and of mass 5 lb. is fitted at the centre of a 
light shaft £ in. in diameter and of length 1 ft. which runs freely in 
bearings. Taking £ = 30 X 10® lb./in. 2 , find the whirling speed if the 
disc is slightly eccentric. 
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4. A steel shaft £ in. in diameter and 2 ft. long runs freely in bearings so 
that its ends are direction free. Taking E — 30 X 10® lb./in. 2 and the 
steel as weighing 480 lb./ft. 8 , find the least speed of rotation at which 
whirling will occur. 

5. If the shaft in Question 4 had been direction fixed at its ends show 
that the whirling speed would have been about 125 per cent greater. 

6. A steel shaft 3 in. in diameter, weighing 480 lb. per cu. ft. is sup¬ 
ported by bearings 6 ft. apart. The shaft is unloaded but transmits a 
torque. Calculate the whirling speed, E = 3 X 10 7 lb./in. 2 

(L.U., Pt. II) 


6.14 Fourier Series 


There are many problems in engineering which can be solved only by 
expressing some function of a variable x (such as the loading on a beam) 
as a series of trigonometrical functions known as a Fourier series. 

An example of such a series is 


-x 2 = —n 2 — cos x 4- \ cos 2x — - cos 3x 4- — cos 4x .... 

4 12 4 9 16 

We shall see that the sum of this series is equal to ^x 9 for all values of 
x between x = —n and % — n. 

If x 1 be a value of x in this range, that is — n < x 1 < n t the sum of 
the series is unchanged if x x + 2n> x x + 4n, or x x + 2nn is substituted 

for x v The values of - x x 8 and ~(x x + 2jr) a are not, however, the same. 
4 4 

Hence the trigonometrical series being periodic can only be equal to 
~x 2 within the range —n < x < n. 


The graphs of - x 2 and of the series are shown in Fig. 136 and it is 
4 

seen that they coincide only between —n and n. 
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The general form for a Fourier series is 

f(x) = \a 0 + <h cos * + <h cos 2x + ... 

+ b x sin x + b 2 sin 2x + ,.. 

1 00 

= + E (a n cos nx + b n sin nx). 

2 »-i 

The coefficients a n and b n are determined by formulae and the series is 
equal to f(x) only in the range — n < x < n. The fundamental range 
is often taken as 0 <x <2n with a slight alteration in the formulae 
for the coefficients. 

The term (a n cos nx + b n sin nx) is called the nth harmonic of the 
series. The numerical values of the harmonics diminish as n increases 
and for a good approximation to the function it is often sufficient to 
take only the first two or three harmonics. 

Fourier series can be found for any functions which remain finite and 
have only a finite number of discontinuities in the fundamental 
interval. They are particularly useful in dealing with functions which 
have discontinuities. A function of this kind may be defined by formulae 
such as the following: 

f{pc) = 0, —n < x < — 

/(*) = 1,-f <*<0, 

/(*)- 2, 0<*<J 

f{x) = 3, | < * < n. 

The graph of this function 



6.15 Trigonometrical Integrals 

To determine the coefficients a n and b n we use the following relations: 

| sin nx cos mxdx — 0, 

J —TT 


f. 

f_ 


sin nx sin mxdx = 0 if n =£ m, 

fC 

= it if n = m, 
cos nx cos mxdx = 0 if n # m, 

t 

= Ttii n — m. 


In these equations n and m are integers. 

The above relations are all proved by similar methods. 
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Thus if n ^ m, 
f« If* 

J sin nx cos mxdx = - J {sin (n + m)x + sin (« — m)x]dx 

cos (n + tn)x cos (n — m)x 


J 


_ 1 
~ 2 

sin nx sin mxdx = - 
2 

cos nx cos mxdx = - 
2 


D 


If n = m t 


n + m 


n — m 


sin (n + m)x ^ sin (n — m)x 


n + m 


n — m 


—n 

\n 


=-- o, 
= o, 


sin (n + m)x sin (n — m)xl* _ ^ 


n + m 


n-m 


C n ■ 3 I r cos2«*"| n 

sin nx cos nxdx = -I---I = 0, 

J -?r 2|_ 2n J 

C n . . If 75 

I sin nx sin nxdx = - (I — cos 2 nx)dx 

J —IT 2J 

If sin2«#l ,t 

= 2h^rL=" 

fTt 1 rn 

cos cos = -1 (1 + cos 2 nx)dx 

J -jc 2J 

If , sin 2 nxl n 
= -I x + - I = n. 

2L 2» _U 

6,16 Formulae for Coefficients of a Fourier Series 

Let the series be, for — n < x <n t 


Then 


f(x) = -a 0 + 27 cos mx + sin w%). 

" m= 1 


/(#) cos n# = -a 0 cos + 27 ( a m cos mx cos nx + b m sin mx sin »#). 
2 1 


p* 1 00 f 71 

I f(x) cos = -a 0 I cos nxdx + 27 a m I 
J —71 2 J _ n W-l J -rt 

oo rn 

+ 2 t>m\ si 
w=l J —rt 


cos mx cos nxdx 
sin mx cos nxdx . 


Now the integral multiplying a m is zero except for the term where 
m = w, and the integral multiplying is zero for all values of m. 
Therefore we have (n ^ 0) 

J f(x) cos nxdx = 

J — n 

I f{x)dx = 7ra 0 . 

J — 7E 


If n = 0 we have 
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Similarly, multiplying throughout by sin nx we have 


j* f(x) sin nxdx = hi 0 j* sin nxdx + 


cos mx sin nxdx 


o rn 

Si 

“1 J —71 


sin mx sin nxdx. 


On the right-hand side every term is zero except that containing 
and we have 


r /w» 

J —TZ 


sin nxdx = nb.. 


We thus have the formulae for the Fourier coefficients 


1 f’ 1 

a n = - I f(x) cos nxdx, 

ytj — jt 

1 f* 

= -1 f(x) sin 

7tJ _ K 


for w = 0,1, 2, etc. 

It should be noted that the first term of the series is taken as -a Qt 
so that a 0 may be found from the general formula for a n . It is usually 
necessary, however, to calculate a 0 separately, and -a 0 is the mean 
value of f(x) over the range —n < x < n. 

Example 5, Find a Fourier series expansion for f{x) = x, —n < x < n. 


We have 


a n — - f x cos nxdx 

71J — n 

1[X . ,1 l* A 

_ -1 - sin nx -\—- cos nx I *=0. 

nl n n* J_7t 

b n = - f* x sin nxdx 

n) -k 

lr * . 1 . 1* 

nl n n 8 J-* 


— — cos rm. 
n 

OO J 

* « —2 27 - cos rm sin nx 
»- i" 


2^sin x — ^ sin 2# + i sin 3x .. 
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Ex am pl e 6. Find a Fourier series expansion for a function of x defined by (Fig. 138), 

f(x) » 0 , — n < x < 0 , 

/(*) — 1 , 0 < x < n. 



-« IO tl 

Fig. 138 

In calculating the coefficients the integrals taken between x = —n and 
x — 0 yield nothing and we have 


1 C n 

a Q « - l.itr = 1. 
rcJo 

«» “ - Pcos nxdx = —[sin n*!* =. 0. 
jtJo wrL Jo 

= i Psin nxdx = — [ — cos nxV 

nJo mil Jo 


*■ —(1 — cos mt). 
mi 

, .. . 1,1*1- cos nji 

Therefore /(*) - - + - H -sin nx 

2 *»-i « 

12/. 1 . 1 \ 

= 2 + -| sm * + 3 sin 3* + - sin 5x + . . .1. 

6.17 Approximation by Successive Harmonics 

In Example 6 we found a Fourier series for what is called the square- 
wave function defined by/(*) = 0, —n < * < 0, f(x) = 1, 0 < # < n. 



Fig. 139 


Fig. 140 


In Fig. 139 the value of the constant term and the first harmonic, that 
.1 2 . 

is - + - sin x is plotted on the same graph as f(x ). 

2 71 

In Fig. 140 another harmonic is added and the graph of 

5 + -(sin x + \ sin Sx \ is drawn. 

2 7t\ 3 y 
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In Fig. 141 two more harmonics are added and the approximation 
begins to be evident. 

It will be seen that at x — 0 where the function is discontinuous the 

sum of the series is - which is the mean value of the function at either 
2 

side of the discontinuity. 

The sum of a large number of terms of the series in the neighbourhood 
of x = 0 is of interest and is shown in Fig. 142. 



The sum of the series differs from the value of f(x) by a small amount 
near the discontinuity and the approximation to f(x) by the Fourier 
series in this neighbourhood is not good. This is known as Gibb's 
phenomenon . 


6.18 Use of Leibnitz Theorem 


When f{x) is a polynomial in # it is necessary to use the method of 
integration by parts when calculating the coefficients. This may be done 
by using Leibnitz theorem for the nth differential coefficient of a pro¬ 
duct of two functions with n — — 1. Thus if u and v be two functions 
of x we have 

D n (u.v) = uD n v + nDuD n - x v + + .. • 

Jtl 

and with n = —1, 


D^^u.v) = uD~h) — Du.D~h) + DHi.D~*v — D 3 u.D~H> + .... 

Thus if u = x 8 and v = cos nx, 

D'Hx* cos nx) = x ?(- sin nx ) — 3x 2 ( —- cos nx j 

V / V / 

4- 6x( —-sin nx j — 6| cos nx\. 
\ n* / \n 4 / 


That is 


I 


. , x 3 . , 3x 2 6x . 

x 8 cos nxax ~ — sin nx + — cos nx -sin nx — 


6 

— cos nx . 
n 4 
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Example 7. Find a Fourier series expansion for f (x) = x* nx 2 , —n < x < n. 
We have 
1 f* 

<*o = - I (x* + nx*)dx 
TlJ — n 

1\X* X 2 ft® 

“^4 + *sJ_“T' 

1 C n 

a n — - I (x* + ft* 8 ) cos 
TiJ - n 

— 4- sin — (3jv* -f 2ft#) ^ cos nxj 

+ (6# + sin nx'j — 6^ cos 


4ft 


b n — - f {^ 8 + ^ a ) sin 
TtJ -re 

*= + **■)(” cos n *j “ (3* a + 2ft*)^—i sin 


2ft* 12 

-cos «ft -{—- cos rm. 

n «® 


+ (6* -f 2ft) ^ cos s * n n *)\ 


Hence 

„ , «* * f /4 jt\ / 2ft* 12\ . \ 

/(.*) = ” 4- Z / cos ^ cos nx ^—jj" "I—j f cos rm sin nx j. 

6.19 Functions Defined in an Arbitrary Range 

If a function f(x) is defined for — l < x < / we may obtain an 
expansion of the function for this range of values of a; by a simple 

change of variable. Let z = —, then the function f(x) = /( — 1 is a 

l W 

function of z defined for —n < z <n and can be expanded in the 
Fourier series 

/lz\ 1 00 

/( - I — s a o + % («» cos nz + b n sin nz). 

\Jt/ 2 »-1 

Substituting for z we have 

. 1 . ® / nnx . , . nnx\ 

f{x) = 2« 0 + E [a n cos — + b n sin —1. 

Example 8. A function of x is equal to x 2 for —/<#</. Find an expansion of the 
function in a trigonometrical series valid for this range. 





6] FUNCTIONS IN AN ARBITRARY RANGE 

The coefficients of the Fourier series for IWjn* are 
/* r* 2 


z 1 cos nzdx 


l* fit 

-SKi sin M *) - 2 {~i cos ~) + 2 (~i sin W *)L 


4/ 2 

—- COS HJl. 

rW 

= — I z* sin nzdz 


-Sf..- 

“ S[**(~ c ° 8 ^) - 2*(~sin«) + 2(i cos «)]^ 


0. 


Therefore 


that is 


J» 1„ S 4/* 

—* 2 = + 2 — cos wi cos nz, 

n 2 3 w-il n 2 ^ 2 

* 1 „ 4/* cos wr wt* 

x* = -/* -|—- 2; -— cos — 

3 7i 2 n-tl n 2 J 
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Example 9. If the function f(x) can be expanded in the Fourier series 

1 00 

~a 0 H- E («n cos nx + «*)» $Aoa> *Aa* 

^ «-l 

1 f 2 * 

«» + *'*» = - f(x)e***dx. 

7lJ 0 

Hence or otherwise, expand the function x{x — \){x — 2) in a full range 
Fourier series valid in the interval (0, 2) giving the general term . 

(L.U., Pt. II) 

The fundamental range is here taken as 0 to 2n and we have for the 
coefficients of the Fourier series 




1 f 2* 

= -f m 

71J o 


cos nxdx. 


and 


1 f 2 * 

— - I f(x) sin nxdx, 
nj o 

1 f 2 * 


1 f 2 * 

a n + ib n = - I /(;r)(cos nx -f i sin nx)dx, 
n J o 


1 f 2 « 

= -1 f(x)e inx dx. 
n J o 

To change the interval from (0, 2) to (0, 2tc) we write z = tix so that the 
function of z to be expanded is z(z — ti)(z — 2 n) n?. 
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1 raw 

a n -(- ib n ® — I {z z — 3 nz % + 27i 2 z)e in *dz 
71* J o 


»• — 3 Ttz 2 -f 2jz*z)e in * — y—(S.z* — 6 tiz + 2ji*)e inz 

n*im (m) a 


1 1 in 

wm. —.-. 12 ji 

n* (m) 8 
12 i 

W 8 7l 3 * 

Hence, a n = 0, = 12/«W and we have 


1 6 


that is 


z(z — ti)(z — 27i) 12 ® sin 

--- = —-27 - 

71 s 

12 00 1 

#(# — 1)(# — 2) — 27 — sin mix. 

*\=i n * 


EXERCISES 6 (d) 

1. Find a Fourier series expansion for f(x) = x* + 2x for — n < x < n. 

2. A function f(x) has period 2tt and f(x) = l f —» < # < — 

A 

/(at) = — 1, — <x <^, /(*) = 1, 5 < * < J». Find a Fourier 
2 2 2 

series for the function. 

3. Find a Fourier series expansion for e* for — n < x < a. 

4. A function f(x) repeats itself every time x is increased or diminished 

by a multiple of 2a and f{—x) — — /(#). From x — 0 to x « 1 a, 

2 


/(#) = and from ^ to ^ = a, /(#) — a — 
Show that 


4a f . ft* 1 3 jt# 1 Sft# 1 

/ W sm - - - S m — + ^ su* — ... |. 

5. Express as a Fourier series the following repeating function, giving 
all terms up to and including the third harmonic: 


2 n 

Q = 0 to 0 = —, y = a, 

o 

2?r 

0 = — to 0 — 2 tt, y = 0, 
3 


B — 2*e to 0 


Sn 


■ t y = a, etc. 


(C.U.) 


6. Given that /(*) = 0, -n < x < 0 and f(x) = sin *, 0 < * < ji, 
find a Fourier series expansion for the function for — ji < x < n. 
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6] 

6.20 Symmetry about the Origin 

If f(x) = /(*—#) the function f(x) is symmetrical about x = 0 and is 
called an even function of x. For example, x 2 , x sin x, x 2 cos x t are all 
even functions of x. 

If f(x) = —/(—*) the function f(x) is skew symmetrical about 
x — 0 and is called an odd function of x . For example x 8 , x cos x , x 2 sin x, 
are all odd functions of x. 

If f{x) is an even function of x the Fourier coefficients are a n and b n . 
We have 

1 f rt 

a n — - \ f(x) cos nxdx, . 

Ttj —7t 

If 0 If™ 

— - f(x) cos nxdx + -1 f(x) cos nxdx. 

71J —75 71 J 0 

Substituting x = —z in the integral between — n and 0 we have 

dx — —dz 
f{x) =/(-*) = '(*) 
cos nx — cos nz 

i>-r 

1 1*0 l Cn 

and hence - I f(x) cos nxdx = - 1 f(z) cos nzdz. 

71 J —tc 71 J o 

Since 2 is only a variable of integration the two parts of the integral for 
a n are equal and we have 

2 f n 

a n = -1 /(*) cos 
rcJo 

If 0 1 r« 

Similarly b n = -1 /(%) sin + - I /(#) sin nxdx. 

71 J —75 0 

Since sin n# = —sin nz there is a further change of sign when —z is 
substituted for x , the two parts of the integral are of opposite signs and 
we have 

b n a 0. 

If/(x) is an odd function of x we have f(x) — /(— z) = —/(*), there 
is a further change of sign in the transformation of the first part of the 
integrals for a n and b n and we have 

<*n = 0, 

2 f* 

b n = - j f{x) sin nxdx. 

71 J 0 
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Thus the Fourier series for an even function of x contains cosine 
terms only and the coefficients are 

2 f 71 

a n = - f(x) cos nxdx. 
rcJo 

The Fourier series of an odd function of x contains only sine terms and 
the coefficients are 

2 f w 

b n ~~\ f(x) sin nxdx . 

7ZJ o 

Example 10. A function f(x) is defined as 

f(x) = -x, -n < x < 0, 
fix) = x, 0 < x < n. 

Find the Fourier series expansion of the function. 



The function f(x) is even and its graph is as shown in Fig. 143. 
It contains only cosine terms and we have 

2 C n 

- - * 
nj 0 


xdx 


2 r c 
“ - 
71J o 


x cos nxdx 


2fx . 1 

» -1 - sin nx -\—- cos nx 
7i in «* 

2 

- — 8 ( cos nn - *)• 

Tin 8 


r 

Jo 


m 


71 __ 


1 4 / 

-71 - 1 < 

2 ti\ 


cos x + - cos 3* -f cos 5x + 


•4 


6.21 Cosine and Sine Series 

If a function f(x) is given only between x = 0 and x = n we may 
treat it as if it were an even function of x or as if it were an odd function 
of x. 

In the former case we may write 

1 00 

-a 0 + Z a n cos nx, 

Z n—1 


m 

O fit 

«»= - /(*) 
TlJo 


cos nxdx. 


where 
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In the latter case we may write 

00 

f{x) = £ b n sin nx 


where 


o r n 

K = - /(*) si 


sin nxdx . 


Thus for a function defined only between 0 and n we may write down 
either a cosine series or a sine series. Either series represents the func¬ 
tion between 0 and it. 

Example 11. Find Fourier cosine and sine series for a function f (x) given by 


m 


cos -X, 0 < X < TU 
& 


For the cosine series 


2f* 1 4 

«„ = - I cos -xdx — 

• 7tJ o 2 n 


a n = - cos \x cos nxdx, 

7l)o 2 

= yI{ cos (” + ^ + cos (”"M^ 

1 |*sin ( n 4 - 1/2)# t sin (n — 1/2)#]” 
n[ n + 1/2 n — 1/2 Jo* 

1 f cos wi cos nn "] 

= n\n +1/2 ~ n - 1/2 J 


/M 


4 COS WT 
n 4« a — 1* 

2 4 ® cos nn 

- £ —z - 7 cos nx. 

n 7i „ , 4 n* — 1 


For the sine series 


2 1 

6 - = - I cos -# sin nxdx 

” JiJo 2 


nSl{ SiD (” + D* + ^ (” “ l) X } dX 

1 [ cos {n -j- 1/2)# cos (« — 1/2)#]^ 

ji[ n -f 1/2 n — 1/2 J 0 

1/ 1 1 \ 

7i\n +1/2 ^ n — 1/2/ 


8 


n 4 n % — 1 
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Example 12. The loading on a beam of length l is wx(l — x) at a distance x from one 
end. Find a Fourier sine series for the loading . 


We have 


f(x) = wx(l — x), 0 < x < /. 


-z( 7 l — z) t 0 < * <71. 


For the sine series in z 


2 p* wl 8 

b n «= -1 ~~rz(n — z ) sin nzdz 
71J o tv 

2wM , / 1 \ , / 1 . \ 

■» |x(w — — - cos nzj — (n — 2*)l —— sin nzj 


+ (-2)(^cos »*)]* 


—z(n - z) 
71* 


-(1 — cos nn). 


4 wl* ® 1 — cos nn . 

—_ z --- sin nz, 

7t* « 8 


4 wl* ® 1 — cos rm . rar* 
n3 sxn — 

Bw/ 2 / . tmt 1 . 3jr* 1 Stmt \ 

= -^r n T + 3» sm — + 5> sm ~r •••) 

8w/ 2 *J 1 . (2« 4- 1 )tt# 

=- 2 , -sin-—. 

* n -0 + l) 8 / 

IT 

6.22 Symmetry about - 

The graphs of cos 2x , cos 4x, ..cos 2nx , sin sin 3x, .. 

sin (2 n + 1)# are all symmetrical about x = -tz (Fig. 144). 

z 

The graphs of cos x, cos Zx ,.. ., cos (2 n + l)x, sin 2#, sin 4x ,. . ., 
sin 2«# are all skew symmetrical about x = - (Fig. 145). 
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That is cos 2 nx — cos 2 nfa — x) 

sin (2n + l)x — sin (2n + 1)(tz — x) 
cos (2 n + l)x = —cos (2 n + l)(?r — x) 
sin 2 nx = —sin 2n(n — *). 

It follows that if a function of x, f(x) defined for 0 < x < n is sym¬ 
metrical about x = ht, so that /(*) = f(n — *), the cosine series for 

f(x) will contain only cosines of even multiples of x and the sine series 
will continue only sines of odd multiples of 

If f(x) is skew symmetrical about x — -n, so that f(x) = —f(n — x), 

the cosine series for f(x) will contain only cosines of odd multiples of x 
and the sine series only sines of even multiples of x . 

Suppose that f(x) — f(n — x) and that we require the cosine series. 

2 C n 

a n —~\ f(x) cos nxdx 
nj o 

w 

2 f2 2 f n 

— -1 f(x) cos nxdx + -1 f(x) cos nxdx. 

7tJ o Ttj * 

2 

In the integral from to n let x = n — z . 

A 

f(x) = f(n — z) =f(z) 
dx — —dz 

cos nx — cos n(n — z) = cos nn cos nz, 

ii=- ii- 

2 

« 

Hence j* f (x) cos nxdx = cos nn^ f(z) cos nzdz 
2 

n 

— cos nn 2 f(x) cos nxdx. 

J 0 

7E 

2 (*2 

Therefore — -(1 + cos nn) f(x) cos nxdx. 

n J 0 

Hence we have « 2 »+i = 0, 

TU 

4 f 2 

a 2» = “ I /W 1 

TtJ o 


cos 2nxdx. 
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A similar proof applies to the other cases of symmetry and skew 
symmetry about ^7 1 . 

The results may be summed up as follows: 
f(x) = f(n — x), cosine series, a 2 »+i = 0 

7C 

4 [* 2 

a 2 n — ~ I f( x ) cos 2nxdx, 

71J 0 

sine series, b 2n = 0 

71 

4 f 2 

& 2 «+i = -1 f(x) sin (2w + 1 )xdx. 

71J 0 

f(x) = —/(tt — at), cosine series, a 2n = 0 

71 

4 fi 

« 2 n+i = - I f(x) cos ( 2 n + 1 )xdx, 

71J 0 


sine series, b 2n+1 = 0 


4 [*/(*)■ 

7CJ 0 


sin 2 nxdx. 


Example 18. A function f(x) is defined for 0 < x < n so that (Fig. 146), 



/(*) - *. 

A 71 

0 < x < 

4 

/(*) - 0 . 

n 

4 < * < 2 ’ 


/(* - *) “ /(*)• 

Find a cosine series for f(x). 


«o = ^ j\f(x)dx 


*( 

71J 0 8 


4 C4 

a *n - - 

ttJ 0 


# cos 2nxdx 


4Tx 1 

-I-— sin -f —cos 2nx 
nl2 n 4« 2 


l 4 ' 

Jo 


4 f 71 . 

- i — sin 
jt 18n 


n \ + i( COSM l" *)}• 
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If n = 2m - 1, 

cos mn 
a ' n = ~4m - 2 


I 

*(2m - X) 8 ' 


If n = 4m, 

°»n - Yg^(cos 2m?i - 1) - 0. 
If » - 4m - 2, 

-2 

“** “ (4m - 2)*n‘ 


/(*) 


• 71 


16 



cosmTi 
4m - 2 


+ 


4 

7i(4m — 2) 2 


j- cos (4m — 2)* 


2 £ _1_ 

71 m-l ( 4wt “ 2 ) 8 


cos (8m — 4)* 


“S + Q cos ^-5 co 8 «*+4 cos10 *-'") 

- ^(i cos 2 * + &<** 6 * + i^cos 10^ + ...) 

- ?(i cos 4* + i cos 12* + ^ cos 20, + ...). 


6.23 Conditions for a Fourier Expansion 

Any function of x can be expanded in a Fourier series if it satisfies 
what are called Dirichlet’s conditions. 

The first of these is that it should be sectionally continuous in the 
fundamental interval, that is the fundamental interval can be divided 
into a finite number of intervals in each of which the function is con¬ 
tinuous and has finite limits as the variable approaches either end 
point from within the interval. 

At a discontinuity we can distinguish between the limit of f(x ) at 
any point x 0 according to the direction in which the variable approaches 

Xq» 

Thus if e > 0 

+ «) 

«-X) 

is written f(x 0 + 0) and called the right-hand limit of f(x) at x =x 0 . 
Similarly,/(# 0 — 0) is the limit of f(x 0 — s) and is called the left-hand 
limit. 

In the same way the right-hand derivative of f(x) at x = x 0 

Um ffro + e ) ~ /(*o) 

*-+0 s 
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and the left-hand derivative is 

= Um /K-g) , - / K) . 

«->0 “6 


Dirichlet's conditions axe 

(1) f(x + 2n) = /(*), for all 

(2) f(x) is sectionally continuous in the fundamental interval. 

If these conditions are satisfied the Fourier series for f(x) converges to 
the value \{f{x + 0) + f{x — 0)} at every point at which f{x) has a 
right-hand and a left-hand derivative. 


6.24 Differentiation and Integration of Fourier Series 
Consider the expansion obtained in Example 5 

x = 2^sin x — ^ sin 2x + ^ sin 3x ... 

The series obtained by differentiating the series term by term is 
2 (cos x — cos 2x + cos 3x ...). 

Now this series is not convergent since the value of the nth term does 
not tend to zero as n tends to infinity. 

A Fourier series 

1 00 

f(x) = -a 0 + £ {a n cos nx + b n sin nx), 

2 1 

where f{x) is continuous in the interval — n to n with f(—n) = /(rc), 
may be differentiated term by term if its derivative f'(x) is sectionally 
continuous in the same interval, and at each point at which/'(x) has a 
derivative 

oo 

fix) = £ n(—a n sin nx + K cos nx). 

»«-i 



An example of this is 


of 

4 


7T , 1 rt 1 o i 

—-cos X + - cos 2x -cos ox + .. 

12 4 9 


Differentiating we have 


x 1 . 1 . 

- = sin x -sin 2x + - sin 3x 

2 2 3 


Integration of a Fourier series gives a series which is more strongly 
convergent than the original series and hence any Fourier series can be 
integrated term by term. 
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Thus if 

1 00 

f(x) = -Oo + E (a n cos nx + b n sin nx), 

2 »-i 

f J <D 1 

f(x)dx = -UqX + Z ~(a n sin nx — cos n*). 

J 2 n 

The integrated series is not, however, a Fourier series unless a 0 = 0. 
6.25 Harmonic Analysis 

The term harmonic analysis is usually applied to mechanical or 
numerical methods of obtaining the coefficients of a Fourier series for 
a function whose graph is known. The periodicity of the function will 
be evident from the graph and the fundamental interval may be taken 
as equal to 2n. 

The fundamental interval is divided into a number of smaller 
intervals and the ordinates of the graph measured at the beginning of 
each interval. It is convenient to take 12 sub-intervals and thus we have 
the ordinates 

y 0 , y» y* • • •» yn> ya(= y<>)- 

We find the coefficients a n and b„ by using the mid-ordinate rule to 
approximate to the values of the integrals. 


«o = - f ydx 
jrJo 

i 

n 6[ 


+ yi , yi + y? 


+ ...+ 


yn + 1 


= g(yi + + 

l 12 

= S 
Or-1 


* + ^ 12 ) 


a n = i f y cos nxdx 

nJo 

1 ™ nrn 

~ - E y r cos . 

6 rs *i r 6 

1 r2n 

b n = - I y sin nxdx 
ttJo 


Thus a n and b n are taken as twice the mean values of the numbers 
y r cos nrn 16 and y r sin nrnjQ respectively. 
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Example 14. Find the first three harmonics of the function whose period is 2n and 
whose values at equal intervals of 30° are (Fig. 147), 

x (degrees) 30 60 90 120 160 180 210 240 270 300 330 360 


y 2-41 3*30 3 00 2*76 2*40 2*60 2*10 2 00 1*50 1*36 1*20 1*00 



The 

working 

may be tabulated as 

follows: 




X 

y 

cos X 

y cos x 

sin x 

y sin x 

cos 2x 

y cos 2x 

30 

2-41 

0*866 

2*09 

0*6 

1*21 

0*5 

1*21 

60 

3-30 

0*5 

1*65 

0*866 

2*86 

-0*5 

-1*15 

90 

300 

0 

0 

1*0 

3*00 

-1*0 

-3*00 

120 

2-75 

-0*5 

-1*38 

0*866 

2*38 

-0*5 

-1*38 

160 

2*40 



0*5 

1*20 

0*5 


180 

2-60 



0 

0 

1*0 


210 

2*10 

-0*866 

-1*82 

-0*5 

-1*05 

0*5 

1*05 

240 

2*00 

-0*5 

-1*00 

-0*866 

-1*73 

-0*5 

-1*00 

270 

1*60 

0 

0 

-1*0 

-1-60 

-1*0 

-1*50 

300 

1*35 

0*5 

0*68 

-0*866 

— 1*17 

-0*5 


330 

1*20 

0*866 

1*04 

-0*5 

—0*60 

0*5 


360 

1*00 

1*0 

1*00 

0 

0 

1*0 

1*00 

Total 

25*61 


— 2*42 


4*60 


-1*05 

2 Mean 4*21 


-0*40 


0*77 


-0*18 



















EXERCISES 



211 

y 

sin 2 x 

y sin 2 x 

cos 3 x 

y cos 3 x 

sin 3 x 

y sin 3 x 

2*41 

0*866 

2*09 

0 

0 

1 

2*41 

3*30 

0*866 

2*86 

-1 

-3*30 

0 

0 

3*00 

0 

0 

0 

0 

-1 

-3*00 

2*75 

-0*866 

-2*38 

1 

2*75 

0 

0 

2*40 

-0*866 

-2*08 

0 

0 

1 

2*40 

2*60 

0 

0 

-1 

-2*60 

0 

0 

2*10 

0*866 

1*82 

0 

0 

-1 

—2*10 

2*00 

0*866 

1*73 

1 

2*00 

0 

0 

1*50 

0 

0 

0 

0 

1 

1*50 

1*35 

-0*866 

-117 

-1 

-1*35 

0 

0 

1*20 

-0*866 

-1 04 

0 

0 

-1 

-1*20 

1*00 

0 

0 

1 

1*00 

0 

0 

Total 


1*83 


-1*50 


0*01 

2 Mean 


0*31 


-0*25 


0*00 

Thus we have 






/(*) = 2-14 

— 0*40 cos x 

— 0*18 cos 2 x — 0*25 cos 3 x -J- . 

. . 



+ 0*77 sin x + 0*31 sin 2 x + 0 sin 3 a? + .... 


EXERCISES 6 (e) 

Show that if the Fourier series of period 2 n for a function f(x) con¬ 
tains sine terms only, then the coefficient of sin nx is given by 

2 f" 

I f{x) sin nxdx . 

*Jo 

If f{x) is zero when x is between 0 and n/2 , and unity when x is 
between nj 2 and n, find the coefficients of the Fourier sine series, and 
draw the graph of f(x) from x = 0 to x = 2n. (L.U., Pt. II) 

Show that, in the range 0 < x < n, sin x can be represented by the 
cosine Fourier series 

4 f 1 cos 2x cos 4# cos 6x cos 2fix 

7i [ 2 ~~ 3 15 35 4p 2 — 1 

Show by a sketch the function represented by the sum of the series 
for values of x from — n to 3 tt. (L.U., Pt. II) 

Show that the function of x which is equal to x(n — x) in the range 
0 < x < n can be represented by a Fourier series containing sines of 
odd multiples of x only. Sketch the graph of the function represented 
by the series for the range — 2n < x < 4n. Determine the coefficients 
in the series, including that of sin (2 n — l)x. (L.U., Pt. II) 

If /(*) — —/(—*) in the range —n < x < n, show that the Fourier 
series for f(x) in this range contains no cosine terms. 
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If the above function is defined by f(x) = * when 0 < x < 


and f(x) — n — x when - < x < n t show that in the range 

2 


-n <x <n, f(x) 


f y . sin(2 w+l)* 

( 2 « + 1 )* 


(L.U., Pt. II) 


5. What conditions must be satisfied by a periodic function of x of 
period 2n in order that its Fourier series may contain (i) cosine terms 
only, (ii) cosines of odd multiples of x only ? 

7lX 

If the function f (x) is defined by f(x) = cos —, 0 < x < a, 

2 a 

f(x) = 0, a < x < ^n t and satisfies the conditions for case (ii) above, 

draw a sketch showing the form of the function throughout one 
period. Determine the Fourier series. (L.U., Pt. II) 

6 . Show how to obtain the coefficients in the Fourier expansion of a 
function/(#) which is given in the range (— ti, ti). 

Obtain the harmonic analysis of the function defined by f(x) = c 
in the range (0, a), f{x) = 0 in the range (a, n) and f(x) = /(—#). 

Describe briefly the effect of (i) integrating, (ii) differentiating a 
Fourier series. (L.U., Pt. II) 


7. The function f(x) is defined for 0 < x < n by f(x) = -, 0 < x < 

3 3 

n 2 n 2 n 

f(x) = 0, - < x < -7t, f(x) = — < x < 7i. Obtain the expansion 

O o o O 

in a series of cosines of multiples of x. Show that the terms cos nx 
are absent when the remainder on dividing n by 6 is 0, 2, 3 or 4. 

(L.U., Pt. II) 


8 . A function f(x) = \x 2 in the interval — ti < x < ti and is repeated 
with this period. Prove that 


jr 2 

'<*> = 12 


cos X -f 


cos 2x cos 3x 


2 2 


3 a 


and find the value of the term containing cos 2 px when x = jz/2. 

(L.U., Pt. II) 


9 . State the conditions as to symmetry and periodicity which must be 
satisfied by a function if it can be expanded in a Fourier series of 
(i) sines of multiples of x , (ii) cosines of odd multiples of x . 

The function / (x) is defined in the range 0 < x < ti/ 2 by 

f(x) — n( 2 — 

If it satisfies conditions (ii) above, draw a graph of the function 
throughout a period and find its Fourier series. (L.U., Pt. II) 
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10. A function of x , of period 2n, is zero for 0 < x < n/2 and cos x for 

n\2 < x < ti. Expand the function in a series of cosines of multiples 
of x, valid when 0 < x < n. Sketch the graph of the sum of the series 
for values of x between 0 and Zti. (L.U., Pt. II) 

11. A function of x , of period 2n, is equal to — x 2 for —n < x < 0 and 

is equal to x 2 for 0 < x < n. Express the function as a Fourier series, 
and sketch the graph of the sum of the series for values of x between 
— and 5n. (L.U., Pt. II) 

12. A function is defined by f(x) — nx — x 2 for 0 < x < n. Expand the 
function in (i) a series of sines only, (ii) a series of cosines only of 
integral multiples of x, each of the series being valid for 0 < x < n. 
Sketch the graph of the sum of each series for — n < x < n. 

(L.U., Pt. II) 


13. 


71 

A function f(x) of period 2 n in x t is such that f(x) = Zx for 0 < x < -, 

O 


f(x) as n for - < x < and the corresponding Fourier series contains 
3 2 


sines of odd multiples of x only. 

Sketch the graph of f(x) from x = 0 to 2n and obtain the first five 
non-vanishing terms of the Fourier series. 

By considering the value f(nj 4) obtain a series expression for ti*. 

(L.U., Pt. II) 


14. A function f(x) is such that 

f(x) = f(x + 2n) and f(x) — -x 2 for — n < x < n. 

4 

Sketch the graph of f{x) from x — —2n to 2n and state what terms 
are absent from the Fourier expansion of f(x) in the range —n ton 
of x. 

Obtain the general term in this series and deduce the value of 
Z n~*. (L.U., Pt. II) 

n« 1 


16. Assuming that for values of x between 0 and c it is possible to expand 

flJlX 

a function f(x) in the form Zb n sin-, show that 

c 


2 f c 
= *]o J 


S, x * n nx 

f(x) sin —^~dx. 


If 0 < X < 1, and f(x) = x when 0 < x < Att, 


m = 


An — x) when hi < x < n t 


show that 

m = 


2 


5»(1 - A) 


sin nXn . 

- Z --— sm nx , when 0 < x < 91 . 


(L.U., Pt. II) 


A.M.E.—8 
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16. The following are 12 values of a periodic function of period 2n in x 
for x = 0, 27ij\2, 4^/12, etc. Find the first three harmonics of the 
Fourier series which represents the function. 

2-34, 3-73, 4*42, 3*72, 2-47, 1-58, 

1*10, 0-99, 1*32, 1-93, 1*91, 1*70. 

17. The following 12 values of a periodic function of period 2 n in x are 
for x = 0, x = 2n/12, etc. Find the first three harmonics of the 
Fourier series for the function. 


8*40, 7*22, 5*20, 305, 1*57, 0*95, 

1*04, 1*73, 2-94, 4-70, 6*54, 8*00. 




CHAPTER 7 


VECTOR ANALYSIS 
7.1 Definitions and Notation 

A vector is defined as a quantity which has both magnitude and 
direction and which is such that the sum of two of these quantities may 
be obtained by the parallelogram law. 

In Chapter 1 it was shown that displacements, velocities, accelera¬ 
tions and forces sure vectors, and it was seen that vectors can be 
resolved into components and differentiated with respect to the 
time. 

We now consider some more general theorem ion vectors using some 
of the methods of three-dimensional coordinate geometry, and it will be 
seen that there is an algebra for vectors with rules similar to those of 
ordinary algebra and a calculus for vectors with rules similar to those 
of the ordinary calculus. 

A vector whose direction is from A to B and whose magnitude is 
proportional to the length AB may be denoted by AB (in clarendon 
type), or by a single letter such as a. For written work it is convenient 

—>• —> 

to use one of the symbols AB, AB, a or a. The modulus of a vector is 

its magnitude. Thus a vector AB has modulus proportional to the 
length AB\ the modulus of a vector a is denoted by a . 

The vector whose direction is that of a given vector a, and whose 
modulus is unity is denoted by &, and called the unit vector in the 
direction of a. When Cartesian coordinates are used unit vectors 
parallel to the axes of reference OX, OY and OZ are denoted by l, J and 
k respectively (in clarendon type) or, more usually, by i, j and k (in 
italics). 

A vector as such is not considered as having any definite location. 
Thus equal and parallel vectors are equivalent and the statement 
a = b means that the vectors a and b are equal in magnitude and in 
parallel directions. Now, a force is localized in a straight line, a velocity 
is localized at a point, but we may treat these quantities as vectors 
without reference to their position and the theory of vectors will give 
results concerning their magnitude and direction. 

The term scalar is used to denote a quantity which has magnitude 
but not direction; thus any number is a scalar if it is not associated 
with a direction. In mechanics such quantities as mass, temperature 
and energy are scalar quantities. 
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7.2 Addition of Vectors 

If vectors a and b are placed end to end so that (Fig. 148) AB = a 
and BC — b then AC = e is the vector sum of AB and BC and we write 

c = a + b. 

Completing the parallelogram A BCD, since the opposite sides are 
0 c equal and parallel we have 

AD = BC = b, 

DC — AB = a, 

and since 

AC = AD + DC, 
c = b + a. 

a B 

Fi Thus the order in which the vectors 

lg ’ are taken is immaterial and the so-called 

addition of vectors obeys the commutative law of algebra, since 

a + b = b + a. 

From a diagram, such as Fig. 149, it is easily seen that when three 
vectors a, b, C are added we have 

a + (b + c) =» (a + b) + c 
= b + (a + c). 

In these expressions the quantities 
in brackets are added first and these 
equations show that vector addition 
obeys the associative law of algebra. 

The vector — b being defined as a 
vector of 
the same 

modulus as b but in the opposite direction, 
the subtraction of b from a is equivalent to 
the addition of a and —b. 

Thus the equation 
Fig-150 a - b = a + (-b) 

defines the operation of subtraction (Fig. 150). 



f. 



at® 



X 

a 

/ 



Fig. 149 


7.3 Multiplication of a Vector by a Scalar 

If tn be a real positive number and a a vector, the product m a is 
defined as a vector whose direction is the same as that of a and whose 
modulus is ma. Then —wa is a vector of modulus tna in the opposite 
direction to a. 

It follows that any vector can be expressed as the product of its 
modulus and the unit vector in the same direction thus 

a = aL 
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It is easily seen that the associative and distributive laws of algebraic 
products hold for products of scalars and vectors. 

Thus ra(na) = n(m a) = mn a, 

(m + n) a = wa + na, 

«(a + b) — na + nb. 

Example 1. Prove that if X and ja are scalar quantities 

AAB + juAC - (A + /*)AD, 
tt>Afiffi ADB -f /zDC =» 0. 

Since ADB 4* //DC = 0 the vectors DB and DC must be parallel and hence 
D must lie on BC (Fig. 151), and divide BC in the ratio jx : A. 

Now AB = AD + DB, 

AC = AD + DC, 

therefore AAB + p AC — (A + /z) AD + (ADB + fxDC) 

- (A + fi) AD. 

7.4 Components of a Vector 

Let a vector r — OP join the origin of coordinates to a point P 
whose coordinates are (x, y, z) (Fig. 152); r is called the position vector 
ofP. 

C 


B 

Fig. 151 Fig. 152 

The projections of OP on the coordinate axes are x, y and z respec¬ 
tively and OP is the sum of three vectors whose moduli are x, y and z, 
and whose directions are parallel to OX , OY and OZ respectively. 

These three vectors may be written as products of their moduli and 
the unit vectors in the direction of the axes, that is xi, yj, zk respectively. 

We have therefore 

r = xi + yj + zk. 

The vectors xi t yj, zk are called the components of the vector r in the 
directions OX, OY, OZ respectively. 

The sum of two vectors is easily obtained as the sums of the com¬ 
ponents of the vectors. 

Thus if 

ti = xj + yj + z x k, 

r + Ti = (x + + (y + y x )j + (z + zjk, 

and any number of vectors can be added in this way. 
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If the direction cosines of a vector r are given as (l, m, n), where 
l 2 + m 2 + n 2 = 1 , the projections of r on the axes are rl , rnt and rn, 
and we have 

r = rli + rmj + rnk 
= r(li + mj + nk). 

The vector li + mj + nk is a unit vector in the direction of r # since its 
modulus is (l 2 + m 2 + n 2 ) 1/2 ~ 1. 

Thus if a vector is 2 i — 3 j + Ak, we may write this as a unit vector 
multiplied by the modulus. 

We have 

2 a + 3 a + 4 2 = 29, 

and 2* — 3; + 46 = a/(29)1—-—*--— j A - - -*1. 

V W(29) V(29r^V( 2 9) J 

Then (29) is the modulus and the unit vector is 
(2 i - 3; + 4£)/y'(29). 

The direction cosines give the direction of the vector and its sense 
since they are the cosines of the angles made by vector with the positive 
directions of the axes. Thus the vector — li — mj — nk has the same 
direction as the vector li + mj + nk but is in the opposite sense. 


Example 2. A force o/12 lb. acts in a direction whose direction cosines are 

and a force of 21 lb. acts in a direction whose direction cosines are 
Find the magnitude and direction of the resultant of these forces. 


2 2 
*3’ ~3' 
2 3 6 
7* 7* 7 


The forces expressed as vectors are 

12 (r ~ P ~ P) ~ il ~ 8j ~ 8k - 

( 2 3 6 \ 

-f + ^ + f) = -6t + 9 j + ISA. 

The vector sum is — 2i + j 4* 10A, 

= V'( 1 0«){ - y( 106 )* + y'(105)^ + \J (105)^}’ 

Hence the magnitude of the resultant force is ^(105) lb. and its direction 
cosines are 

2 1 10 

vmy v( io 5)' v( io5 )‘ 


Example 3. In a tetrahedron OABC, the angles BOC, CO A, AOB, and the sides OA, 
OB, OC, are denoted by a, ft, y and a, b, c respectively. If G is the centroid of 
ABC, prove that 30G — OA 4 - OB + OC and hence or otherwise prove that 
(3 OG) 2 ** a 2 4- b* 4- c 2 4- 2 be cos a 4* 2 ca cos p 4- 2 ab cos y. (L.U., Pt. II) 
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If D be the mid-point of A B (Fig. 153), 

OA = OD 4 DA, 

OB = OD 4 DB, 

and since DA 4 DB = 0 , 

OA 4 OB - 20D. 

Now CD is a median of the triangle A BC 
and the centroid G lies on CD, so that q 

2GD 4 GC = 0 

Therefore OC = OG + CM3, 

20D = 20G 4 2GD, 

OC -f 20D - 30G, 

that is 

OA 4 OB 4 OC =* 30G. 

Let (Z„ m lt «,), (l 2 , m 2 , n 2 ), (L, m 3 , n z ) be the direction cosines of OA, OB, 
OC respectively. 

Then OA = a{l x i 4 m \j + n ik) 

OB *= b(l 2 i 4 tn 2 j + njt) 

OC — c(l 3 i 4 m 3 j + n 3 k). 

OA 4 OB 4 OC — (al x 4 6/ 2 4 cl 2 )i 4 (aw, 4 bm 2 4 cm 3 )j 

4 ( an 1 4 bn 2 4 cn 2 )k 

- 30G. 



Therefore the modulus squared is 

(30G) 2 = (a/, 4 bl 2 4 c/ 3 )* 4 {am 1 4 bm 2 4 cm 3 ) 2 4 {an x 4 bn % 4 cn 9 )*. 
In this expression the coefficient of a 2 is / t 2 4 m , 2 4 n x 2 = 1, and the co¬ 
efficient of 2 be is / 2 / 3 4 W 0 W 3 4 w 2 « 3 . This is the cosine of the angle between 
the directions ( l 2 , m 2 , n 2 ) and (l z , m 3 , « 3 ) and is cos a. 

Hence by symmetry we have 

(30G) 2 = a 2 4 + & 4 26c cos a 4 2 ca cos 4 2a6 cos y. 


7.5 Angular Velocity as a Vector 

Angular velocity about an axis is a vector whose magnitude is the 
magnitude of the angular velocity and whose direction is that of the 
axis of rotation. The sense of this vector is taken as the direction in 
which the angular velocity would drive a right-handed screw along the 
axis of rotation. Thus the minute hand of a clock has an angular 
velocity of 1/60 r.p.m. and this angular velocity can be represented by 
a vector of magnitude 1/60 perpendicular to the clock face through its 
centre towards the interior of the clock. 


To establish the fact that angular velocity is a vector we must show 

that two angular velocities can be added 



vectorially. 

Let AB and AD be vectors representing 
two angular velocities and let AC (Fig. 
154) be the diagonal of the parallelogram 
formed by A B and A D . 

Let P be any point on ^4C and p x and 


A 


5 the lengths of the perpendiculars from P 


to AB and AD respectively. 


Fig. 154 
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The velocity of P due to the rotation AB is p x x AB perpendicular 
to the plane PAB and out of the page, and this is twice the area of the 
triangle PAB. The velocity of P due to the rotation AD is p 2 X AD 
perpendicular to the plane PAD and into the page, and this is twice 
the area of the triangle PAD. 

Now it is a well-known property of a parallelogram that for any 
point P on a diagonal the triangles formed by joining P to the extremi¬ 
ties of adjacent sides of the parallelogram are equal in area. 

That is APAB = APAD. 

Therefore the velocities given to P by the two rotations are equal and 
opposite, that is, P has zero velocity and therefore lies on the axis of 
the resultant rotation. Therefore the two rotations AB and AD com¬ 
bine to give a rotation about AC. 

The magnitude of the resultant rotation may be found by considering 
the velocity of B. 

Due to the rotation AD the velocity of B is AD multiplied by the 
perpendicular from B to A D, which is equal to the area of the parallelo¬ 
gram A BCD . The rotation AB adds no velocity to this. 

Let co be the magnitude of resultant velocity about AC. The velocity 
of B due to co is copy where p is the perpendicular from B on AC, and 
since this must be equal to the velocity of B due to AD, cop must be 
equal to the area A BCD, and hence 

co = AC. 

Thus the resultant of the angular velocities AB and AD is represented 
in magnitude and direction by the diagonal AC of the parallelogram. 

Thus angular velocity is a vector and, for example, an angular 
velocity of 15 radians per second about an axis whose direction cosines 
with reference to axes OX, 0Y> OZ are J, —f, f, is the vector 
5i — 10/ + 10£ rad./sec. 

Angular momentum is the product of a moment of inertia and 
angular velocity, that is a product of a scalar and a vector, and there¬ 
fore is itself a vector. Thus if a body in turning about an axis whose 
direction cosines are l , m , n with angular velocity co and the moment of 
inertia about the axis of rotation is /, the angular velocity is the vector 

co(li + mj + nK)> 

and the angular momentum the vector 

lco(li + mj + nk). 

EXERCISES 7 (a) 

1 . If a and b are the position vectors of A and B respectively, find the 
position vector of a point C in AB such that AC = 2 CB. 

2 Calculate the modulus and the unit vector of the sum of the vectors 
i - Zj + 4ft, 3i + + 5ft, -3 i + 6 j - ft. 
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3 . Forces of 2, 3 and 4 lb. act at the corner 0 of a cube one along each 
of the diagonals of the faces which meet at 0. Find the magnitude of 
the resultant and its inclination to each of the edges which meet at 0. 

4 . If the position vectors of points P and Q are i — Zj +- 4A and 
4 i — 5j — 2k respectively, find the length of PQ and its direction 
cosines. 

6 . The position vectors of points A, B, C are 2 i — Zj + 4k, 4 i — 2j + Zk, 
3 i — 4 j +- 2k respectively. Find the angle between the vectors AB 
and BC. 

6 . Prove that the modulus of the sum of the vectors fti, a* a* .. is 

{£a r * + 21 cos a,.,} 1 * 

r r,s 

where a r8 is the angle between the vectors a, and a tf . 

7 . Find the magnitude of the angular velocity which is the sum of the 
angular velocities 4 i — Zj +* 2k and —2 i + j +- k, and the direction 
cosines of the axis of rotation. 

8 . Vectors OA — a, OB = b, OC = C are edges of a tetrahedron. Find 
in terms of a, b and c the position vector with respect to 0 of the mid¬ 
point of the line joining the mid-points of OA and BC, and hence 
show that the joins of the mid-points of the opposite edges of a tetra¬ 
hedron intersect and bisect each other. 

9 . Vectors OA = a, OB = b, OC = C are edges of a tetrahedron. Show 
that the lines joining the vertices of the tetrahedron to the centroids 
of opposite faces intersect in a point which divides these lines in the 
ratio 3 : 1 and find the position vector of this point. 

10. The edges OA, OB, OC of a solid tetrahedron are of lengths a, b and 
c and the angles BOC, CO A, AOB are a, f$, y, respectively. Find the 
distance from 0 of the centre of gravity G of the tetrahedron and the 
angle AOG. 

7.6 Differentiation of a Vector 

A vector may be a function of a scalar quantity such as the time 
that is either its modulus or its direction or both may vary with t. The 
differential coefficient of the vector with respect to the time takes 
account of its change of magnitude 
and direction. 

Let r — OP be a vector drawn from 
a fixed point at time t (Fig. 155); at 
time t + dt let the vector be OP' and 
let it be denoted by r + <3r, so that 
by vector subtraction PF is the 
vector dr. 

The vector dr is the increment of 
the vector r in the time dt and has 
both magnitude and direction. Then 

A.M.E.— 8 * 



Fig. 155 
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dr . 

~ is a vector and the derivative of r is defined as 
ot 

. dr dr 

r = ~ = lim —. 

dt ot 

Since in the limit the direction of St is that of a tangent at P to the 

locus of P the direction of r is along this tangent. 

The derivative of the sum of two vectors is easily obtained. 

Let r = r x + r 2 

<5r = <5r, + <5r g 

. .. <5r 

r = lim — 

dt->Q Ot 


= lim /'$?! + 

i dt) 


= *1 + * 2 - 

The derivative of the product of a vector and a scalar, both of which 
vary with the time, is obtained by considering the increments of each. 

Let r = as 

r + dr = (a + da)(s + <5s) 

Sr = ads + sda + dads , 


That is 


r dr v ds . .. da , .. * <3s 
hm — = a hm - + s hm — + lim da-. 
«->0 Ol Ot dt-+0 ot ot 

dr ds , da 

— = a - s —. 

dt dt dt 


7.7 Derivative in Terms of Components 

Let r = xi + yj + zk. 

Then since the unit vectors are constant in magnitude and direction 
we have 

i — xi + yj + zk. 

If the vector r is written as the product of its modulus and the unit 
vector, its direction cosines being l, m , n , we have 

r = r(li + mj + nk) 

f = r(li + mj + nk) + r(li + mj + fik). 

Thus the derivative of r has two parts, a vector of magnitude r in the 
same direction as r and in addition the vector r(U + ihj + nk). 

Since l 2 + m % + n 3 = I, 

we have ll + mm + nn = 0. 

Hence the vector r(ii + mj + nk) is perpendicular to the vector r. 





7] 


VELOCITY AND ACCELERATION 


223 


If r and r + <5r be the vector at times t and t + 8t, the direction 
ratios of r + 8t are 

l + 61 : m + 8m : n + 8n. 

Hence, if 80 be the angle between the vectors r and r + <5r we have 
1(1 + <5Z) + m{m + dm) + n( n + 


cos <50 


{(/ + 8l) 2 + (m + 8m) 2 + (» + 8n) 2 } m 

1 

” {1 + (8l) 2 + (8m) 2 + (8n) 2 }™* 

sin 2 80 = {6I)2 + {6m)2 + {Sn)2 - 

l + (8l)*+(8m)*+(8n)*’ 

that is (<50) 2 = (81)* + {8m) 2 + {8n) 2 > approximately, 
and hence in the limit 

0 2 = (Z 2 + m 2 + a 2 ). 


Hence the derivative of the vector r is 

r = r(ii + mj + nk) + rd(li + mj + nk)j(l 2 + m 2 + A 2 ) 1 *. 

Thus the component of r due to changing direction of the vector is, 
as was seen in § 1.3, of magnitude r0 and perpendicular to the vector r. 


7.8 Velocity and Acceleration 

If r be the position vector of a point P with respect to a fixed point 
0, the velocity of P is the rate of change of its position, and the velocity 
vector v is 



If the coordinates of P with reference to fixed axes are (x t y, z) we 
have 

r = xi + yj + zk, 
v = i = xi + yj + zk. 

The acceleration of P is the rate at which its velocity is changing and 
the acceleration vector a is 


a = 


dv __ d 2 
dt dt 2 * 


= v = f, 

= xi + yj + zk. 

Velocity vectors are in fact vectors located at different points at time 
t and time t + 8t. If velocity vectors OQ are all considered as drawn 
from the same point for different values of Z, the locus of Q is called the 
hodograph of the motion and the acceleration vector at any time being 
the derivative of the velocity vector is in the direction of the tangent 
to the hodograph. 
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7.9 Integration of a Vector 
Integration of a vector is defined as the reverse process to differ¬ 
entiation. 

Thus if ^ = b, 

at 

we define the integral of b with respect to t as 

Jb dt = a + c, 

where c is an arbitrary constant vector. 

Also the definite integral 



where a x and a 2 are the values of a at times t x and t % . 

As an example of vector integration consider the parabolic motion 
of a particle which moves freely under gravity. 

Let the motion take place in the xy plane with the #-axis horizontal 
and the y-axis vertical. Then the acceleration is — gj and if r is the 
position vector of the particle at time t we have 

* = -gj- 

Therefore r = ~gtj + v 0 , 

where v 0 is the initial velocity. 

Hence r = — ^gt*j + V + «• 


The added vector c is zero if r = 0 when t = 0, and if 


we have 


v 0 = V cos a.i + V sin a.j 


(V cos a.t)i + 


sin a.t 



7.10 Relative Velocity 

If r 5 be the position vector of a point P (Fig. 156) and r 2 the position 
vector of a point Q with respect to the same point 0 , then PQ is the 
vector r 2 — r x and gives the position of Q relative to P. 

Then i x and r 2 are the velocities of P 
and Q with respect to O and f 2 — i x is 
the relative velocity of Q with respect to 
P. This is the vector sum of velocity 
and P's velocity reversed. 

Similarly the relative acceleration of 
Q with respect to P is f 2 — *i* 

It is evident that the velocity of Q with 
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respect to 0 is the vector sum of its velocity with respect to P and 
the velocity of P with respect to 0. 


7.11 Scalar Product of Two Vectors 

The scalar product of two vectors a and b is defined as the scalar 
quantity ab cos 0, where 0 is the angle between the vectors. 

This scalar product is written a.b. 

Thus, for example, the work done by a force P in a displacement s 
in a direction making an angle 0 with the direction of P is Ps cos 0, 
and if the force and displacement are written as vectors we have 

P.s = work done. 


Since cos 0=1 and cos ~n = 0, 

Zi 


it follows that the scalar product 


of parallel vectors is the product of their moduli and the scalar product 
of perpendicular vectors is zero. 

The square of a vector a is defined as the scalar product a. a and can 
be written as a 2 , and we have 

a 2 = a 2 . 


Since the resolved part of b + e along the direction of a vector a is 
the sum of the resolved parts of b and c, we have 

a.(b + c) = a.b + a.c, 

and thus the distributive law of ordinary multiplication holds for 
scalar products. Let vectors a and b be written as products of their 
moduli and unit vectors, so that 

a = a{l x i + ntj + n x k) 
b = b(l 2 i + mj + n 2 k). 

Since i.i = j =■ k.k = 1, 

and j.k = k.i — i.j = 0, 

we have a.b = ab(l x i + + n x k ). (l 2 i + 

= ab^ 2 + w 2 m 2 + n x n 2 ). 

The work done by a force P in a small displacement dr is P.<5r. 
Hence, the work done in a finite displacement 


=1 

=i 

=1 


V.dt 


*-T dt 

dt 


P. vdt. 
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Example 4. Three non-coplanar vectors a, b, c each has unit magnitude and the 
angles between b and c, C and a, a and b are respectively a, p, y. If the vector u is 
defined by u = b — (a.b)a prove that u is perpendicular to a and has modulus 
sin y. // v = c — (ft.C)a and the angle between u and v is A prove that 
cos a — cos p cos y -f sin p sin y cos A. (L.U., Pt. II) 

a . b = cos y 
u = b — a cos y 
a . u = a . b — a 2 cos y 

— cos y — cos y ~ 0. 

u . u — (b — a cos y) . (b — a cos y) 

~ b 2 — 2b. a cos y -f a 2 cos 2 y 
= 1 — 2 cos 2 y -f- cos 2 y 
= sin 2 y. 

Hence, u has modulus sin y and is perpendicular to a. 
a. c = cos p 
V = c — a cos p 

v. v = (c — a cos p). (c — a cos p) 

— c 2 — 2c. a cos p + a 2 cos 2 p 
= 1—2 cos 2 p -f- cos 2 p 

= sin 2 p. 

Therefore, v has modulus sin p and 

u . v = sin p sin y cos A. 

Also u. v — (b — a cos y). (c — a cos p) 

*= b. c — a . c cos y — b a cos p - f- a 2 cos p cos y 
= cos a — cos p cos y — cos p cos y + cos p cos y 
= cos a — cos P cos y. 

Hence cos a = cos P cos y + sin p sin y cos A. 


7.12 Vector Product of Two Vectors 

The vector product of two vectors a and b whose directions include 
an angle 6 is defined as: 

(i) a vector, 

(ii) of modulus ab sin Q, 

(iii) whose direction is perpendicular to a and b, 

(iv) in the sense that a, b and the product in this order form a right- 
handed triad. 


The vector product of a and b is written as a X b. Thus if ft be a unit 
vector perpendicular to a and b we have 

a x b = ab sin 6 ft. 

The sense of h described in (iv) is such that if a and b are in the plane 
of the paper (Fig, 157) & is outwards from the plane of the paper. This 
is the direction in which a rotation of a to- 
n X wards b would drive a right-handed screw. 

It follows that b X a is a vector in the 
opposite direction, that is 
a b X a = — ab sin 0 ft. 

Fig. 157 Thus this type of vector multiplication is 
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not commutative and a change in the order of the vectors in the 
product changes the sign. 

A vector product is also the vector product of one vector and the 
projection of the other on a direction at right-angles to it. 

Thus since the projection of b + c on any direction is the sum of the 
projections of b and c on that direction we have 

ax(b + c) = axb + axc. 

Thus the distributive law of multiplication applies to vector products. 
If the vectors a and b are parallel 0 = 0 and a X b = 0, 

Thus i X i “ j X j — k X k = 0. 

If the vectors a and b are perpendicular, sin 0 = 1 and a X b = abh. 

Thus ixj = k= —jx i 

j X k= i = —h X j 
k X i = j — — i X k. 

If a and b are expressed in terms of components so that 

a = a{l x i + tnj + n x k) 
b = b(l 2 i + m 2 j + n 2 k) 

a X b = ab{(m x n 2 — n x tn z )j X k + (n x l 2 — l x n^k X i 

+ x i) 

= ab{(m x n 2 — n x m 2 )i + {^ih ~~ h n 2 )j + (h m * 

= ab i j k . 

l x Wj n x 

h m 2 n 2 

If a and b are unit vectors a = b — 1. Then the modulus of a X b is 
sin 0. 

Therefore 

sin 2 0 = (m x n 2 — n x tn 2 ) 2 + (n x l 2 — ^n 2 ) 2 + (l x tn 2 — nt x l^ % . 

Example 5. Find the modulus and direction cosines of the vector a X b where 
a = 2i — 3; + *k> b — 4i + 3 j + 2k. 

a x b — i j k 

2-3 4 

4 3 2 

« -18* 4- 12 j + 18* 

= 6(—3* 4- 2 j + 3*). 

Hence the modulus is 6 \/<22) and the direction cosines are 
-3/V(22), 2/V(22), 3/V(22). 

Example 6. If OA = a, OB = b, OC == c are three vectors drawn from a point, find 
the area of the triangle ABC and the volume of the tetrahedron OABC . 

The area of the triangle OAB (Fig 158) is -^ab sin AOB and this is the 
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modulus of the vector product -a X b. 

2 

The direction of the vector ^ a X b is per¬ 
pendicular to the triangle OAB and hence 
c . ^-a X bJ is a scalar quantity which is the 

product of -ab sin A OB and the projection 

of c on the perpendicular to the triangle 
OAB. 



Fig. 158 


This is three times the volume of the tetrahedron and hence the volume is 


gC.(ax b). 

The area of the triangle ABC is the modulus of the vector -AH x AC. 

2 


,(b - a) x (c - a) 

(b x c + c x a + a x b). 


7.13 Moment of a Force about a Point 

Let r be the position vector with respect to a point 0 of any point 
P on the line of action of a force F; then the moment of the force F 
about 0 is the vector product r x F. 

Let 0 be the angle between the vectors r and F and let ON (Fig. 159) 
be the perpendicular from 0 to the line of 
action of F. The moment of the force 
about 0 is 

ON .F 

= OP sin B.F 
= rF sin 6. 

Thus the moment of the force about 0 is 
the modulus of r x F and the axis about 
which the force will tend to cause rotation is perpendicular to the plane 
OPN and thus the moment is completely represented by the vector 
product r x F. 

The sum of the moments of a number of forces about 0 is the vector 
sum of the vector products for the individual forces. 

7.14 Moment of a Couple 

Let r x and r 2 be position vectors with respect to a point 0 of points 
on the Lines of action of forces F and — F respectively (Fig. 160) which 
form a couple. 

The moments of the forces about O are respectively 
r 2 x F and — r 2 x F. 
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The sum of their moments is 

( r i - r 2 ) x P, 

and this is the vector product of a vector 
joining any two points on the lines of 
action of the forces and one of the forces. 

Thus the moment of the couple about 
any point is independent of the position 
of the point. 


F 



Example 7. A force of 10 lb. acts in a direction equally inclined to the axes OX, O Y 
and OZ through the point (3, —2, 5), the unit of length being 1 ft. Find the 
magnitude and direction cosines of the moment of this force about the origin. 


The force is P = 10 (±i + ±j + -L*). 

The position vector of the point (3, —2, 5) is 
r = 3* -2 j -f 6 k. 

The moment about the origin is 

i j k 

3 —2 5 

1 1 1 


r x P 


_10 

V3 


+ 2 j + 5k) 


- 10 V(26) 


(_ 7 i _f_ 2 j + 5*) 
\/( 78 ) 


Hence the moment is 10 1 /( 26 } ft.ib. in the direction ( —7 i + 2 j + 5 k)/\/( 7 $). 


7.15 Velocity due to Rotation 

Suppose that a body is turning with angular velocity co about an 
axis passing through a point 0. We can express the velocity of any 
point P of the body due to the rotation as a vector product. 

Let cj be the angular velocity vector and r the position vector of P 
with respect to 0. Let PN be the perpendicular from P (Fig. 161) to 

the axis of rotation and let the angle 
PON = d . 

The velocity of P due to the rotation 

= (o.PN 
= cor sin 6, 

and this is the modulus of co X r. 

With the convention of sign for the 
angular velocity, P as shown in the figure 
would tend to move into the plane of the paper perpendicular to the 
plane NOP , and this is also the direction of the product vector co X r. 


A) 
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P 


Hence the velocity of P is 

v = o> x r. 

Example 8. A body is turning about an axis through the point (2, 1, 1) whose direction 
cosines are 2/7, 6/7, 3/7 with angular velocity 5 radians per second. Find the 
velocity of a particle of the body at a point (4, —5, 2), the unit of length being 
lft. 

6 

Here <*> — -(2 i + 6 j 4- %k) 

r == 2 i — 6/ + k 

1 j k 

2 6 3 
2-6 1 

= ®(24t + 4 j - 24ft) 

= 2 °^ (78) {(6i + } - 6ft)/V(73)}. 



7.16 Differentiation of Products 

The derivative of a scalar product r. s is defined by 

d jim (r + <$r).(s + &») - (r.s) 
dt et-> o St 


=s lim (i 

\ 


<5s . <5r x ds\ 

r '5 + *'S + *'s) 


ds , dt 
= t -dt + 8 -dt’ 

If a vector a has a constant length, then 

a.a = a 2 = constant. 


and differentiating we have 


*-3- a 


Therefore the vectors a and & are at right-angles. 

The kinetic energy of a particle whose velocity is v is the scalar 
product 

_ 1 1 2 
T = -rav.v = ~mv 2 

2 2 




n 
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where a is the acceleration. If this acceleration is caused by a force P 
we have 

P = ma 


dT w 
—- = P.v 
dt 

r-Jp. 


vdt + c. 


This is the integral obtained in § 7.11 for the work done by the force 
and therefore the change in kinetic energy is equal to the work done. 
The derivative of a vector product r X s is defined by 


d (r + <5r) x (s + 6s) — (r x 

at ot 

.. / <5s , <5r . s <3» 

= lim(rx- + -xs + (5rx 5 - 

\ ot ot ot 

ds , dt 

■ ,X 4 + i Xl 


) 


Thus in differentiating a vector product the order of the vectors must 
be maintained. 


Example 9. If t = ti -f- 3 j 4 t 2 k, s = tH — 2 tj + tk, verify that 
d da dr 

dt ix * = tx di + di xa • 

r = i + 2/A 
s = 2 ti — 2j -|- k 


r x s 


r x s 


2t -2 I 


j k 
0 2 1 

—2 1 t 


i (2#* + 3)i 4 (2/« - /)/* - 8/A. 

« 4 tH 4 (2/* - t)j - 2/A. 


T X 8 


\ i 

t 


j 

3 


-2 1 t 


- (2/ s 4 3/)t 4 (Z 4 - t 2 )j - 5/*A. 


-(r x s) =* (6/ 2 4 3)* 4 (4Z* - 2/)/ - 10/A 

aZ 

"1X841X8. 


EXERCISES 7 (b) 

1. The position vector of a particle at time t with respect to fixed axes 
is (t 2 4 1)* — 2tj 4 (t 2 — 1)£- Find the magnitude of the velocity and 
of the acceleration at time t and the angle between their directions. 
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2. The position vector of a particle at time t is r, v is its velocity and a 
its acceleration which is constant. Show that if r 0 and v 0 are the 
initial values of r and v 

v = v 0 -F a*, 

r — r 0 = V + \*P> 

v 2 = v„ 2 + 2a. (r — r 0 ). 

3. A wheel is rotating with constant angular velocity co and an insect 
starting from the centre at time t — 0 is crawling along a spoke with 
constant velocity u. Show that the position vector of the insect at 
time t with respect to fixed axes in the plane of the wheel is 
iut cos cot + jut sin cot. Hence show that the acceleration of the insect 
has components utco 2 towards the centre of the wheel and 2 uco in a 
perpendicular direction. 

4. If a = a x i + aj + a z k, b = b x i + bj + b z k , c — c x i + c<J + c z k, 

prove that a . (b X c) = a s a 3 . 

fei b 2 b 9 

C\ c$ c 3 

5 The opposite pairs of edges of a tetrahedron are a, a' ; b, b' and c, c' 

respectively and a.a' = b.b' = 0. Prove that c.c' — 0 and that 
a* + a' 2 « b 2 + b' 2 = c 2 + c /2 . 

6 . If a, b and c are the position vectors of points A, B and C respectively, 
prove that the area of the triangle ABC is the modulus of 

i(b x c 4- c x a + a x b). 

Jt 

7. Find the unit vector which is perpendicular to the vectors 

2 i — 3; + 6& and — Qi + 2 j + 3fe. 

8 . Find the magnitude and direction cosines of the moment about the 
point (I, —2, 3) of a force 2 i + 3 j + whose line of action passes 
through the origin. 

9 . A force 3 i — 2 j + 4k lb. and a force 7* + 4 j — 6^ lb. act on a particle 
during a displacement 5 i — 0 j — k ft. Find the work done. 

10. The position vectors at time t of two aeroplanes A and B are r x and 
r 2 respectively. Prove that the relative velocity of A is directed 
towards B when — i 2 — c( r x — r 2 ). Prove that if r x — r 2 = a, which 
is constant, and r x — r 2 = b initially, the shortest distance between 
A and B is the modulus of (a X b )/<*. and that the aeroplanes are 
nearest to each other after time (a.b)/« 2 . 

11 . State the Cartesian components of the vector product B X C. By 
expressing A X (B X C) in terms of its Cartesian components, or 
otherwise, show that 

A x (B x C) = (A.C)B - (A.B)C. (L.U., Pt. II) 

12. X is an unknown vector which satisfies the equations 

(i) A X X = B, (ii) A.X = a, where A and B are known vectors 
and a is a known scalar. By multiplying (i) vectorially by A prove that 
X = (B X A + aA)/AK (L.U., Pt. II) 




EXERCISES 


233 


7] 


13- The components of three vectors A, B and C referred to three mutually 
perpendicular axes are as follows: A(l, 2, 3); B(2, 0, 1); C(—1, 3, 2). 
Find the components of the vectors (A-C)B, (A.B)C and A X (B X C) 
and hence verify the relation A X (B X C) = (A.C)B — (A.B)C. 

(L.U., Pt. II) 

14. Using the notation A.B for the scalar product of two vectors A and 
B, and A X B for their vector product, show that a parallelepiped 
with sides given by the vectors A, B and C has volume (A X B). C- 

(L.U., Pt. II) 

15. A rigid body is rotating at the rate of 5 revs, per sec. about an axis 

through the origin whose direction ratios are 2, — 1, 3. Find the velo¬ 
city (in ft. per sec.) of the point of the body whose coordinates are 
(2, 4, 3), the unit of length being 1 ft. (L.U., Pt. II) 

16. If A, B are two vectors and A X B is the vector product, express 
d 

3Z(A X B) in terms of the sum of two vector products. 
du 

Verify the result when A — i cos 6 + j sin 6 -\- kB , 

B = i sin 0 — j cos B — kO; i, j, k being mutually perpendicular unit 
vectors. (L.U., Pt. II) 

17. Define the vector product a X b of the two vectors a and b. 

A tetrahedron has its vertices at the points 0(0, 0, 0), ^4(1, 1, 2), 
2 J( — 1, 2, — 1), and C(0, — 1, 3). By consideration of the vector product 
AC X AB, or otherwise, determine, (i) the area of the face ABC and 
(ii) the unit vector normal to the face A BC. 

Hence, or otherwise, determine the volume of the tetrahedron. 

(L.U., Pt. II) 


18. 


19. 


20. 


Show that 


1 

J \rdt r 2 dtj 


(2r.f + 2 n)dt * r* + t 2 + c, 

* + C. 


(i) If A = 2j 4- 3* — k, B = i — 2j + 2A, C = 3i + j + k, show 
that A. (B X C) = 0 and (A — B) X C = 2(A X B). 

(ii) If r is the position vector of a variable point, relative to the 

origin, find the magnitude and direction of the vector Jr X dx, where 

the integral is taken (a) round the circle x = a cos B, y = a sin B, 
z = 0, (fc) round any closed curve in the plane z = 0. (L.U., Pt. II) 


C is any curve joining two points H, K in a plane, O is a fixed point 
in the plane, P is a point on C, du is the vector element of arc at 
P and OP = r. If £ is the unit vector along r and f(r) is a differentiable 
single valued function of r, show that the value of the line integral 

I depends only on the distances of H and K from O , i.e. 

J c 

is independent of the shape of C. (L.U., Pt. II) 
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21. Find the vector x and the scalar A which satisfy the equations 
a x x = b + Aa, a.x = 1, 

where a and b have components (1, 1 , 1) and (1, — 1 , 2) respectively. 

(L.U., Pt. II) 


7.17 Motion of a Particle 

Let (x, y, z) be the coordinates of a particle of mass m with respect 
to fixed rectangular axes and let the force acting on the particle have 
components X , Y, Z parallel to the axes. 

The position vector of the particle is 

r = xi + yj + zk. 

The velocity at time t is 

v = i = xi + yj + zk. 

The acceleration at time t is 

f = f = f = # + # + zk. 

The force acting on the particle is 

F = Xi + Yj + Zk. 

The momentum is the vector mv, and Newton's second law equating 
force to rate of change of momentum is 


that is, F = ml, if m is constant. 

This equation is equivalent to the three equations 

X = mx 
Y ~ my 
Z — mz. 


The vector form of the equation is however more concise and is applic¬ 
able to the motion referred to any system of coordinates. 

Since F = ~wv 


we have 
The vector I 


=i: 


F<ft is called the impulse of the force over the 


period * 0 to t x and the vector equation 


I = (mv) ti - (mv)*, 

equating impulse to change of momentum is equivalent to three equa¬ 
tions giving change of momentum parallel to each of the axes. 

The moment of the force F about the origin is 


M = r x F. 
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The moment of the momentum of the particle about the origin, that is 
the angular momentum, is 

H = r x wv. 

Now y = f x wiv + r x mt. 


Since i = v the vector product i x my = 0 and we have 


dR 

It 


= r x wt 
= r x F. 


Thus the rate of change of angular momentum about any fixed point 
is equal to the moment of force about the point. In particular if the 
force has no moment about the point (as in the case of central forces) 
the angular momentum about the point is constant. 

If r, v and F are expressed in terms of components we have 

+ yj + zk) x (xi + yj + zk) 

= (xi + yj + zk) x (Xi + Yj + Zk), 


that is 


i 

j 

k 

= 

i 

j 

k 

X 

y 

z 


X 

y 

z 

X 

y 

z 


X 

Y 

Z 


The three component equations are 

~m(yz — zy) = yZ — zY, 
at 

~m(zx — xz) — zX — xZ, 
at 

d 

-~m(xy — yx) — xY — yX. 

dt 


7.18 Motion of a Rigid Body 

Let t 8 = x 8 i + yj + z 8 k be the position vector of a particle of mass 
m 8 of a rigid body. Then if M be the total mass and r = xi + yj + zk 
the position vector of the centre of gravity we have 

Mr ~ Zm 8 r,. 

Let F, be the force acting on the particle m 8i then 

mjtg — F a . 

Summing for all the particles of the body we have 

Zw,J?* = ZF 8t 
Mi = F, 


that is. 
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where F is the sum of the external forces acting on the body, the internal 
forces vanishing in the summation. Thus the centre of gravity moves 
as if the mass of the body were concentrated there and the external 
forces acted there. 

We have also for the moment of momentum about the origin 

d . _ 

-r, x m,t, =t,xF, 

and —Zt t X = ZXg X F.. 

at 

In the summation of moments of forces the internal forces vanish and 
therefore the rate of change of the total angular momentum about the 
origin is equal to the total moment of the external forces about the 
origin. 

Let r, = r + p* 

so that p 8 is the position vector of the particle m 6 with respect to the 
centre of gravity, and Zm 8 p 8 = 0. 

Then ~Zt 8 X 
at 

= £&»,(r + p s ) x (r + p.) 

at 

= ~{Mt x i + r x Znt e p s + Zm,p, X t + Zm t p, X p,} 
dt 

— Mt x i + %Zm t p, x p f . 

at 

Zt, x F, = Z(t x F, + p, x F,) 

= r x ZF, + Zp t x F, 

= tx Mi +i7p» x F„. 

Therefore ^-Zm s p s X p, = Zp t X F 4 . 

dt 

The quantity Zp 8 X m 8 p 8 is the moment about the centre of gravity 
of the momentum relative to the centre of gravity and Zp 8 x F a is the 
total moment of the external forces about the centre of gravity. 

We have, therefore, that the rate of change of angular momentum 
about the centre of gravity is equal to the moment of the external 
forces about the centre of gravity. 

The motion relative to the centre of gravity may be represented by 
a rotation vector <o == ico 1 + jco 2 + kco 3 through the centre of gravity. 

Then p 8 — to X p 8 . 

The angular momentum is 

H = Zm 8 p 8 xp, = Zm 8 p 8 X (w X p«). 
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KINETIC ENERGY 


The vector product of the three vectors is (see Exercise 7 (6) 11) 

P* X (to x p„) = p, a a> — (p*.u))p, 
and H = <oZm s p e 2 — Zm t (p t .ia)p t . 

If p, = W + Vsj + tgk> the moments and products of inertia about 
the axes are 

A = Ztn t %* + £ s 2 ), F = Zm,r)£ t , 

B = Zmjjlt* + f» 2 )» G — Zm s t s ^ 8 , 

C = Zm,(f» 2 + rj s 2 ), H = Zm^,rj t . 

Then 

H = toZw 5 (f* 2 + ??, 2 + £, a ) 

— + TjgCDz + C^zMb + Pl9 + Kb) 

— 

where H 1 — Aco t — Hco 2 — Gto z , 

H 2 — —Ho) 1 + Ba) 2 — Fco z , 

H z = — Gw 1 — Fa) 2 + Ca> 3 . 

The motion about the centre of gravity is given by the equation 




7.19 Kinetic Energy 
The kinetic energy of the body is 

F = -Etn^g.tg 

= )Zm t (i + p e ). (r + M 
= ^i.tZm, + r.ZVw.p, + |zV»,p,.p, 

= 

Thus the kinetic energy is the sum of the kinetic energy of the total 
mass moving with the velocity of the centre of gravity and of the 
kinetic energy of the relative motion with respect to the centre of 
gravity. 

Writing p, = <o X p, 

= i j k 

0>i ft> 2 £O s 

£• rj 9 Cg 
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we have 


(p*) 2 = (ft>2 £* — (o 3 r],y + (a) 3 i s — co^sY + (cojTjs — eo 2 |,) 2 

= <»l 2 (Vt a + f« 2 ) + ft >2 2 (C/ + fs S ) + «V(fs 2 + »?* 2 ) 

— 2w 2 M 3 ?? s t s — ^gCOiCsIg — 2a)j(W 2 | s ?y s . 

^ZW g (pg) 2 = ^a)j 2 + Bft> 2 2 + Ci o„ 2 — 2Fco 2 a) 3 — 2 G«w 3 coj — 


2^cy 1 a> 2 . 


N° w ^ = £m s i s .i, 


and 






+ Ps)-®» 




i.F + 2’p g .B 

8 



Jf .idt + £■ 

F g 

Pg dt 



f F ‘ 

. {(Ji X 

p s )dt 

Jf .idt + E 

h 

(p. X 

Fg )dt. 


^(p« X F s ) is the total moment of the external forces about the centre 
of gravity and 6}.£(p 8 x F a ) is the projection of this moment on the 
axis of rotation, that is the total moment of the external forces about 
the axis of rotation. Denoting this moment by M we have 


T = J F.ir + J io.Vidt. 

The first integral is the work done by the external forces in the displace¬ 
ment of the centre of gravity and the second integral is the work done 
by their moments about the centre of gravity in the motion relative to 
the centre of gravity. 

The preceding analysis gives an expression for the kinetic energy of 
a body which is turning about a fixed point. Let its angular velocity 
have components co 1? co 2 , co 3 at any instant about principal axes fixed 
in the body about which the moments of inertia are A, B, C respec¬ 
tively. Then the products of inertia being zero we have 

T — ^(Acoi + Bco 2 2 + Cco 3 2 ). 


7.20 Coriolis Acceleration 

We commonly relate motion to axes fixed relative to the earth 
which are in fact rotating with the earth's angular velocity, and having 
measured velocity and acceleration relative to such moving axes and 
knowing the motion of the moving axes relative to the fixed axes we 
can find the absolute velocity and acceleration. 

Suppose that a body moves so that its displacement, velocity and 
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acceleration relative to axes OX , OY, OZ are known and that these 
axes themselves move relative to fixed axes OX lt OY lf 0Z X with the 
same origin. 

The relative motion of the axes OXYZ with respect to the axes 
OX 1 Y l Z 1 may be described by a rotation vector co through O. 

Let r be the position vector of a point P relative to OXYZ; relative 
to these axes the velocity of P is i and its acceleration is i . 

Let v 2 be the velocity and f* the acceleration of P relative to the 
fixed axes 0-X’ 1 Y 1 Z 1 . 

If co were zero would be equal to r, but due to the rotation there 
is the additional velocity co X r and we have 

dt 

v^ + coxr. 

The acceleration is the velocity of the end point of the velocity 
vector v x in the hodograph, that is when all vectors v x are considered 
as radiating from 0. The acceleration fj is given, therefore, by replacing 
r by Vx in the formula for Vi and we have 

= s(5 + " XI ) + “ x (s + “ XI ) 

“S + W xr + 2 " x 5 + " x< " xr) - 


In this expression the first term f is the acceleration relative to the 
moving axes. The term co X (co X r) is the familiar centripetal accelera¬ 
tion and the term co X r occurs in addition when co varies. 

The term 2co X r is known as the Coriolis acceleration and this 
acceleration has to be taken into account in the equation of motion 
F = tnl v The acceleration given by this vector product is in a direction 
perpendicular to the axis of rotation and to the relative velocity r. 

For example, in latitude A Y 
(North) a parallel to the 1 

earth's axis is inclined at an 
angle A to the horizontal. If a 
shell is fired in a direction due 
North the earth's rotation 
vector Q. is in the plane of the 
trajectory (Fig. 162). The ob¬ 
served velocity v at any instant 
is in the direction of a tangent to the trajectory at an angle 6 (say) to 
the horizontal. 

Then the Coriolis acceleration is 2fl x v = 2 Qv sin (A — 8) in a 
direction to the left of the trajectory, that is due west. 



Fig. 162 
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The reversed effective force 2mQv sin (X — 6) is to the East and will 
cause the shell to drift in that direction. 

In two-dimensional motion let axes OXY make an angle 8 with fixed 
axes OXjYi, so that they are rotating with angular velocity 8 about 
a perpendicular to the plane OXY through 0 (Fig. 163). Then a point 
P distant r from 0 with coordinates (x, y) relative to OXY has com¬ 
ponents of velocity x and y and has also velocity rd perpendicular to 
OP. 

The acceleration of P has component x and y relative to OXY (Fig. 
164). It has also components rd 2 and rd along and perpendicular to OP. 



I O I 

Fig. 163 Fig. 164 


It has also the Coriolis acceleration 2vd in a direction perpendicular 
to the direction of its relative velocity where v — (x* + $*) m . 

This acceleration is of importance in finding the accelerations of 
mechanisms with rotating slotted links. 


7.21 Euler’s Equations 

Suppose that a rigid body is turning about a fixed point 0 with 
angular velocity co. Let axes OX, OY, OZ be principal axes at 0 and 
let the moments of inertia about these axes be A, B, C respectively. 
Then if co = iw x + jco 2 + foi> 3 the angular momentum about 0 is, from 
§7.18, 

H = iAo) x + jBco 2 + kCcD 2 . 

Now the axes OX, OY, OZ are themselves rotating with angular 
velocity co about fixed axes through O, so that the rate of change of 
angular momentum is the velocity of the extremity of the angular 
momentum vector, that is 


dH 

It 


+ co x H. 


Therefore if L be the moment of the external forces about 0 we have 
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If L = %L X + jL % + kL z , we have the equations 

Aco^ -— ( B — C)ft>2C0 3 — 

B6j 2 — (C — A)o)&) x = L 2 , 

Cd) 3 ~ {A — B)co 1 oj 2 = L 3 . 

These equations, which are known as Euler's dynamical equations, 
determine the rotational motion of the body about the fixed point. 

EXERCISES 7 (c) 

1. Show that the rate of change of angular momentum of a particle 
about any fixed point is equal to the moment of the applied forces 
about the point. If the position vector of a particle with respect to 
fixed axes is 

r = [ir sin 0 cos <f> + jr sin 0 sin <j> + kr cos 0), 
show that its angular momentum about the origin is the vector 

mrd(—i sin <f> + j cos <f>) + mr<j> sin 0 (—i cos 0 cos <f> 

— j cos 6 sin <f> -f k sin 6 ). 

2. Let r be the position vector of the centre of gravity of a rigid body 

with respect to fixed axes and o) its angular velocity. Show that the 
position vector of the instantaneous centre relative to the centre of 
gravity is p, where i + co X p = 0. If r = ix + jy and w = km, 
show that cop = — + jy> 

3. Taking the Ar-axis due east, the y-axis due north and the £-axis 
vertical, show that for a car moving with uniform velocity v 
along a straight road in a direction 0 east of north the Coriolis 
acceleration is the vector 2Qv(—i sin A sin 0 + 7 sin A cos 0 — 
k cos A cos 0), where A is the latitude and Q the earth's rotational 
velocity. Hence show that for a car of mass m there is a pressure of the 
tyres on the road towards the driver's right of magnitude 2 mvQ sin A. 

If m — 1 ton, v = 85 mp.h., A = 52°, Q — 10“ 6 X 7*29 rad./sec., 
show that this force is about I Ib.wt, 
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LAGRANGE'S EQUATIONS 


8.1 Introduction 

When a dynamical system has n degrees of freedom it is possible to 
write down n equations involving the n coordinates of the system and 
their first and second derivatives. 

These equations, which are known as Lagrange’s equations, provide 
a simple and uniform approach to the solution of dynamical problems. 
They involve partial differentiation of the energy of the system with 
respect to each of the coordinates, and when the kinetic and potential 
energy has been expressed in terms of the coordinates there is little 
difficulty in writing down the equations. The unknown constraints 
which limit the degrees of freedom of the system are automatically 
eliminated by the equations so that the n coordinates are determined 
by the n equations. 

8.2 Generalized Coordinates 

When a particle is moving in a plane its position is determined by 
two coordinates, which may be Cartesian coordinates {x, y) or polar 
coordinates (r, d) or any pair of numbers which determine its position. 
When a rigid body moves in a plane the position of every particle of 
the body is determined by three coordinates, for example, the Cartesian 
coordinates (x, y) of its centre of gravity and the angle d which a 
straight line in the body makes with a fixed direction, and the body is 
said to have three degrees of freedom. Any three numbers which deter¬ 
mine the position of the body, whether they be lengths or angles, are 
coordinates in the generalized sense. For a rigid body moving freely in 
three-dimensional space we need six coordinates to determine its 
position, for example, three coordinates to fix the position of its centre 
of gravity and for motion relative to the centre of gravity two angles 
giving the direction of some line through the centre of gravity and the 
angle turned by the body about this line. 

The number of degrees of freedom of a system is the least number of 
coordinates required to determine its position. In what follows we 
shall suppose all these coordinates to be capable of varying independ¬ 
ently within the constraints which limit the degrees of freedom. A 
system for which this is true is said to be holonomic . 

The derivatives of generalized coordinates are called generalized 
velocities; thus in polar coordinates the generalized velocities are 
r and 0. 
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8.3 Spherical Polar Coordinates 

The position of a particle P in three dimensions may be given in 
terms of the spherical polar coordinates r, 0 , </>> with respect to a frame 
of reference OXYZ (Fig. 165). 

Here r = OP, is the distance of the particle from 0, 

0 is the inclination of OP to 
OZ, 

<f> is the angle which ON, the 
projection of OP on the plane OXY, 
makes with OX, <j> being positive in 
the sense of rotation of OX towards 
OY. Hence, since ON = r sin 0, the 
Cartesian coordinates of P are 

x = r sin 0 cos <f>, 
y = r sin 0 sin <f), 
z — r cos 0 . 

We have on differentiating with respect to the time 

x — r sin 0 cos + rO cos 0 cos <f> — r<j> sin 0 sin <f>, 
y — r sin 0 sin <f> + rO cos 0 sin </> + sin 0 cos <f>, 
z = r cos 0 — rd sin 0 . 

Hence, 

x* + y 2 = r 2 sin 2 0 + f 2 0 2 cos 2 0 + r 2 ^ 2 sin* 0 + 2rrd sin 0 cos 0, 
i 2 = y2 cos a q r 202 5^2 q _ 2 rr 0 sin 0 cos 0 , 

# 2 _|_ ^2 i 2 = f 2 -|- r 2 0 2 + r 2 ^ 2 sin 2 0 . 

Thus the kinetic energy of a particle of mass w at P is 

T = !«(** + y 2 + i ! ) 



= -»t(r s + r ! 0 2 + r 2 <j> 2 sin® 0 ). 

The angles 0 and are called the Euler angles specifying the orientation 
of the line OP. 


8.4 Kinetic Energy in Terms of Generalized Coordinates 

When suitable coordinates have been chosen the first step in the 
formation of Lagrange's equations is to express the kinetic energy of 
the system in terms of the generalized coordinates and velocities. 

Example 1 . A particle of mass m is moving in a plane. Find its kinetic energy when 
its polar coordinates are ( r, 0). 

The components of velocity are r and rd and the kinetic energy is 
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Example 2. A Particle of mass m moves on the smooth inner surface of a sphere of 
radius a . Find its kinetic energy in suitable coordinates. 

If axes OXYZ be taken at the centre of the sphere with OZ vertically 
downwards we may write the spherical polar coordinates of the particle as 
{a, Q t <f) (Fig. 166). Then from § 8.3, the kinetic energy is 

T = + a 2 <j>- sin* 0). 

A 



Fig. 166 Fig. 167 

Example 3. A uniform rod of mass m and length 2 a is freely hinged at one end to a 
fixed point O. Find its kinetic energy . 

With axes OXYZ , OZ being vertically downwards, the position of the rod 
is described by the spherical polar angles 0 and <j> (Fig. 167). The kinetic 
energy of a particle of mass dm distant r from O is, since r is constant and 
* = 0 , 

+ r*^* sin* 0). 

It 

Hence the kinetic energy of the rod is 

T = is5m(r*0* + sin*0) 

I 

“ + 4* sin 2 0)Xdmr % 

I 

1 4 

«= -w-a 2 (0 2 +• sin 2 0). 

2 3 


Example 4. A uniform rod AB of mass m and length 2a is suspended by a small light 
ring at A from a horizontal rail and is initially at rest. A force R is applied at 
A along the rail (Fig. 168). If x is the distance moved by A and 0 the inclination 


of the rod to the vertical , express the kinetic energy of the rod in terms of x, 
^ x and 0. 

O A 



The velocity of A is & and the velocity of the 
centre of gravity C with respect to A is ad. Hence 
the kinetic energy of translation of the rod is 

\m(x* + a 2 # 2 — 2xa$ cos 0). 

z 

1 a 2 . 

There is also the kinetic energy of rotation -w-—0 a , 

2 3 

therefore 

T = -m(i* + |a»0» - 2 xab cos 0). 

2 3 


Fig. 168 
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Example 5. A uniform rod AB of mass m x and length 2a is pivoted at A and a uni¬ 
form rod BC of mass m 2 and length 2b is freely joined to it at B and the rods 
move in a vertical plane. Find the kinetic energy of the system. 


Let 6 and <f> be the angles made by AB and BC respectively with the 
vertical (Fig. 169). The kinetic energy of A B is 


2 3 1 

The point B has velocity 2 aft perpendicular to 
A B, the velocity of the centre of gravity G of BC 
with respect to B is b<fi perpendicular to BC, and 
the kinetic energy of translation of BC is 

im, j 4+ b'ft + labdj cos (<f> - 0) j. 


The rod BC has also the rotational kinetic energy 

hnj^*, an <I hence 
2 o 


A 



^ g * g m i a2 ^* + 4a*6* + 3^*^* + 4ab&(f> cos (0 — 0) j-. 

It will be noticed that in each of the above examples the kinetic energy is a 
quadratic form in terms of the generalized velocities and also involves the 
generalized coordinates themselves. 


8.5 The Work Function 

The second step in the formation of Lagrange's equations is to find 
the work done by the external forces when each of the coordinates is 
given a small arbitrary increment. 

In § 8.4, Example 1, let the force acting on the particle have com¬ 
ponents R along the radius vector and F perpendicular to it in the 
direction of 6 increasing. 

If r is increased by dr the work done by the force is Rdr , and if 6 is 
increased by 66 the work done by the force is Fn 50. 

If we write 6W — Rdr + FrdO, 

IF is a function of r and 6 such that the work done when r increases by 

dr is *^-dr, and the work done when 0 increases by SO is ^^<50. 
dr J dQ 

W, if such a function exists, is called the work function and its 
derivative with respect to each of the coordinates is called the gen¬ 
eralized force corresponding to that coordinate. 

These generalized forces have the dimensions of a force if the 
corresponding coordinate is a length, and have the dimensions of the 
moment of a force if the coordinate is an angle. 

In § 8.4, Examples 2 and 3, gravity is the only external force doing 
A.M.B. —9 
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work and work is done only as 6 varies, so that in each case 
SW = —mg sin 0 add . 

Then W = mga cos 6 + constant 

= —V, 

where V is the potential energy. 

In § 8.4, Example 4, work is done by the force R as x increases by 
dx and work is done by gravity as 6 increases by d6 , so that 

dW — Rdx — mg sin 6 add . 

We can if we wish write. 


W s= Rx + mga cos d + constant, 

SW dW 

but this is not necessary since only the generalized forces — and — 
are required. 

In § 8.4, Example 5, it is simpler to write down the potential energy 
—W — V = —m^ga cos d — m 2 g(2a cos d + b cos </>), 
and we have the generalized forces 


dW 

dO 

dw 

d<f> 


— (m 1 + 2tn 2 )ag sin d, 
—m^b sin cf>. 


8.6 The Form of Lagrange’s Equations 

Let r, d, <f>, etc., be the generalized coordinates of a system, T its 
kinetic energy and W the work function. 

Then Lagrange’s equations are 

f d(dT\ __ dT = dW 
dr ) dr dr* 
d(dT\ _ dT = dW 
dt \ SO ) dd dd * 
d/dT\ _ dT = dW 
dt\d<f>) d<f> d<f>* 


there being as many equations as there are coordinates. It should be 
noted that the kinetic energy T is differentiated partially with respect 
to each generalized velocity as well as with respect to each generalized 
coordinate, the velocities and coordinates being considered independent 
in these differentiations. 

Before proving Lagrange's equations let us write down the solutions 
to the examples of § 8.4. 







8] FORM OF LAGRANGE’S EQUATIONS 

In Example 1, 

T = + rW). 

= mr*d, 

dd 

£1 = 0, 
dd ’ 

dd ’ 

therefore Lagrange's first equation is 

y(mr*d) — Fr. 
at 

dT 

£-~*. 
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dW 

dr 


= R, 


d/dT\ = 


wr. 


therefore Lagrange’s second equation is 
m(f — rd‘) = /?. 


( 1 ) 


( 2 ) 


These equations are, of course, the usual equations obtained by 
equating force to mass x acceleration in polar coordinates. 


In Example 2, 


T = -w(a 2 0 2 + a*<f> 2 sin* 0), 

mi 

K-vuH, 

36 

0T* 

— = ma 2 <f» 2 sin 0 cos 0, 
ou 


SW 

dd 


= —mga sin 0, 
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and we have 

tna 2 Q — ma 2 fi sin 0 cos 0 — —mga sin 0. 

dT * a/J 

—- = may sin* 0, 
d<p 

d S = 0 , 

d<f> 


= 0 , 


and we have 


dW 

dp 


~{ma 2 p sin 2 0) = 0. 
at 


If p is initially equal to ct> and 6 to a, 
we have <f> sin 2 Q — constant = co sin 2 a. 

Substituting for <f> in (I) we have an equation in 0 only 
* aco 2 sin 4 a cos 6 


sin 8 0 

Integrating with respect to 0 we have 


— g sin 0. 


1 I „ sin 4 a , & . . , 

— a0 2 = aco 2 + g cos 0 + constant. 

2 2 sin 2 0 


Example 3, 


T = ^m^a 2 (0 2 + <^sin 2 0), 

A O 

— -ma 2 0, ^ = -ma 2 ^ 2 sin 0 cos 0, 
00 3 00 3 T 


dW 

00 


= —mga sin 0, 


therefore 


therefore 


-ma‘6 — -mafyf>* sin 0 cos 0 = —mga sin 0. 
3 3 

8r 4 ,, ■ 8IT „ 

~ma 2 —(J) sin 2 0) — 0. 

3 


If initially <j> = co, 0 = a, 0 = 0, 
<f> sin 2 0 = co sin 2 a, 


aco 2 sin 4 a cos 0 3 , a 

--- p sin 0, 

sin 8 0 4 s 


o0 2 = aa>* sin* a^l — + |g(cos 0 — cos a). 


[8 

( 1 ) 


( 2 ) 


( 1 ) 

(2) 
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In Example 4, 

T 
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-H* 


therefore 


+ - a*d 2 — 2 xad cos 0 
3 

dT m 0r 

_ = m(* — a6 cos 0 ), - 5 - = 0 , 

dx ox 

dW -1? 
dx 

m(x — aS cos 0 + a6 2 sin 0 ) — R. 
ar 4 • a 

— r == -maty — max cos 0 , 

00 3 


)• 


a) 


dT 

dd 

dW 

de 


4 

-ma 2 0 — max cos 0 = —mga sin 0 . 


( 2 ) 


= mxad sin 0, 

== —mga sin 0, 

(7(7 

therefore 

Elimination of x leads to an equation in 0, 

m^a& — cos 2 0 + a0 2 sin 0 cos 0^| = R cos 0 — mg sin 0, 

Jw Example 5, 

r = l^m^ 2 # 2 + + ^ 2 + 4 abet cos (<£ - 0)1, 

2 3 2 [ 3 J 

^ = - K + 2m a )ga sin 0, 

017 . . , 

_ = —mzgb sm <f>, 

and Lagrange's equations are easily seen to be 

-(*»* + 3w 2 )fl0 + 2mjb{<f> cos (<j> — 0) — <f > 2 sin (<£ — 0)} 

3 

= — K + 2w 2 )g sin 0. (1) 

+ 2w 2 «{0 cos (<f> — 0) + 0 2 sin (<£ — 0)} = —m^ sin <£. (2) 


8.7 Proof of Lagrange’s Equations 

Consider a particle of a system of mass m whose Cartesian coordinates 
are (x, y, z) and let the force acting on the particle have components 
(X, Y, Z). We shall use E to denote the sum of any of these quantities 
taken over all the particles of the system. The force system (X, Y, Z) 
will include both internal and external forces. 
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We shall assume that the coordinates of any particle can be ex¬ 
pressed in terms of generalized coordinates p, q t r, etc. For simplicity 
we shall assume that the system has two degrees of freedom only with 
generalized coordinates p and q , but the proof is easily extended to a 
system with n degrees of freedom. 

In the formation of Lagrange’s equations we have seen that in the 
differentiations the generalized coordinates and the generalized veloci¬ 
ties are considered as independent quantities, and this fact should be 
borne in mind when following the proof. 

We need two preliminary lemmas. 


Lemma 1. 


dx __ dx 
dp~~dp 


Since x is a function of p and q, we have 

• — dx dp dxdq 
dp dt dqdt * 

dx, , dx. 

= sj? + 

Remembering that p, p, q, q are considered as independent quanti¬ 
ties, we have at once 

dx __ dx 
dp dp 9 

dp __ dy dz __ dz 
dp dp 9 dp dp* 


and similarly 
Lemma 2. 
We have 
therefore 

Also 


d/dx\ __ dx 
dt\dp) dp* 

dx, . dx. 

* - 9* + wf- 

dx __ d 2 x, d 2 x . 
dp dp 2 dpdq^* 

d(dx\ __ 3 2 #, , • 

dt\dp) ~ dp iP + dpdq q ' 


Hence the lemma is proved, and a similar result is true for y and z . 


Proof. 

The kinetic energy of the system is 

1 
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We have 


dT __ T (.di .dy .3 z\ 

dp ~ Zm \ x Yp + y dp + %) 
.dy ,dz\ 
% + %} 


= Zm( & + 

d/dT\ r (Jbx , ..dy , „3z\ , v f .ddx , .ddy . .d dz\ 

Ad}) “ ^ + 2 W + + ^ | 

Remembering that mx ~ X, my = Y, mz = Z> and using lemma 2, 
we have 


KD=<4’ +y i + *i) + *”t 

3T 

The last term is clearly —- and we have 
op 


+ y^. + 


d* 

¥ 


'dp 


d(ZT\ _dT_ y/ x dx y dy „dz\ 
dt\dp) dp \ dp + dp + dp)’ 


fix 

As p increases by dp , the increase in x is ~-dp and the work done by the 

dp 

force X is X^dp. 

op 

Hence the work done by the external forces acting on the system as 
p increases by dp is 

x(x^ + Y^ + zf*' 


dp • dp 
Hence if W is the work function 


: IK 


^ -*{ x % + 




dp dpj 
and we have Lagrange’s equation for p, 

d(dT\ _ST = SW 
dp) dp dp' 

If we write L — T + W, since W does not contain the velocities 

dW d/dL\ d L „ 

¥ _0andwehave^ ¥ j- ¥ -0, 

and a similar equation for each coordinate. L is called the Lagrangian 
function. 


8.8 The Energy Equation 

The energy equation can be deduced from Lagrange’s equations as 
follows. 
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We have on multiplying each equation by the corresponding general¬ 
ized velocity, 

/,ddT . jst\ /,ar , .dT\ 

\ dt dp ^dt dq) \ dp q cq) 


that is 


dp 

,dW , .dW dW 
■ i> ~dp +q l^^-dP 


d/,ST .dT\ /,.BT , J5T , ,dT , ,dT\ 
dtV’dp + q Tq) ~ (% + ^4 + Hp + q Tq) = 


dW 
dt' 


Now 


dT st x , ar.. , ar, , ar. 
a~dp jl> + T4 q+ ty j> + T q q - 


Also since T is of the form ap 2 + + cpq, where a , a, c are functions 

of p and q , 

t% + q % = ^4 += 2r. 


Therefore 


^(2T) = ™ 

dt } dt dt 9 


and we have T = W + constant, 

or r + V s= constant. 

The energy equation involves only first derivatives of the coordinates 
and is often used in conjunction with Lagrange's equations or to re¬ 
place one of them. 


8.9 Oscillations about a Steady State 

When Lagrange's equations have been formed it will often be per¬ 
ceived that a steady state of motion is possible when all the coordinates 
except one are constant and the velocity corresponding to this one 
coordinate is constant. 

The conditions for a steady state are readily obtained from the 
equations of motion. 

Consider the motion of a particle on the inner surface of a smooth 
spherical bowl. Lagrange's equations obtained in § 8.6, Example 2, are 

aB — aft sin 0 cos 0 = — g sin 0, (1) 

(P sin 2 0) = constant. (2) 

If a steady state with 0 = a and <j> = co (a constant) is possible, in 
this position 0 would be zero and # = $ = 0. 

If 0 = a, $ = 0 from (2). 
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Thus for any value of a, there is a value of co such that steady motion 
is possible if 0 is zero in this position. 

Also for any value of co there is a value of a for which steady motion 
is possible, provided that aco 2 > g. 

If the particle is in a state of steady motion and disturbed we may 
find the period of its oscillation about the steady state. 

We have in this example from (2) 

^ sin* 6 — co sin* a, 

and substituting in (1) 

* aco* sin 4 a cos 0 , . a - 

ad -—- + g sin 0 « 0. 

sin 3 0 

Let 0 = a + d where d is a small quantity and B = 6. 

To the first order of small quantities 

cos 0 = cos a — d sin a, 
sin 0 = sin a + <5 cos a, 

1 = JL(1+dcota)-» 

sin 8 a 


sin 8 6 


1 — 3d cot a 
sin 8 a 


aco 2 sin 4 a cos 0 


sin 8 0 


—— .sinacosafl — <5 tana)(l — 3<Jcota) 
cos a 

= g sin a{l — 0(tan a + 3 cot a)}, 


g sin 0 


sin 4 a cos 0 
sin 8 0 


= g sin a.<5(4 cot a + tan a) 
« (1 + 3 cos 2 a) 


cos a 


Hence we have 


a cos a 


-d + gd = 0, 


1 + 3 cos 2 a 

and the period is that of a simple pendulum of length 
a cos a/(l + 3 cos 2 a). 


Example 0. A bead of mass m can slide on a smooth 
fixed straight wire which is inclined at an angle a 
to the vertical. A uniform rod of mass 3m and 
length 2a is hinged to the bead and can move 
freely in a vertical plane through the wire. Find 
the angular velocity of the rod when its inclination 
to the vertical is Q if the system starts from rest 
with 0=0. 

Let r be the distance moved by the bead down 
the wire and 6 the inclination of the rod to the 
vertical (Fig. 170). The velocity of the bead is 
f \ the centre of gravity of the rod has this 
a.m.e.—9* 



Fig. 170 
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velocity and also a relative velocity a6 perpendicular to the rod, and its 
velocity is 

{r* + a*6 2 - 2 rad sin (a + d)} v *. 

1 a 2 . 

The rotational kinetic energy of the rod is -. 3w—0 2 and hence we have 

^ O 


T 

W 
d T 
~dt 
ar 

dr 

m 

dr 

ar 

e0 


1 i f 4 

~mf* + -3 tn -f r 2 + -a 8 # 2 — 2ra$ sin (a + 0) 
« ^ L 3 

mgr cos a + 3 mg(r cos a + a cos 0). 

Amy — Zma6 sin (a + 0)* 

0 

4 mg cos a. 

4ma*0 — 3 mar sin (a + 0). 


=* —3 mrad cos (a + 0), 

— Zmga sin 0. 

Lagrange’s equations are 

4 mr — 3 maS sin (a + 0) — 3wa0 2 cos (a + 0) — 4wg cos a, 

±ma z B — Zmar sin (a + 0) = —3 mga sin 0. 

Eliminating r we have 

10ma*i) — 9 ma*8 sin 2 (a + 0) — 9ma 2 0 2 sin (a + 0} cos (a + 0) 

— 12 mga cos a sin (a + 0) — 12 mga sin 0. 

Integrating with respect to 0, 


ar 
a0 
a w 
He 


-ma*6 2 sin 2 (a + 0) * 12mga{cos 0 — cos a cos (a + 0) — sin 2 a}. 

JU 

Hence, ma0 2 {16 — 9 sin 2 (a + 0)} — 24 mg sin a{sin (a + 0) — sin a}. 


E xa mple 7. A small bead of mass m can move on a smooth circular wire of radius a, 
which can rotate freely about a vertical diameter, about which its moment of 
inertia is Xma 2 . If the system is set in motion with angular momentum ma 2 h 
about the vertical diameter and left to itself, prove that the angular distance 0 of 
the bead from the lowest point of the wire is given by 


a0 + sin 6{g — ah 2 cos 0/(A + sin 2 0) 2 } — 0. 



a $in 04 > 


Show that a position of relative equilibrium 
6 =ais possible with the wire rotating at a steady 
rate co, if aco 2 cos a — g and co 2 > gja. 

Show also that the length of the equivalent 
simple pendulum for small oscillations about this 

, . a cos a(X + sin 2 a) TT x 

steady state ts—— —-=------—.. (L.U.) 

y sin 3 a(X +1 + 3 cos 2 a) 


Let ^ be the angular velocity of the 
wire about the vertical and 0 the inclina¬ 
tion to the vertical of the radius to the 


Fig. 171 
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wire (Fig. 171). The bead has velocity a sin 0 .<j> due to the rotation <j> and has 
also the velocity aB in the plane of the wire. 

The angular momentum is Ama 2 <j) 4 - ma 2 sin 2 6.<j> and the initial value of 
this quantity is ma 2 h. 

We have T = ^Ama 2 <j> 2 -J- \m{a 2 sin 2 + a 8 # 2 ), 

TV — mga cos 0. 

Lagrange’s equations are 

tna*B — ma 2 sin 0 cos 0.^ 2 = —mga sin 0, 
d. 


(Ama 2 -f ma 8 sin 2 0)^ = 0. 


> — g sin 0. 


dt 

Hence, using the initial condition, 

(A + sin 2 6)<j> 

Substituting for ^ in (1) 

« h % a sin 0 cos 0 
(A + sin 2 0) 8 
From (1) if 0 = a and <f> = co, B = 0 if 

a sin a cos a.co 2 — g sin a, 
that is aco 2 cos a *= g. 

Therefore a steady state is possible if aw 2 > g and aw 2 cos a ** g. 
We have h «• (A + sin 2 a)a), and hence 

a{A + sin 2 a) 2 eo* cos 01 


iin 0^ 


> + sin0X g 


(A + sin 2 0) 2 
j _ (A -f sin 2 a) 2 cos 0 


| « 0 , 

) 2 cos 0 1 =0 
( 2 cosaJ 


that is aB 4- g sin w , *- 

* 1 a + sin 2 e)» 

Let 0 = a + 8, where <5 is small. Approximately we have 

cos 0 

-- = 1 — S tan a, 

cos a 

A + sh* 2 0 = A + sin 2 a -f 2d sin a cos a. 


f A 4- sin* a 1 2 _ . 4<5 sin a cos a 

LA + sin 8 0 J A 4- sin 2 a ' 


(A 4- sin 2 a) 2 cos 0 
(A 4- sin 2 0) 


l 2 a) 2 cos 0 / 4 sin a cos a\ 

- — 61 tan a 4* -s-r-r— I, 

l 2 0) 2 cos a \ A 4-sin 2 a/ 


( 1 ) 

( 2 ) 


_ d sin g(A 4- sin 2 a 4- 4 cos* g) 
cos a(A 4- sin 2 a) 

Hence a cos a (A 4- sin 2 a)S 4- g sin 2 a(A 4 1 4- 3 cos 2 a)d * 0 , 
and the length of the equivalent simple pendulum follows. 

Example 8. A uniform circular disc of radius a is suspended by two vertical in 
extensible strings, each of length l, attached at the same level to points of its cir¬ 
cumference at a distance 2d apart. If one of the strings is cut, determine the initial 
angular accelerations of the remaining string and the disc, and show that the 
tension in this string is immediately altered in the ratio 2a 2 : (a 2 4- 2d 2 ). 

* (L.U.) 
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Let 0 be the inclination to the vertical of the remaining string and <f> the 
inclination to the horizontal of the radius to the point of attachment at time 
t . Initially 0 = 0, <f> =* a, where cos a = dja (Fig. 172). 



The centre of the disc has components of velocity iB and a<j> including an 

angle ^ — <j> + 0. The rotational kinetic energy is i m <f> 2 and we have 

** z z 


T = i»n|i a 0 2 + + 2al6tf> sin (<f, - 0)|, 


W = mg (l cos 0 + a sin <f>) + constant. 
Therefore Lagrange’s equations are 
d 


dt 


dt 

Therefore 


m{l6 + a4 sin (<f> — 0^} 4- mad<j> cos {<j> — 0) — —mg sin 0, 

| ^a<f> -f Id sin (</> — d) — ml8<f> cos {</> — d) = mg cos 

4 sfn — 0) + cos ((/> — 6) — —g sin 0, 


^ i$ + iB sin (<f> — 6) — /0 : cos — 0) =* g cos 0. 


In the initial position 6 «“ </> *= 0, 0 = 0, ^ = a, and we have 
iB + aj> sin a = 0, 

l8 sin a 4- — g COP a, 

y g cos a 


If 1? be the tension in the string 
d 2 


£ 4- cos 2 a’ 

2gad 
a* 4- 2d 2 * 
g sin a cos a 
J -1- cos 8 a ' 
2grf(a 8 - <**)** 

' " a 2 + 2d 2 ' 


mg — R cos 6 ** m-^(Z COS 6 4- a sin <j>), 

ms. m( —/ sin 0.# — cos 0.0 s + a cos </>.</> — a sin 
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EXERCISES 

Therefore initially mg — R — ma cos a. <fi, 

cos- a 

** i + cos 8 a 

_ mg a* 

1 + 2 cos 2 a m ^a % -f 2 

Before the string was cut R was \mg and hence the tension is altered in the 

It 

ratio 2a*: a* + 2d*. 


EXERCISES 8 (a) 

1. Write down Lagrange’s equations for a uniform sphere rolling down 
the line of greatest slope of a plane inclined at an angle a to the hori¬ 
zontal, and show that the acceleration is 5g sin a/7. 

2. A light inextensible string passes over a pulley. Attached to one end 
is a mass m and attached to the other end is another pulley. Over this 
pulley passes a light inextensible string with masses m and 2m 
attached to its ends. Each of the pulleys is a uniform circular disc of 
mass m and radius a in frictionless bearings. Use Lagrange's equations 
to obtain the angular accelerations of each of the pulleys. 

3. Two masses, 2 m and m, are attached to the ends of a light inelastic 

string passing over a pulley of mass m with its axis fixed horizontally. 
From m is suspended another mass m by means of an elastic string of 
unstretched length a and modulus mg. If the system is released from 
rest with the elastic string unstretched and the pulley is considered 
as a solid circular disc, prove that each mass will move with simple 
harmonic motion, and find the period and the distance over which the 
mass 2m oscillates. (L.U., Pt. II) 

4 . Two particles A and B , each of mass m, are attached to the ends of a 

light stiff spiral spring AB and the system is placed on a smooth 
horizontal table. A blow of impulse 1 is applied to A in the direction 
AB. Prove that the greatest compression is Ij^/(2mS) where 5 is the 
stiffness of the spring. Prove also, that when the spring regains its 
natural length for the first time it has moved forward a distance 
»J/2V(2 wS). (L.U., Pt. II) 

6. Two particles, A and B, of equal mass m are attached to the ends of a 
light spring which exerts a tension of amount s per unit extension. 
Initially the particles are at rest on a smooth horizontal table with 
the spring just taut, and a constant force of magnitude sa is then 
applied to particle B in the direction AB. Obtain the differential 
equations for the displacements, x and y , of the particles A and B 
respectively at time t , and show thaty — \ao^t 2 ,y — x — £a(l — cos coi), 
where mw 2 — 2s. (L.U., Pt. II) 

6. A uniform rod of mass m and length 2a is free to turn in a vertical 
plane about one end which is fixed. A light inextensible string of 
length 2a is attached to the other end of the rod and carries a particle 
of mass m at its free end. The system moves in a vertical plane and the 
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rod and the string are inclined at angles 0 and <j> respectively to the 
vertical. Write down Lagrange's equations of motion in terms of 0 
and <j>. 

7. A uniform rod of length 2 a is held in a horizontal position by two 
light inextensible vertical strings each of length l attached to its ends. 
One of the strings is suddenly cut. Write down Lagrange's equations 
for the inclination 0 of the other string to the vertical and the inclina¬ 
tion <f> of the rod to the horizontal. Deduce the initial acceleration of 
the rod. 

8 . A particle is free to move on the smooth inner surface of a sphere of 
centre O and radius a and OZ is the vertical through O. The particle 
is initially in the horizontal plane through O and is given an angular 
velocity ca about O. Show that if r is the distance of the particle from 
OZ at any instant, 

f 2 = (1 - t*/a*)* 2 {2ga - o> 2 a 4 (l - r 2 /* 2 ) 1 ' 2 /*' 2 }. 

9. A uniform rod A B of length 2 a can turn freely about the end A which 
is fixed. Initially B is below A t the rod is inclined at an angle a to the 
vertical and is made to rotate about the vertical through A with 
angular velocity co. Show that if 4«ct> 2 cos a = 3 g the rod remains 
inclined at a to the vertical, and that in any case its inclination to the 
vertical lies between a and p where cos p = — q + (1 — 2gcos a -f- g 2 ) 1/2 
and q = aco sin 2 a/(3g). 

10. A uniform rod A B of length 2a can turn freely about the end A which 
is fixed. Show that steady motion is possible with the rod inclined at an 
angle a to the vertical and turning about the vertical through O with 
angular velocity a> if 4aco 2 cos a = 3 g- If the rod is slightly disturbed 
from this position show that the period of a small oscillation is the 
same as that of a simple pendulum of length 4 a cos a/{3(l + 3 cos 2 a)}. 

11 . Three flywheels A, B t C have moments of inertia I v 1 2 ,1 3 respectively 
and are connected by light gears so that their angular velocities are 
in the ratios n x : n 2 : w 3 . A torque T is applied to the flywheel A. 
Write down the kinetic energy of the system and the work done by 
the torque in any position and use Lagrange’s equations to find the 
angular acceleration of the flywheel C, 

12. A uniform sphere of mass m and radius a rolls down a line of greatest 
slope of a plane surface of a wedge which is inclined at an angle a to 
the horizontal. The wedge is of mass M and rests on a smooth hori¬ 
zontal plane. Find the acceleration of the wedge. 

13. A truck of total mass M has four wheels each of which is a uniform 
circular disc of mass m. The truck rolls without slipping down a plane 
of inclination a. A uniform circular cylinder of mass m, lies on the 
floor of the truck, which is parallel to the plane, with its axis perpen¬ 
dicular to the line of greatest slope of the plane and can roll without 
slipping on the floor. Find the acceleration of the truck and the 
cylinder down the plane. 

14. A uniform rod of mass 3 nt and length 2 a has its centre fixed and a 
mass m attached to one end. The rod is set rotating about a vertical 


m 
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axis through its centre with angular velocity m when its inclination to 
the vertical is a. Show that steady motion is possible in this position 
if 2aa> 2 cos a = g and find the length of the equivalent simple pendu¬ 
lum for oscillations about this position. 

16. A uniform rod A B of length c and mass M, is attached to a fixed point 
A of a smooth horizontal table, about which it is free to turn. It is 
smoothly jointed at B “to a uniform rod BD of length l and mass tn, 
which slides through a small swivel ring fixed to the table at C, where 
AC = b. If 0 = L CAB and <f> = Z. ACB. prove that 

^ = c6(b cos 0 — c)ja 2 where a 2 = b* 4* c% — cos 0, 
and that the kinetic energy T of the system is given by 

6 T = c 2 0 2 {M + 3w + m/(6 cos 0 - *)■(/ - 3a)/a 4 }. 

If 6 is constrained to be constant by a couple G applied to A B, show 
that G = dT/dd and that it vanishes whenever the rods are collinear 
or at right-angles. (L.U.) 

16. Two uniform rods AB , BC , of mass 3 M and M and lengths a and 4 a 
respectively are smoothly hinged at B and pivoted to a fixed pin at 
A. If the system is set moving in a vertical plane, under gravity, prove 
that the kinetic energy of the system is 

T = + 2Ma*6<f> cos (0 - <f>), 

O 

where 0 and <j> are the angles which AB and BC make with the down¬ 
ward vertical at any instant, and find the potential energy. 

Find the initial angular accelerations of the two rods if the system 
is set in motion with the rods in a line inclined at an angle a to the 
downward vertical. (L.U.) 

17. One end A of a heavy uniform rod AB can slide on a smooth vertical 
wire OZ below O, the other end being attached by a light inextensible 
string to O and OB — AB. If the system is free to move so that the 
plane AOB has an angular velocity <j> when the angle A OB is 0, show 
that the kinetic energy is 

T = -ma ?(V + 8 sin J 0.0* + sin s 0.^ s 
2 \8 

Find the Lagrange equations of motion and show that a state of 
steady motion is possible in which A is at a depth d below O and 
j = 3 (g/d)u*. (L.U.) 

18. A uniform rod AB of mass m and length 2a is at rest at time t = 0, 
suspended from a fixed smooth horizontal rail by means of a small 
ring at A of mass m. A force F is applied at A along the rail. If x is 
the distance moved by A from its initial position O and the angle 
OAB is — 0, obtain the equations of motion of the system. 

If A is constrained to move with constant acceleration g, show that 
the rod oscillates between the vertical 0 = 0 and the horizontal 
position 0 = nj2 , and that 

F = — {19 — 12 sin 0 + 9(sin 20 — cos 20)}. (L.U.) 

8 
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19. A uniform rod AB of mass m and length 2 a is at rest suspended from 
a fixed smooth horizontal rail by means of a small light ring at A. 
A force F applied at A along the rod makes A move with constant 
acceleration /. Show that the rod oscillates between its original direc¬ 
tion and one in which it is inclined at an angle 2a with the downward 
vertical, given by tan a = fjg . Show that when its inclination is 6, 

F=gw{ll/ — 12 g sin 6 — 9(/cos 20 — g sin 28)}. (L.U.) 

20. A heavy bead of mass m is free to slide on a smooth uniform rod of 
mass Zhnj4k and length 2 a, which is turning about one end. If 6 and <f> 
are the Euler angles specifying the orientation of the rod at time t, 
and x is the distance of the bead from the fixed end, and initially 
4 = co, 6 = a, 6 = x = x = 0 , find the initial values of the generalized 
accelerations. 

8.10 The Top 

A symmetrical top is a rigid body which is a solid of revolution. We 
shall consider the motion of a top when it is given a rotation about its 

axis of symmetry and one point of the 
axis is fixed. It is convenient to take as 
generalized coordinates to describe the 
motion the Eulerian angles 6, <j> and y>. 

Let OP (Fig. 173) be the axis of the 
top, 0 the fixed point, OZ the vertical 
through O and OX and OY fixed per¬ 
pendicular axes. 6 is the angle which OP 
Y makes with OZ, <j> is the angle which the 
projection ON of OP on the plane OXY 
makes with OX . y> is the angle through 
which the top turns about its axis, being 
positive if the rotation would drive a 
right-handed screw in the direction OP. 

The corresponding generalized velocities are: 

6, which is the angular velocity of the axis about a line OM through 
0 perpendicular to the plane ZOP, 

4, which is the angular velocity of the axis about OZ, 

ip, which is the angular velocity of the top about its axis. 

Motion due to change of 6 is called nutation, motion due to change of </> 
is called precession . The general motion of the top is one of nutation 
and precession. 

8.11 Kinetic and Potential Energy 

The top has three angular velocities 0, 4> and V> about OM, OZ, 
and OP respectively. Let OR be perpendicular to OP in the plane 
ZOP . Then the angular velocity p about OZ may be resolved into 



Fig. 173 
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components <f> cos 6 about OP and <j> sin 0 about OR. We thus have 
angular velocities in three perpendicular directions, 

ip + cos 0 about 0P t 
^ sin 0 about OR, 

6 about OM. 

Let A be the amount of inertia of the top about its axis and B the 
moment of inertia about any perpendicular axis through 0 . The pro¬ 
ducts of inertia about OP, OR and OM are zero and the kinetic energy 
is, by § 7.19, 

T = -{A{y> + <f> cos ey + B(<f> sin 0) J + B6‘}. 

2 

Let G be the centre of gravity of the top and h its distance from 0, 
Then the potential energy is V — mgh cos 0 , and the work function is 
W — ~V = —mgh cos 0. 

8.12 Equations of Motion of the Top 

Lagrange’s equations for the top are: 

~{B6) + A(y) + </> cos 6)<f> sin 0 — B<j> 2 sin 0 cos 0 = mgh sin 0, (1) 
dt 

|{. A {rp+<f> cos 0) cos d + B<f> sin 1 0} = 0, (2) 

dt 

^-{A {ip + <f> cos 0)} = 0. (3) 

at 

From (3) we have that y>-f-<£cos0 is constant, and denoting this 
constant by N (the spin about the axis of the top), we have 

y) + <j> cos 0 — N. (4) 

Substituting this value in (2) we have 

AN cos 0 + B<j> sin 2 0 = K (a constant). (5) 

Instead of (1) we may use the energy equation and we have, remember¬ 
ing that N is constant, 

-B(0 2 + (f > 2 sin 2 0) + mgh cos 0 = E (a constant). (6) 

2 

8.13 Description of the Motion 

Let the initial conditions which determine the constants of integra¬ 
tion be0 = a, 0 = ^ = 0 and y> = N. Then the three top equations 
become 

y> + <f> cos 0 = N, (1) 

AN cos 0 + By sin 2 0 = AN cos a, (2) 

-B^ 2 sin 2 0 + -B6* + mgh cos 0 — mgh cos a. 

Z Z 


(3) 
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Eliminating <f> between (2) and (3) we have 

0 8 sin 8 0 = ^jj-sin 8 8 (cos a — cos 8) — ^^-(cos a — cos 0) 8 . 

B B z ' 

Hence if 0 = 0 we have 


either cos a — cos 0 = 0, 

A*N 2 

or sin 8 0 = ^-^(cosa-cos0). 

a*n 2 

Writing s = -——, the last equation becomes 

cos 2 0 — 2s cos 0 — 1 + 2s cos a — 0, 
cos 0 = s + \/(s 2 — 2s cos a + 1). 

The surd with the positive sign gives a value of cos 0 greater than 1 
and hence 0 = 0 if 0 = a or 0 = where 

cos (3 = s — y/(s* — 2s cos a + 1), 


and it is easily seen that > a. 

Thus the axis of the top oscillates between 6 = a and 0 = /?. When 
0 = a, <l> = 0, and when 0 = /?, <f> = ^ 



Fig. 174 

The motion of the axis of the top thus lies between two cones of semi¬ 
vertical angles a and p and its trace on a unit sphere with centre at O 
is as shown in Fig. 174. 

8.14 Stability in the Vertical Position 

If initially 0 = 0, Lagrange's equation for <f> gives 

A N 

<f) sin 2 0 = (1 — cos 0). 

B 

Substituting for </> in Lagrange's equation for 0 we have 
* A 2 N*(l — cos0) _ A*N 2 (1 — cos 0) 2 cos 0 
B sin 0 B sin 8 0 


— mgh sin 0 = 0, 
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STEADY PRECESSION 

Bl + {nr- 11 i^r 1 ' - »«*} ™ ■ 9 = 

Bi + {^F-’- d+La) ' - - ”**} si " e -°- 

If 0 is small so that squares and higher powers may be neglected we 
have 

bS + 6 — °* 

Thus the motion is simple harmonic about 0 = 0 and stable if 

A 2 N 2 > 4 Bmgh, 

and the periodic time is 

0 f A*N* mgh 1 

4£* B J * 

The motion of a rotating projectile about its centre of gravity is 
analogous to the motion of a top. The shell, whose moment of inertia 
about its axis is A and about a perpendicular axis through its centre of 
gravity is B, is given a spin N . In place of the moment mgh sin 0 of the 
weight of the top we have the moment fi sin 0 of the aerodynamic 
forces on the shell where 0 is the yaw of the shell from its trajectory. 
Then the shell is stable when it emerges from the muzzle of the gun 
with a slight yaw if 

A 2 N 2 > 4 Bfi, 

A 2 N 2 

The quantity s = — is called the stability coefficient of the shell 

and must be greater than unity. 


8.15 Steady Precession 

Lagrange’s equation for 0 is (§ 8.12 (1)) 

BO + AN<f> sin 0 — B<f> 2 sin 0 cos 0 == mgh sin 0. 

A state of steady precession in which 0 is constant is possible if § = 0, 

B<f>* cos 0 — AN<f> + mgh — 0, 

; _ AN ± y/{A*N* - 4 Bmgh cos 0) 

2B cos 0 

Thus provided that ^4 2 iV 2 > 4 Bmgh cos 0 there are two values of <f> for 
any value of 0 at which steady precession is possible. One is a fast rate 
difficult to obtain outside a laboratory while the slow rate is easily 
obtained with a child’s top. It should be noted that f and 8 are related 
by Lagrange’s equation for <f>, and 0 = 0 implies $ = 0. 

An important case of steady precession occurs when the centre of 


that is 

that is 
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gravity of the top is at the fixed point, that is h = 0. In this case there 
is only one speed of precession given by 

B<j> cos 0 — AN = 0. 

Writing N = ip + <f> cos 0, this gives the relation between ^ and w, 
that is 

l = A v> 

* (A-B) cos 6’ 

Thus if A > B, <f> and y> have opposite signs and if A < B they have 
the same sign. 


8.16 The Gyroscopic Moment 

When the centre of gravity coincides with the fixed point it is pos¬ 
sible to have steady precession with 0 = 0 for any value of <f> if there 
is a turning moment to make 0 = 0. 

Let the work function be such that 

8W .. dW dW - 
dd ~ ’ ~ drj> ~ ' 

Then work is done by the moment M only as 0 changes and the moment 
is about the axis OM (Fig. 173) perpendicular to the axis of the top 
and to OZ . 

Lagrange's equation for 0 becomes 

~f AN<j> sin 0 — B(f>* sin 0 cos d — M, 
and if 0 = 0 we have M = AN<}> sin 0 — B<f> 2 sin 0 cos 0. 


In particular if 0 — 

M = AN^ = Ayxfr. 

The moment —Mis called the gyroscopic moment and is of considerable 
importance in engineering. For example, if a shaft carrying a rotating 
wheel is made to turn in a given plane the moment M must be exerted 
to make it do so, that is, the wheel will exert a moment — M on the 


bearings. If an aeroplane with a propellor rotating in a clockwise direc¬ 
tion as seen by the pilot turns left the shaft will exert the moment — M 



Fig. 175 


on the aeroplane in the sense tending to lift the 
nose. 

8.17 The Gyroscope 

A gyroscope consists essentially of a wheel or 
disc free to turn about a horizontal axle AB which 
is held in a frame F x (Fig. 175). The frame F x may 
itself be held in a frame F 2 so that it is free to 
turn about the horizontal axis CD which is per¬ 
pendicular to AB, while the frame F 2 can itself 
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turn about a vertical axis. The centre of gravity is in line with the 
vertical axis and fixed so that the motion is that of a top with its 
centre of gravity at the fixed point. If the gyroscope is held in the 
frame F 2 only and supported at B the moment of the weight about 
the horizontal through B perpendicular to AB will cause precession 
about the vertical through B. 

If the gyroscope has moment of inertia I about its axis and spin co 
and turns about the vertical with angular velocity <f> the gyroscopic 
moment required to cause this precession is M = I<fxo about CD 
(Fig. 176). This may be caused by a weight placed at B . 



Fig. 176 Fig. 177 


If it turns about CD with angular velocity 8 (Fig. 177) the gyro¬ 
scopic moment required to cause this precession is M = I6co about the 
vertical. The direction of the gyroscopic moments may be remembered 
by writing them as the vector products X cu and /J X w. 

8.18 The Gyroscopic Compass 

The parallel to the earth’s axis in latitude North A lies in a meridian 
plane inclined at an angle A to the North line (Fig. 178). The earth’s 
angular velocity Q has therefore components Q cos A about the North 
line andi2 sin A about the vertical (Fig. 179). Let the axis of a gyroscope 
in this latitude be inclined at an angle 0 to the North line. 



Fig. 178 


Fig. 179 
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Let its spin be co, its moment of inertia about its axis A and about a 
perpendicular through its centre of gravity B. As 0 changes the axis 
has angular velocity 0 about the vertical and the components of angular 
velocity about the axis of the gyroscope and two perpendicular axes are 
then 

co + Q cos A cos 0, £3 cos A sin 0, Q sin A — 0. 

The kinetic energy is 

T = l ^{A{co + Q cos A cos 0) 2 + BQ* cos ! A sin 2 0 + B(£sinA - 0)*}. 


We have 
dT 


= A(co + Q cos A cos 0) = constant = AN, 

d -Z = B(6 -QsmX), 

00 


dT 

00 


= —A(co + Q cos A cos Q)Q cos A sin 0 + B£3‘ cos 2 A sin 0 cos 0, 


dW A 
00 - °' 


and Lagrange's equation for 0 is 

BS -f A NQ cos A sin 0 — BQ 2 cos 2 A sin 0 cos 0 = 0. 
Neglecting Q 2 we have 

B8 + ANQ cos A sin 0 = 0, 

and this equation represents an oscillatory motion about 0 = 0. This 
oscillation is damped out by frictional forces so that the axis of the 
gyroscope comes to point due North. In a ship's compass the gyroscope 
floats in mercury and its frame is loaded centrally by an attached mass. 
It is the variation in the direction of the gravity pull on this mass 
which causes the axis to precess so that it comes to point North. 


EXERCISES 8 (b) 

1. A top consists of a light pin through the centre of a uniform circular 
disc of radius 4 in. with 3 in. of the pin below the disc. Show that for 
steady precession in which the rim does not touch the ground the spin 
must exceed 27*4 rad./sec. 

2. A top of mass 5 lb. spins on a perfectly rough horizontal plane. Its 
moment of inertia about its axis is 18 lb.in. 2 and about a perpendicular 
through its point is 198 lb.in. 2 . The distance of the centre of gravity 
from the point is 6 in. Find the least spin required for steady pre¬ 
cession with the axis of the top inclined at 30° to the vertical and the 
rate of precession at this spin. 
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3. 


4. 


6 . 


6 . 

7. 


8 . 


9. 


A top of mass 6 lb. spins on a perfectly rough horizontal plane. Its 
moment of inertia about its axis and a perpendicular through its 
point are 18 lb.in. 2 and 198 lb.in. 2 respectively and its centre of 
gravity is 6 in. from its point. If the top is spinning with its axis 
vertical at 300 rad./sec. show that it is stable and find the period of its 
small oscillations if it is disturbed from this position. 

A shell has moments of inertia 22*6 lb.in. 2 and 200 lb.in. 2 about its 
axis of symmetry and about a perpendicular through its centre of 
gravity respectively. When its axis is inclined at a small angle 6 to the 
trajectory the aerodynamic turning moment about the centre of 
gravity is 186 sin 0 ft.lb. at a certain velocity. Find the spin required 
to make the shell just stable at this velocity. If the spin is in fact 
1645 rad./sec., find the period of small oscillations about the trajectory 
and show that the rate of precession about the trajectory is nearly 
93 rad./sec. 

A light rod AB of length 2 ft. which can turn freely about A carries 
a uniform disc of mass 5 lb. and radius 1 ft. at the end B in a plane 
perpendicular to the rod. If the disc is given a rotation of 300 rad./sec. 
about AB find the possible speeds of steady precession of the rod 
about the vertical inclined at 30° to the vertical. 

If the rod is constrained to precess at twice the lower of these rates, 
find the couple exerted. 

A uniform circular disc of mass 4 lb. and radius 1 ft. rotates at 100 
rad./sec, about an axle through its centre inclined at 30° to its plane. 
Find the couple exerted by the axle on its bearings. 

The flywheel of a car has moment of inertia 15 Ib.ft. 2 and turns about 
its axis, which is horizontal and in the direction of motion of the car 
at 3700 r.p.m. when the car is travelling at 60 m.p.h. The distance 
between the front and rear axles of the car is 8 ft. If the car takes a 
left-hand bend travelling in a circle of radius 40 ft. at this speed, show 
that the pressure on the front wheels is increased by about 50 lb. 
The propeller of an aircraft is rotating at 1500 r.p.m. in a clockwise 
direction as seen by the pilot and its moment of inertia about the 
axis of rotation is 500 ft.lb. As the aircraft lands and its main wheels 
touch the runway a rear wheel on the fuselage 40 ft. behind them 
begins to descend at 10 ft./sec. Find the magnitude and direction of 
the couple tending to make the aircraft swerve. 

A pair of wheels and axle are rolling along a straight railway track at a 
speed of 75 m.p.h. The effective radius of the wheels is 2 ft., the 
effective width of the track is 5 ft., and the moment of inertia of the 
system about the centre line of the axle is 3000 Ib.ft, 2 . One rail has a 
track imperfection consisting of a rise of 1/10 in. acquired in a distance 
of 30 in., the new level then remaining constant. If the formation of 
the rise is given by the equation y = 0*1 sin 2 nxjftO, on the assumption 
that the wheel remains in contact with the rail, determine the 
magnitude and direction of the gyroscopic couple brought into exist¬ 
ence at the instant the wheel has its maximum vertical velocity. 

(C.U.) 




268 APPLIED MATHEMATICS FOR ENGINEERS [8 

10. A turn indicator in an aircraft consists of a wheel of moment of inertia 
I turning about a horizontal axle with angular velocity to. The axle is 
mounted in a frame which can turn about a perpendicular horizontal 
axis through the centre of the wheel. A mass m rigidly attached to the 
frame is at a depth h below the centre of the wheel. Show that if the 
system is given a rotation Q about a vertical axis the frame will take 

up a position inclined at an angle 0 to the vertical, where tan 0 = 

mgh 


8.19 Small Oscillations 

A simplified form of Lagrange's equations is used to give the equa¬ 
tions of motion of a system which is oscillating about a position of 
stable equilibrium with two or more degrees of freedom. 

The differential equations of most oscillations of this type are 
essentially non-linear. For example, the equation of motion of a simple 
pendulum, l8 = —g sin 6 , cannot be solved in terms of elementary 
functions, but if squares and higher powers of d are neglected the equa¬ 
tion is IS = — gO, and can be integrated at once. Similar approxima¬ 
tions are made to linearize the equations of motion when there are two 
or more degrees of freedom and the equations are given directly by a 
linearized form of Lagrange's equations. The linearized equations may 
be obtained by direct approximation in Lagrange's equations, as may 
be seen from the following example. 

Example 9. A uniform rod AB of mass 2m and length 2a is free to turn about the end 
A . A second rod BC of mass 3m and length 2 a is freely hinged to the first at B 
and the system moves in a vertical plane. Find the equations of small oscillations 
about the position of stable equilibrium. 



Let 0 and <f> be the inclinations of the rods to the 
vertical (Fig. 180). The kinetic energy of AB is 

1.2 m-taty. 

2 3 

The centre of gravity of BC has velocities 2 ad and 
a<f) inclined at angles 0 and (f> respectively to the 
horizontal. The kinetic energy of BC is 

1.3m | + 4 dfr + ia^<j> cos ($ - 6) + j.. 

The total kinetic energy of the system is 

X - + 120^ cos (0 - 0) + 4^*|. 


The potential energy is 

V = —2 mga cos 0 — 3mg(2a cos 0 + a cos <f>) 
— —mga(8 cos 0 + 3 cos <f>). 


Lagrange’s equations are 


ma 


2 {^ 008 ^ ^ S * n ^ 

tna 2 {4$ + 6 § cos (</> — 0) + 60 2 sin (<f> — 0)} 


+ 8 mga sin 0 
-f 3 mga sin </> 


0 , 


0 . 
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Neglecting squares and higher powers of 6, <f>, 6 and <f> we have 

^8 + <# + 8(g/a)0 - 0, 

6fi + 4^f + 3 (gla)j = 0. 

These are the linearized equations which describe the motion. 


8.20 Linearized Form of Lagrange’s Equations 

Let us suppose that the motion has two degrees of freedom and can 
be expressed in terms of generalized coordinates p and q. We shall 
further suppose that p and q are both zero in the position of equili¬ 
brium. 

The kinetic energy of the system is 

T = + 2 bpq + cq*), 


where a, b and c are functions of p and q . It is evident that the terms 

^ and ^ involve squares of the generalized velocities and can be 

omitted. Also if a, b, c be expanded in powers of p and q and a 0t b 0 , c 0 
are their values when p = q = 0, to the first order of small quantities 
we have 

= a<rf> + b$, 


Thus we may write 


f = M + 

T 0 = ^K/>* + 2 bj>q + ctf). 


which is the value of the kinetic energy as the system passes through 
the equilibrium position, and take the first terms in Lagrange's equa- 

ti0nS 33 !(lf) and respectively. 

It is usually more convenient to use the potential energy rather than 
the work function in these problems. Since the potential energy V is a 
function of p and q we can use the Taylor series expansion for V in the 
neighbourhead of p — q = 0. 

We have 


i/ ™ . J dv \ , f dv \ 

2\\ y \dpy 0 


MS)Mv).} 


+ 
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Now in a position of equilibrium the potential energy must have a 
stationary value, and the condition for this when p — q = 0 is 




= 0 . 


For stable equilibrium the turning value must be a minimum, for 
which the conditions are 

(*Z\ > o, (?Y\ (W\ _/WV 

W7o WVo \S?7o \dpdq )0 
Thus we may write the generalized forces in Lagrange’s equations as 

dp dq 

where V 0 = ^ (a£* + 2/3pq + y^ 2 ) and a > 0, ay — fP > 0. 

Then Lagrange's equations are 



It is not necessary to form the function V 0 as the necessary approxima¬ 
tion can usually be made in ~ and 

J dp dq 

The method described is easily generalized for a system with any 
number of degrees of freedom. 


Example 10. A uniform rod of mass M and length 2a can turn freely about a fixed 
horizontal axis through its mid-point. A particle of mass m is attached to one 
end of the rod by a light inextensible string of length l. Find the equations oj 
motion for small oscillations about the position of stable equilibrium. 



Let the rod be inclined at an angle 0 and the 
string at an angle <f> to the vertical (Fig. 181). 

The particle has the velocity a6 of the upper end of 
the string and the relative velocity l<fi, both in a 
horizontal direction when 0=^=0. 

Therefore 

T„ - + lm(a6 + If)*. 

V = —mg {a cos 6 + / cos <j>) 


Fig. 181 
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V, = mg(-a @ 2 + + constant. 

\2 2 / 

= (m~ + ma*)$ + maltfi, 

do V 3 / 
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SV , 
80 


Lagrange's linearized equations are 

Qm + rn^aB + ml$ + mgd = 0, 
tna& 4 ml<f> -f mg<fi — 0. 


8.21 Solution of the Equations of Motion 

When there are two degrees of freedom the linearized equations of 
motion are of the form 

afi + bq + ap + fiq = 0 , 
bp + cq + ftp + yq = 0. 

The equations are solved by assuming solutions 
p = A sin (cot + e), 
q = B sin (wt + &)• 

Substituting in the differential equations, we have 
A (aw 2 — a) + B(bw 2 — fl) = 0, 

A(txjoP — P) + 2?(ca> 2 — y) = 0. 

Eliminating ^4 and B we have 

aeo* — a bw 2 — /? 1=0, 

bw 2 — P cw 2 — y I 

that is (aw 2 — a) (cw 2 — y) — (6co 2 — /?) 2 = 0. 

This equation gives two values of w 2 which are real and positive. This 
follows from the fact that T 0 and V 0 are positive quadratic forms and 
the theorem of real positive roots is proved in textbooks of algebra. 

We have, therefore, two values co 1 and co 2 which satisfy the equation 
and the complete solution is 

p = A x sin (w x t + gj) + A 2 sin (w 2 t + e 2 ), 

q B ± sin (wj + ej + B 2 sin (w 2 t + e 2 ). 

The constants and ^4 a , Z? 2 are connected by the equations 

A^awj 2 — a) + B^bcoj 2 — ft) = 0 , 

^ 2 («co 2 a — a) + B 2 (bw z 2 — ft) = 0, 
so that there are four arbitrary constants in the complete solution. 

It is clear that the motion has two periods, 2nlco 1 and 2 7ijw 2 . 
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Example 11. Find the complete solution of the equations of motion of the double 
pendulum (Example 9) 

440 + 18$ + 24 (g/a)d - 0, 

60 + 4# + 3 (gla)f - 0. 

0 — A sin (cot + e), 
f = B sin (a>t -f e) 


Substituting 
we have 


_ 24) + B (l8^) = 0, 

/6oo> 2 \ / , <za> 2 \ 

4 r) + - a 


Writing A *» , we have 


44A - 24 
6A 


18A 

4A - 3 


0, 


that is 


17A S - 67A + 18 = 0, 
(17A - 6) (A - 3) = 0, 


A = 3or f7 . 

Hence wc have two values of co, 

a>i - \/( 3 g/a). 
to* = v(Ggim. 

and the corresponding periods are 2n/(Oi and 2jr/a> a . 


We have 
that is 

Also 


4‘ f r- ! ‘) + 4 8 T ! )-°. 


108^ + 54 B x - 0, 

Bj « -2^. 

^44^ - 24) + B a (l8^) = 0, 

,144x6 \ „ /18 x 6\ „ 

17 24 ) + S *( 17~) “ 0> 

B a = *4,. 

Hence the complete solution is 

6 ■* -i4j sin (co^ + £i) + j 4 2 si n (&V + £ 2 )* 

4 

0 = —2^! sin (ajj/ + ej + sin {<*> 2 * + ^ 2 )* 

O 

The four constants i4 1# 44 2 , e s may be determined from the initia values 
of 0, p, 6 and <j>. 


8.22 Normal Modes 

We have seen that when an oscillation has two degrees of freedom 
the solution is of the form 

p = A x sin {co x t + fij + A 2 sin (ca 2 t + e 2 ), 
q = B x sin (coj + £i) + # 2 sin (<*> 2 * + £ a)> 
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where B x and B 2 can be expressed in terms of A x and A 2 respectively. 
We can separate the oscillations with periods 2jcIco x and 2 tt/co 2 by 
solving these equations, and we have 

B^p — Ayfi = {A X B 2 A 2 B^) sin (-1- s x )» 

B^p — A i? = ( B i A % ~ B 2 A i) sin + «*)• 

Hence, with suitable initial conditions an oscillation is possible in 
which Bjp — A x q = 0 and the system oscillates with period 2 n\io Xt 
similarly an oscillation is possible in which B^p — A$ — 0 and the 
system oscillates with period 2tzIco 2 . For any initial conditions the 
complete oscillation is the sum of the two oscillations and the two 
separate oscillations are called the normal modes of oscillation. 

In Example 11 we found the solutions 

8 = A x sin (co x t + cj + A % sin (co^ + e 2 ), 

4 

</> = —2 A x sin + e x ) + ~A 2 sin (co 2 t + e 2 ). 

o 

4 10 

Hence -6 — <f> = —^ sin (a> x t + ej, 

3 o 

20 + <f> = ^4 g sin (co^ + e 2 ). 

O 

4 

and the normal modes are variations of -0 — <j> with period 2 7tlco x and 

o 

variations of 28 + <f> with period 27 ijco 2 . 

8.23 Normal Modes from Equations of Motion 

The normal modes may be found directly from the equations of 
motion by a method of multipliers. Let the equations of motion be 

ap + bq + ap + ftq = 0, bp + cq + PP + yq = 0. 

Multiplying the first equation by A, the second by fx and adding we 
have, 

(aX + bfx)p + (bX + C[i)q + (aA + pp)p + {PX + yp)q = 0. (1) 

This is the equation of a normal mode if 

aA + bfi _ bX + c f* 

aX + pfx PX + yp 

This equation can be solved to give two values of the ratio of A to [x t and 
the equation (1) becomes 

(ril + ftljS* + + + {fix + Y!J)q} = °* 

Thus (aA + Pfi)p + (PX + yp)q is a normal mode. 
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Example 12. Find the normal modes of the oscillation 

0 , 


44$ + 18$ + 24 (g/a)0 
6$ + # + 3 (*/»)$ 


1 1 
4 ° f 6' 


(1) 

0 . ( 2 ) 

UX + G/s 181 + ifi 
241 3/s ’ 

241* - 2 X/s - /s* = 0, 

1 
f * 

4 we add (2) multiplied by 4 to (1) and we have 

68 $ + 34$ + (g/d)( 240 + 12 $) = 0 . 

170 ( 2 $ + $) + 6g( 26 + $) = 0 . 

Taking 1 = 1 and /s = —6 we have 

8$ _ 6# + (g/0)(240 - 18$) = 0, 
a(4$ - 3$) + 3g(40 - 3$) = 0. 

Thus the normal modes are 20 + $ and 40 — 3$ and their periods are 
2rc(170/6g) 1 '* and 2ji(0/3g)«*. 


We have 
that is 

Taking A » 1 and fx 


8.24 Oscillations with Three Degrees of Freedom 

When there are three degrees of freedom the equations of motion are 
deduced in the same way as for two degrees of freedom and if p , q and 
r are the generalized coordinates the equations are of the form 

^iiP + a 21 q + a n f + c lt p + c 21 q + c 31 r = 0 , 

+ a 32 f + c 12 p + c 22 q + c 32 r = 0, 

O-XZp + «23? + + C lSp + C 23? + C X? = 0, 

where a rs = and c rs = for r, s = 1 , 2 , 3 . 

Substituting = P sin (cot + e), 

q = sin (eu* + s), 
r = 7? sin (co£ + e), 


we obtain the equations 

P(#llC 0 2 c n ) + Q(u 2 iCt> a C 2 i) + c 31 ) — 0, 

^12) Qfa 22^ ^22) + ^(^32^ 2 ^32) = 0, ■ 

P{a^ ^ 3 ) + Q{& 23^* ^ 23 ) “f“ ^(^33t ^ 2 ^ 33 ) — 0 . „ 

Elimination of P , <2 and 7? gives the equation 


(1) 


a u a> 2 — c n 

^ 21 ^* — ^21 


C 31 

a l2 co 2 c 12 

^22^ 2 — ^22 

^32^ 8 

“ C 32 

^13^ 2 C 13 

^23^ 2 ^23 

u S3 co 2 

“ C 3S 


= 0 . 


This cubic equation gives three real positive values of co z and hence the 
three periods of the oscillation are found. To obtain the complete 
solution relations between P t Q and R for each value of co are obtained 
from any two of the equations ( 1 ). 
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The complete solution is then 

p = jPj sin { o)jt -f- jPg sin (ct^ 4 " € 2 ) 4 ~ sin (ft^ - 1 - £ 3 ), 

? — Q t sin (ct ) x t + £x) + Qi sin (coj + e 2 ) + Qz sil ^ {<*ht + e »)» 
t = sin ~|“ £j) 4~ sin (co 2 ^ + £g) 4" ^3 (^ 3 ^ 4“ ®s) # 

The normal modes can be obtained by solving these equations for 
sin (cojt + £ x ), sin (ft> 2 * 4 - e 2 ) and sin (coj 4 - £ 3 ). 

Similar methods apply to the solution of the equations of oscillations 
with any number of degrees of freedom. 


Example 13. Two double pendulums ABC, A'B'C', smoothly jointed at B and B' are 
freely suspended from fixed points A, A' at the same level and smoothly connected 
by a rod BB'. The lengths AB, BC, BBB'C', B'A', AA' are each equal to 
2 a. The rods AB, BB', B'A' are each uniform and of mass m, and the rods 
BC, B'C' are each uniform and of mass 4m. The rods AB, BC, B'C' make 
angles 6, p,y> with the downward vertical. Prove that <j> — xp is a normal coordin¬ 
ate for small oscillations of the system (in a vertical plane through A A') about 
the equilibrium configuration, the length of the equivalent simple pendulum in 
the corresponding normal mode of oscillation being 4ajZ. 

Show that the remaining t 

normal coordinates are A A 

56 — 2<f> — 2y, 
and 40 + <f> + V 
and that the corresponding 
equivalent simple pendulums 
are of lengths a/Z and 
44a/15. (L.U.) 

The angles 6, <f>, xp (Fig. 

182) being the generalized 
coordinates, the kinetic 
energies of the rod: are; 


AB 


X.\ma^, 

2 3 


A'B '. . . i ^ma*0*, 
2 3 

BB '.. . ^m(2a0)*. 



Fig. 182 

BC .. . i. 4m ^ ^a 2 ^ 2 + 4a 2 # 2 -f 4a*$<j> cos (p — 0) 
B'C' .. . ^ . 4m ^ + 4a 2 dxp cos (y — 0) 


Hence 
T, 


1 f 116. 16 xu. 

-maH — 0 2 + + —xp + 


116^ 

t 3 


16. 


+ I 


V «- —4 mga <xr 0 — 4mg(2a cos 0 -J- a cos <f>) — 4mg(2a cos 0 + a cos xp), 
= gnga(206 J + 4y> 2 ). 
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The equations of motion are 


+ 8^ -h Sijp + 

20 (g/a)d - 0. 

(1) 

85 + ^ + 

4 (g/a)4 “ 0. 

(2) 

+ 

Mgla)y> - 0. 

(3 


Subtracting (3) from (2) we have 

- V) + g(4 - V>) - °. 

and hence <j> — ip is a normal mode with period 2n \/(4a/3^). 

Adding (2) and (3) we have 

125 + 4(4 + V>) + 3 (g/a) (4 + v) - 0. (4) 

From (1) we have 295 + 6(4 + V>) + 15 (g/a)6 — 0. (5) 

Subtracting (4) multiplied by 2 from (5) we have 

(65 - 24 - 2y) + 3 (g/a) (50 - 2</> - 2 y>) = 0. 

Multiplying (4) by 6 and (5) by 4 and adding we have 

44(45 + 4 + v) + 15(g/a)(40 + 4 + y>) - 0. 

Hence the normal modes are <f> — ip, 56 — 2<f> — 2ip and 4 6 + <f> + y> and the 
lengths of the equivalent simple pendulums follow. 


8.25 Oscillations of a Shaft with Flywheels 

The torsional oscillation of a shaft carrying flywheels is easily found 
by using Lagrange's equations. Let three flywheels whose moments of 
inertia are I v I 2 , J s be fitted on a light shaft which is such that the 
torque required to give it a twist 6 per unit length is jud. Let l x and / a 

be the free lengths of shaft between the fly- 
Ij *2 I 3 wheels (Fig. 183). 

“ Let d v 0 2 > 0 3 be the small angular dis- 

_ placements of the flywheels from their 
~ mean positions. 

The kinetic energy is 


I— k- ^2-1 

Fig. 183 


t = 1(/A* +1 A 1 W). 


The energy stored in the shaft is 
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*A + £(«, - 6 ») - 0. 

a — ®i) + t (0a ®a) = 0* 

*i *a 

+ r (®3 ®a) = 0. 

*a 

Assuming an oscillation sin cot, the equation for co* is 



that is 

«WiV. + ^3) + V 3(^1 + ^2)} 

+ ^ a (A + A + ^s) — 0. 

Thus there are two frequencies of oscillation, the absence of the third 
being accounted for by the relation I x 6 t + / 2 0 2 + IJS Z = 0. A similar 
method can be applied to find the n — 1 frequencies of a shaft with n 
flywheels. 


EXERCISES 8 (c) 

1. Find the complete solution of the equations 

350 — 6<£ + 13^0 - 0, 

— 60 + 30$ -f 13 g<f> = 0, 

given that initially 0 = <£ — a,0 = $ = O. 

2. Two particles of equal mass m and distance a apart are attached to 

a taut string at equal distances ha from the fixed end points. Obtain 
the simultaneous differential equations for small transverse displace¬ 
ments x , y of the particles when the tension in the string has the 
constant value kman*. Show that, if the particles start from rest at 
t — 0 with x — b, y = 0 then x and y can be expressed in the forms 
C(cos nt + cos Xnt), C( cos nt — cos Xnt) respectively, and evaluate 
the constants A, C. (L.U., Pt. II) 

3. A light string of length 3a is stretched horizontally between two fixed 
points and masses 8m and 3 m are attached to the points of trisection. 
Gravity is neglected and the tension of the string in equilibrium is T. 

a.m.b.—10 
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If both masses are drawn aside a small distance c and released show 
that the displacements of the masses at time t are 

— (c/14) cos (3T/4tna) ll H + (15e/14) cos {T/ma^H, 

(4c/14) cos (3X/4ma) 1/a £ + (10c/14) cos (T/ema) 1 '*/. 

4. A light string is stretched horizontally between two points 9 a apart 
and masses m and 2m are attached at points distant a and 5 a respec¬ 
tively from one end. Gravity is neglected and the tension of the string 
in equilibrium is § mg. Find the periods of the normal modes of oscilla¬ 
tion of the masses. 

6. A uniform circular ring of mass 2 m and radius a can turn in a vertical 
plane about a point of the ring which is fixed. A bead of mass m can 
slide freely on the ring. Show that the normal oscillations about the 
position of stable equilibrium have periods 2 7i(2a/g) 112 and 2n(2a/3g) 112 . 

6. A light inelastic string A B of length 7 a is attached to a fixed point at 
A . A particle of mass m is attached to the string at B and a similar 
particle at a point C of the string where AC — 4 a. The system 
oscillates in a vertical plane the portions AC and CB of the string 
making small angles 0 and </> respectively with the vertical. Show that 
0 -f (f> and 40 — 3<£ are normal modes and find their equivalent simple 
pendulums. 

7. A uniform rod A B of mass 2m and length 4 a is free to turn in a vertical 
plane about A . A particle of mass m is attached by a light inextensible 
string of length a to B and the system oscillates in a vertical plane 
about the position of stable equilibrium. If the rod and the string are 
inclined at angles 0 and <j> respectively to the vertical show that 
normal modes are 60 + and 40 — 3^ and find their periods. 

8. A uniform rod of mass 2m and length 4 a can turn freely about a fixed 
horizontal axis through its mid-point. A particle of mass m is attached 
to one end of the rod by a light inextensible string of length a. For 
oscillations in a vertical plane about the position of stable equilibrium 
with the rod inclined at 0 and the string at <j> to the vertical show that 
the normal modes are 30 + ^ and 20 — <f> and find their periods. 

9. A uniform rod A B, of length 2a and mass 8m, can turn freely about a 

fixed horizontal axis through its mid-point O. A string of length a has 
one end fastened to B and the other to a particle of mass m. If the 
system is slightly disturbed from its position of stable equilibrium so 
that the rod and string move in the same vertical plane, find the 
periods of the normal modes of oscillation. (L.U.) 

10. A uniform disc of mass 2m and radius 2a is free to turn about a hori¬ 
zontal axis through its centre perpendicular to the disc. A particle of 
mass m is attached to a point on the circumference of the disc by a 
light inextensible string of length 3a. If the system oscillates in a 
vertical plane about the position of stable equilibrium, find the 
periods of the normal modes. 

11. A uniform shaft of torsional rigidity ft free to rotate in bearings carries 
three flywheels whose moments of inertia are I, 21 and I. The fly- 
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wheels are equally spaced at distances l apart, the wheel of largest 
moment being central. Calculate the periods of oscillation of the 
wheels about their mean position. 

12. Four flywheels, each of moment of inertia I are equally spaced at 

distance l apart on a uniform shaft of torsional rigidity /a. Show that 
the squares of the principal periods of oscillation of the wheels about 
their mean positions are in the ratio 1:2 + * 2 — \/2. 

13. A uniform rod of length 2 a is hung from a fixed point by a string of 
length 2 b fastened to one end of the rod. The system makes small 
oscillations in a vertical plane. Show that if b = fa the periods of 
the normal modes are 2?r(6a/4g) 1/2 and 2n(ajl2g) vt . 

14. A uniform rod of mass m and length 2 a is suspended from a fixed 

point by an inextensible string of length b attached to one end of the 
rod and the system oscillates in a vertical plane through the fixed 
point. If b is small prove that the two normal modes have periods 
approximately equal to those of simple pendulums of length 4a/3 
and b/4. (L.U.) 

15- AB is a uniform rod of length 2 a suspended from a fixed point 0 by 
an inextensible string OC of length 5a/ 6 attached to a point C of the 
rod such that AC ~ 2a/3. Find the periods and normal modes of 
oscillation in a vertical plane. (L.U.) 

10. A double pendulum consists of two uniform rods AB and BC ; AB is 
of mass 2m and length 8a, BC is of mass m and length 2a. A B is free 
to turn about A, which is fixed, and BC is freely hinged to AB at B. 
If the rods oscillate in a vertical plane about the position of stable 
equilibrium A B and BC being inclined at angles 0 and respectively 
to the vertical, show that 40 — 3<£ and 120 + <f> are normal modes 
and find the length of equivalent simple pendulums for these modes. 

17. A uniform rod AB of mass 2m and length 2a is freely hinged at A. 
A uniform rod BC of mass m and length 4a is hinged to AB at B. The 
rods oscillate in a vertical plane about the position of stable equi¬ 
librium, being inclined at angles 0 and <f> respectively to the vertical. 
Show that 0 + ^ and 20 — <f> are normal modes and find their periods, 

18. To a point on a hoop of mass m and radius a, is freely hinged one end 
B of a uniform rod A B of mass 3 m and length 4a, and the other end 
A is freely hinged to a fixed point. If the system makes small oscilla¬ 
tions under gravity in a vertical plane about the position of equi¬ 
librium, prove that the normal coordinates are 2 6 — <f> and 50 + 
where 0 is the inclination of A B to the vertical and <f> the inclination 
to the vertical of the diameter of the hoop which passes through B. 

(L.U.) 





CHAPTER 9 


STATICS OF A RIGID BODY 

9.1 Terminology 

Statics deals with the forces which act on a rigid body which is in 
equilibrium, that is, at rest. The fundamental concept in statics is that 
of a rigid body, which is in no way deformed by the forces acting on it. 
In practice every body is more or less deformable but the error in 
assuming perfect rigidity is usually a second-order effect and in most 
engineering problems a solution based on the concept of rigidity is 
adequate. There are, however, certain problems, notably that of finding 
the stresses in the members of an over-stiff framework, that can only 
be solved by assuming a deformation. 

A rigid body can have contact with another rigid body in a point. 
The effect of a force on a rigid body depends on the line along which the 
force acts and not on the particular point of the line at which it acts. 
This is the principle of transmissibility of force and follows from con¬ 
sideration of the manner in which force is transmitted from particle to 
particle in the body. 

Other concepts which give the required degree of accuracy in the 
solution of practical problems are those of a smooth surface, such that 
the force of reaction to a body in contact with it is normal to the sur¬ 
face, a smooth hinge, such that there is no restraining couple to prevent 
it turning, and a light inextensible string. 

A light rod is one whose weight is negligible compared with the other 
forces associated with it. It is well to remember that such a rod if it 
does not carry a load at some point of its length must be in direct 
tension or compression since the forces acting at its ends must balance 
each other. 

9.2 Forces 

It is shown in § 1.1 that it follows from Newton’s second law of 
motion that force is a vector, and the vectorial character of forces can 
also be demonstrated experimentally. Forces can, therefore, be added 
vectorially or resolved into components. Thus the resultant of forces 
P and Q of specified magnitudes and directions is a force R, that is, a 
vector which is the third side of a triangle formed by placing the vectors 
P and Q end to end (Fig. 184). 

A force P which is inclined at an angle 0 to a direction OX and \n — 0 
to a perpendicular direction OY (Fig. 185) has components P cos 0 and 
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Fig. 184 Fig. 185 


P sin 0 parallel to OX and OY and the vector may be written in terms 
of its components as 

P = iP cos 0 + jP sin 0. 

The sum of a number of forces acting at a point, of magnitudes 
P\> B 2 • • •> inclined at angles 0 lf 0 2 , .. respectively to OX is the sum 
of the components and is the vector 

i{P x cos 0j + P 2 cos 0 2 + ...)+ /(Pi sin 0! + P 2 sin 0 2 + .,.). 

Force is a vector which acts at a point, but by virtue of the principle 
of transmissibility of force it may be taken as acting at any point on 
its line of action. Thus force is said to be a line-localized vector. The 
resultant of two forces must be taken as acting along a line through the 
point of intersection of the lines of action of the two forces. 

If a body is in equilibrium the forces acting on it must balance, that 
is, the vector sum of the forces must be zero. Therefore the components 
of the vector sum in perpendicular directions must individually be zero. 

9.3 Moments and Couples 

Two forces of magnitude P acting in parallel directions at points A 
and B, where AB is not parallel to the forces (Fig. 186), will not have 
the same effect on the body on which they act. The force P at B has a 
tendency to turn the body about A which the force at A lacks. This 
turning effect is measured by the moment Ph, where h is the distance 
between the lines of action of the forces. 

Thus a force P acting at B is equivalent to a force P acting at A 



Fig. 186 Fig. 187 


together with a turning moment Ph, We may think of this turning 
moment as being equivalent to a couple since the force at B (Fig. 187) 
taken in conjunction with two equal and opposite forces at A (which 
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will not affect the equilibrium of the body) form a force P at A and a 
couple of moment Ph. 

It follows that two parallel forces P and Q have the same effect on a 
body as their vector sum P + Q whose line of action is such that the 
forces P and Q have equal and opposite moments about a point of it. 

A number of forces P, Q, R , . ■. acting on a body have, therefore, 
the same effect as forces P, Q, R, . . „ acting at some one point of the 
body together with a total turning moment about the point. 

The forces are, therefore, equivalent to a single force X at any point, 
X being the vector sum of P, Q, R ,..together with a turning moment 
G about the point, and the turning moment G may be taken as due to a 
couple. It is shown in § 7.14 that the moment of a couple about any 
point is the same. 

The moment of a force about a point is itself a vector whose direction 
is perpendicular to the plane of the force and the point (see § 7.13). If 
the forces acting on a body are coplanar their moments about any 
point in the plane are parallel and may be added arithmetically. When 
the forces are not coplanar their moments about any point may be 
added vectorially. 


Example 1. A cantilever is built into a wall over a length of 21 in. The masonry 
pressure varies uniformly from an upward thrust of 8 lb. per in. run where the 
beam enters the wall to a downward thrust of 6 lb. per in. run at its end. Reduce 
the masonry thrusts to an upward force where the beam enters the wall and a 
couple. 



The thrust is upwards over 12 in. and varies from 0 at C (Fig. 188) to 8 lb, 
per in. at B. 


The thrust at x from C is -x and the total upward thrust 


!: 


12 2 
o 3 


xdx = 48 lb. 


The moment of this thrust about B 



x)dx = —192 lb.in. 
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Similarly, the downward thrust in AC 

- j 9 o \ydy - 27 lb., 

and its moment about B 

- I |yCy + 12)<*y = 486 lb.in. 

J 0 3 

Hence, the thrusts are equivalent to an upward thrust of 21 lb. at B together 
with a couple whose moment is 294 lb.in. = 24*5 Ib.ft. 


9.4 Conditions for Equilibrium 

It follows from the previous section that if a body is in equilibrium 
under the action of a number of forces the vector sum of the forces 
must be zero and also the sum of the moments of the forces about some 
point must be zero. 

If the forces are coplanar, let X and Y be the components of the 
resultant acting at some point O and G the sum of the moments about 
0. Then for equilibrium we must have X — Y = G = 0, that is, there 
are three equations which must be satisfied. It follows that only three 
unknown quantities such as forces , directions or lengths, may be found 
by applying the conditions of equilibrium. 

If we take the point 0 as the origin the moment of the system of 
forces about a point (x lf y x ) (Fig. 189) is 

G+y 1 X^x 1 Y, 

and if G = X = Y = 0, this moment is also zero. 

If the moment about O and about points (x v y x ) and (# 2 , yj are all 
zero, we have G = 0 and 

y x X — x x Y = 0, 

y*x - * 2 y = o, 


and hence either X = Y = 0 or y l /x 1 — y 2 l x 2 > i n which case the origin 
and the points (x v yj), (# 2 , y 2 ) are collinear. Hence it is a sufficient con¬ 
dition for equilibrium if the moments of the forces 
of the system about three non-collinear points are 
zero. Therefore one, two or three of the conditions 
for equilibrium may be obtained from moment^ 
equations. 

The triangle of forces for three forces acting on 
a rigid body in equilibrium follows from these 
equations since the forces must be concurrent if 


Yi 


•O'iO'i) 


X 

Fig. 189 

one is not to have a moment about the intersection of the lines of 
action of the other two and the vectors which represent the three 
forces must form a closed triangle. Lami’s theorem that each of these 
three forces is proportional to the sine of the angle between the other 
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two is merely the application of the sine rule to the triangle of forces. 

The polygon of forces is formed by placing all the forces acting on a 
body end to end and for equilibrium it is evident that the polygon must 
be a closed figure. This is a necessary condition for equilibrium but not 
sufficient unless the sum of the moments of the forces about some point 
is also zero. When the body is not in equilibrium the vector which 
closes the polygon represents the resultant of the forces in magnitude 
and direction. 


9.5 Solution of Problems 

The solution of statical problems involves the application to one or 
more rigid bodies of the conditions of equilibrium given in the preceding 
section. It is important that a clear figure be drawn, and all the forces 
acting on each body marked on the figure. Where one body presses 
against another an unknown reaction must be assumed to act which, if 
the bodies be smooth, will be perpendicular to the common tangent 
plane. If a body is supported by a string a tension must be assumed in 
the string and this tension is unchanged when the string passes over a 
smooth peg or pulley. If a body is hinged to another body and there is 
no friction at the hinge the force acting there on either body may be 
taken as a single force acting through the centre of the hinge. If the 
direction of this force is unknown it may be expressed as two forces in 
directions at right-angles. 

When all the forces have been marked the equations which express 
the conditions for equilibrium of each body should be written down and 
numbered. This completes the statical part of the problem, although 
some algebraic manipulation may be needed to complete the solution. 
Geometrical relations between the angles and lengths in the figure may 
have to enter into the calculations. 


Example 2. A step ladder of weight 2 W consists of two equal parts, jointed at the top, 
and held together by a rope half-way between the top and bottom so that when the 

rope is tight the angle between the two halves 



of the ladder is 2 /an" 1 6/13. A man of weight 
6 W mounts the ladder and stops two-thirds 
of the way up. Neglecting friction between 
the ladder and the ground, find the tension 
in the rope and the reaction at the hinge. 

Let l be the length of the ladder and 

tan a « — (Fig. 190). The forces acting 

1 O 

on the two halves of the ladder are shown 
in the figure. 

For the left-hand half we have, equating 
components to zero, 

X - T = 0, (1) 


R - 6W' + V = 0. (2) 


Fig. 190 
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Taking moments about the top we have 

W x ^ sin a + 5 W x-sina+^x^ cos a — I? x / sin a = 0, 

2 3 2 

that is 26W - 12 R + 13T = 0. (3) 

Similarly, for the right-hand half we have, equating components to zero, 

X - T = 0, (4) 

s — w — y - o. (5) 

Taking moments about the top we have 

S x 1 sin a — W x sin a — cos a — 0, 

2 2 

that is 125 — 6W — 13 T = 0. («) 

Hence, T = 2W, 

X = 2W, 

y = V. 

3 


Example 3. ^ straight uniform rod BC, 3 //. long and weighing 6 /&., « by two 
strings A B and CD each 3 ft. long . The points A and D are in a horizontal plane 
and are 7 ft. apart. A weight of 10 lb. is hung from B. What is the least force 
that must be applied at C so that A B may make an angle of 45° with the vertical , 
the point C being below B? What are then the tensions in the strings? (Q.E.) 


A D 



Fig. 191 


This problem is simply solved by graphical methods. There are four iozces 
acting on the rod, the tensions and T 2 in the strings, the weight of 15 lb. 
acting in the rod at 0*5 ft. from B and the unknown reaction R at C (Fig. 
191). 

The position of B is given and the position of C is found by drawing. 

Let the lines of action of T x and W(=* 15 lb.) meet at X. Since the forces 
a.m.e.—10* 
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T 2 and R pass through C, the resultant of T t and W must be along the line 
CX. Thus the triangle XYZ, with XY = 15, is a triangle of forces for W, 
T x and the resultant of T a and R. 

Therefore T x = 19*1 lb. and the resultant of T 2 and R is 13*5 lb. 

Produce XC to L where CL = 13*5. Then whatever be the direction of 
R, T fl and R are given by the lengths CM and ML, ML being parallel to CD. 
CM is least when CM is perpendicular to ML and in this case 

R - 9*6 lb. 

T a -9-51b. 


9.6 Forces in Three Dimensions 


When the forces which act on a body in equilibrium are not coplanar 
we have three equations obtained by equating to zero the vector sum 
of the forces, since the vector has components in three mutually per¬ 
pendicular directions. In addition, the sum of the moments of the 
forces about some point must be zero. The moment of a force is itself 
a vector with three components and equating these components to zero 
gives three further equations. There are, therefore, in all six conditions 
for equilibrium. 

It is shown in § 7.13 that the vector which is the moment of a force 
about a point has a component along any axis 
through the point which is the moment of the 
force about the axis. A force acting at a point 
may be resolved into two components, one 
parallel to the axis and one in a plane perpen¬ 
dicular to the axis. The moment of the force 
about the axis is the moment of the second 
component about the point in which the plane 



Fig. 192 


cuts the axis. 

Thus a force whose components are (X, Y, 
Z) acting at a point (x, y, z) has moments about OX, OY, OZ which 
are respectively (Fig. 192), 


yZ —- zY , zX — xZ, xY — yX. 

The moment of the force about the point 0 is the vector sum of these 
components and its magnitude is 

{{yZ - zY) 2 + (zX - xZ)* + (xY - yX )•}"». 


Example 4. A uniform platform of weight W is in the form of a rectangle of sides 
a and b. The platform is supported in a horizontal plane by means of a smooth 
joint at one corner and ropes are attached to two diagonally opposite corners 
and to a point at a height h vertically above the joint. Find the tensions in the 
ropes and the reaction at the joint. (L.U., Pt. II) 

Let OX, OY be two sides of the rectangle and OZ the vertical through the 
joint (Fig. 193) and let T 1 and T 2 be the tensions in the ropes. 

The vertical components of the tensions are T x hj(a z + h 2 ) 112 and 
T 9 hl(b* + h*) 1 * 2 respectively. 
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Equating to zero the moments about 
OX and OY, we have 

w l - vrr*> ><»- »• 

W Z - n TV l«; X a = 0. 

2 V(«* + *’) 

Hence T, = 1^(1 + a 2 /* 2 ) 1 ' 2 , 

T s - 1^(1 + P/h')™. 



w 

Fig. 193 


The resolved parts of T x and T t vertic- 

ally are then each equal to — W and there is therefore no vertical component 
of reaction at O. 

The horizontal components parallel to OX and OY respectively are 

T,a/(a 2 + A 2 ) 1 ' 2 and T s 6/(6 2 + A 2 ) 1/2 , that is \ walh and IpFi/A. 

2 2 

The reaction at the joint is therefore ~PY(a 2 -f- b t ) x}2 lh, 

2 


EXERCISES 9 (a) 

1. Two uniform planks, AB and AC, each of length 10 ft., are freely 

hinged at A, and Stand in a vertical plane in equilibrium with B and 
C on a smooth horizontal plane. The mid-points of the planks are 
joined by a light inextensible rope of length 5 ft., and the masses of 
AB and AC are 60 lb., and 30 lb. respectively. Find the tension in the 
rope and the horizontal and vertical components of the reaction at 
the hinge. (L.U.) 

2. ABC is an equilateral triangle of side 8a, fixed in a vertical plane with 

BC horizontal and A above BC. A particle of weight W is attached 
to A, B, C by three light elastic strings of the same material and 
thickness. When the particle is at the mid-point of BC the strings 
have their natural lengths. If the particle can rest in equilibrium at a 
depth 3a below BC, show that the modulus of the strings is 
20W7(6 + 5 V3). (L.U.) 

lOcwt 


P 


Fig. 194 

3. A beam QR is rigidly built into a wall at R and at Q supports another 
beam PQ , which is also supported at P. The beams are loaded as 
shown in Fig. 194. Find the reactions at P, Q and R and the couple at 
R due to the applied loads. 
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4. Two beams, AB and CD, are rigidly fixed at A and D, and support 
another beam BF. The forces on the beams are shown in Fig. 195. 

Find the distance marked x on 
the figure in order that there 
shall be no vertical reaction at 
D. Find also the reaction at A 
and the fixing couples at A and 
D. Neglect the weights of the 
beams. (Q.E.) 

5. A B and BC are two uniform 
bars of the same material weigh¬ 
ing w oz. per inch length, and are smoothly jointed together at B. AB 
is 25 in. long and is smoothly hinged to a fixed pivot at A. BC is 
52 in. long and the end C is constrained to slide in a smooth hori¬ 
zontal groove which is in line with A, the bars and the groove being 
in the same vertical plane with B 20 in. above AC. What horizontal 
force, acting along the groove, is necessary to preserve equilibrium, 
and what is then the direction of the reaction at the hinge A ? (L.U.) 

6. Two equal uniform smooth solid cylinders, each of radius r and of 

length nr, rest symmetrically inside a fixed horizontal cylinder of 
radius 5 r, the axes of all three being parallel. A sphere of radius 2 r 
and of the same material as the two cylinders is placed upon them, 
so that the centres of gravity of the three are in the same vertical 
plane at right-angles to the axes of the cylinders. Show that the 
cylinders will separate if 3w < 4 y'SO — 16. (L.U., Pt. II) 

7. Two uniform smooth spheres, each of weight W and radius b, rest 
inside a hollow cylinder of radius a (<C 26), fixed with its base hori¬ 
zontal. Show that the reaction between the curved surface of the 
cylinder and each sphere is (a — b)Wj\/(2ab — a 8 ), and find the re¬ 
action between the two spheres. 

8. In Fig. 196 A B is a light spar being used as a temporary derrick to 
raise the large uniform spar CD of weight 1000 lb., into position. The 
lower ends B and D of the spars rest in recesses in the ground and the 
upper ends A and C are joined by a rope AC. Another rope AE is 
attached to A and the spar CD is raised by pulling on this rope at 
E. Find the pull in AE required to support the spar CD in the 
position shown. 


4cwt 


5cwt 


4-5- 

/ 

/ 

1 5 'T 

j: - ‘ff 

/A 

/ 

/ 

* 

B 




2cwt 

Fig. 195 


A 



Fig. 196 
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9. Two equal uniform rods AB, AC, smoothly jointed at A, each of 
length 2 a and weight W, rest in equilibrium in a vertical plane astride 
a smooth fixed cylinder of radius r whose axis is horizontal. The ends 
B, C of the rods are jointed by an inextensible string of length 4/ 
(where l < a) which passes underneath and remains clear of the 

l z 

cylinder. Show that the string is taut if r > and find an 

expression for the reaction between a rod and the cylinder in terms of 
W, a and l. 

10. Three equal light bars A B, BC, CD form a linkage in a vertical plane 

being pin-jointed to each other at B and C and to fixed points on 
ground level at A and D . The angles ABC and BCD are each 120°. 
A weight of 12 lb. is applied to the bar BC at E, where BC — 3 BE, 
and the linkage is held in equilibrium by a force P applied at F to the 
bar CD, where CD = 3 CF, the direc- 12 T. 17 T. 

tion of P being perpendicular to CD. 

Find the magnitude of the force P and 
the magnitude and inclination to the 
vertical of the reaction at D. 

11. A pier for a bridge consists of two 
trestles supported on mudsills as 
shown in Fig. 197. The load on the 
trestles are 12 and 17 tons respectively, 
and the pier itself weighs 4 tons, the 
centre of gravity being midway be¬ 
tween the trestles. If the pressure of 
the mudsills on the earth is to be uni¬ 
form and not more than f ton per sq. 
foot, find the number of mudsills re¬ 
quired, and the distance marked x on 
the figure. The mudsills are timber 
planks each 12 ft. long and 9 inches 
broad, and the distribution of pressure 
perpendicular to the plane of the sketch may be assumed uniform. 

12. Fig. 198 represents a uniform rectangular girder weighing 20 tons 
being launched across a gap. The girder moves on frictionless rollers at 
A ; T is the pull in the hauling tackle and P the pull in the preventer 
tackle. Find the values of T and P for this position of the girder. T 
and P are inclined at angles 55° and 7 respectively and the girder at 
18° to the horizontal, AD = 48 ft., DC ~ 7 ft., AB = 14 ft. 



Fig. 198 



Fig. 197 
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13. The four fixed points A, B, C, D are the comers of a square of side 2 a 
in a horizontal plane. A uniform equilateral triangular plate DCO of 
side 2 a is smoothly hinged at D and C, and the point O (which is 
higher than D and C), is connected to A and B by taut light strings 
each of length 3a. 

Find the tensions in the strings and the vertical components of the 
reactions at D and C. (L.U., Pt. II) 

14. Three smooth spheres, each of radius r, rest in a spherical cup of 

radius R, and a fourth sphere also of radius r is placed symmetrically 
on them. All the spheres have the same mass. Show that, if equil¬ 
ibrium is possible with the three lower spheres still touching one 
another, R must not be greater than r(l + 2 \/n)- (L.U., Pt. I) 

15. A smooth sphere of radius R and weight W rests in a horizontal frame 
consisting of three thin rods each of length 2 R pin-join ted together at 
their ends, the frame being supported by vertical reactions at the 
joints. Show that the horizontal reaction between the rods at each 
joint is Wj(3 V®)* anc * find the greatest bending moment in each rod. 

(L.U., Pt. I) 


9.7 Friction 

(1) When two bodies are in contact the direction of the force of 
friction on either of them at the point of contact is in the opposite 
direction to that in which either tends to move relative to the other. 

(2) If the bodies are in equilibrium the force of friction is just suffi¬ 
cient to prevent motion and may be found from the conditions of 
equilibrium of the body. 

(3) Limiting friction is the maximum tangential force, exerted when 
equilibrium is on the point of being broken and this limiting friction is 
proportional to the normal reaction between surfaces. The limiting 
friction is denoted by /iR , where R is the normal reaction, and fz is 
called the coefficient of friction. 

(4) The amount of the limiting friction is independent of the area of 
contact between the surfaces provided the normal reaction is the same. 

(5) When motion takes place the direction of friction is opposite to 
the direction of relative motion and independent of the velocity. 

These are the laws of what is called dry friction between surfaces. 
They are really rules for the mathematical treatment of friction based 
on experimental results. Thus within certain limits the ratio of the 
friction to the normal pressure is found to be fairly constant for given 
materials polished to the same extent, although for very high pressures 
the friction increases more rapidly and seizure may take place. The 
so-called wet friction between lubricated surfaces is not governed by 
these laws. 

Modem theory suggests that the force of friction is due to the non¬ 
rigidity of bodies. When one body presses on another there is always 
an area of contact, much smaller than the apparent area of contact, 
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which depends on the normal thrust between the bodies. Over this 
small area pressure and consequently temperature may be very high, 
so that there may be fusion of the materials of which the bodies are 
composed over the area of contact. Thus friction would be proportional 
to the area of contact and therefore to the 
normal thrust as assumed in the above laws. 

9.8 Angle of Friction 

Let R be the normal reaction at a point 0 
(Fig. 199) and F the force of friction acting in 
a direction perpendicular to R. The total action 
at 0 is a force of magnitude ( R 2 + F 2 ) 1 ' 2 acting 
in a direction making an angle tan- 1 (F/R) with 
the normal reaction. 

If friction is limiting F = /iR and the action 
at 0 makes an angle tan' 1 fi with the normal reaction. This angle is 
called the angle of friction and is denoted by A. 

Thus (i = tan A. 

If the direction in which the body tends to move varies, the line of 
action of the force at 0 will always lie on a cone with vertex at 0 and 
semivertical angle A. If the force at 0 lies within this cone the body will 
not move along the surface. It follows that if P be the resultant of the 
other forces acting on the body its line of action must pass through 0 
and must lie inside or on the cone of friction for equilibrium. 



9.9 Circle of Friction 

Consider a shaft of radius r rotating in bearings with a certain clear¬ 
ance and let the load on the shaft be W. There will be a line of contact 
between the shaft and the bearings. Suppose in the first instance that 
this line is below the centre of the shaft at A (Fig. 200), with the shaft 
turning in the direction shown. Then the normal reaction R will 




balance the weight and there will be an unbalanced frictional force piR 
tending to move the centre of gravity to the left and therefore tending 
to move the point of contact from A towards B. A position of relative 
equilibrium is at B, where OB is inclined at <f> to the vertical (Fig. 201) 
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if R sin <f> = fiR cos <j>, 

that is tan 

or ^ = A, the angle of friction. 

In this position juR = IF sin A, 

and hence there is a retarding couple Wr sin A. 

The force at B is tangential to a circle of radius r sin A which is 
called the circle of friction. Thus if a link in a machine is pin-connected 
at both ends the line of thrust in the link will be tangential to the 
friction circles at both ends. 

Example 5. Two equal uniform cylinders are placed in contact with their axes 
parallel and horizontal on a horizontal plane . A third equal cylinder is rested 
symmetrically on the first two with its axis parallel to theirs. Determine , graphic¬ 
ally or otherwise , the limiting values of the coefficients of friction between 
cylinders and between cylinder and plane for equilibrium to be possible. 

The plane containing the axes of the upper and one of the lower cylinders 
is inclined at 60° to the horizontal. Let the reactions and the limiting fric¬ 
tional forces be as shown in Fig. 202. 



A F 

Fig. 202 


The lower cylinders will rotate unless F — F A . 

For the upper cylinder we have 

S cor 30° + F l sin 30° = hv. (1) 


For one of the lower cylinders we have 



S cos 30° + F x sin 30° + W = R , 

(2) 


S sin 30° — F, cos 30° — F = 0. 

(3) 

Hence 

F sin 30° + _ KO 

_ „ —,-- = tan 15°. 

5 V + cos 30 


Also 

R - *W, and from (2) and (3) 

F = S1D 3 °° - ]w tan 15°; 

2 1 4- cos 30° 2 

F l 

- - - tan 15°. 

R 3 
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Hence, the coefficient of friction between the cylinders and between the 
cylinders and plane must not be less than tan 15° and — tan 15° respectively. 

O 

Graphically, it is evident that since the forces R and F pass through the 
point A, the resultant of 5 and F x must also pass through A and must be 
inclined at 15° to the vertical and therefore to the radius. 

Similarly since R — W = \w = if?, the resultant of -R and F is in- 
2 3 o 


clined at 15° to the vertical and FjR = - tan 15°. 

u 


Example 0. A uniform beam A B, shown in plan in Fig. 203, 10 ft. long and weighing 
400 lb., rests on a rough horizontal plane, making contact with it at the ends only. 
The end A is anchored by means of a rope to a point C at the same level, BAC 
being a right-angle, and a horizontal force of 100 lb. is applied to the middle 



Fig. 203 


point of the beam in the direction shown. The coefficient of friction between the 
beam and the plane is 0*25. Find the magnitude of the couple applied to the beam 
in an anti-clockwise direction which will just cause it to move. (C.U.) 

The point A must move’in a direction perpendicular to AC, hence the fric¬ 
tional force at A when the beam moves will be 50 lb. along BA. 

Let the direction of motion of B make an angle a with A B, then the fric¬ 
tional force at B will be 50 lb. in the opposite direction. Let T be the tension 
in the rope. 

Resolving along and parallel to A B and taking moments about G, we have 

50 - 50 V 2 A- 50 cos a - 0, (1) 

T - 50 V 2 — 50 sin a = 0, (2) 

M - 5T - 50 X 5 sin a = 0. (3) 

Hence cos a ~ \/2 — 1 

M = 500 sin a + 250 V 2 
= 808 ft.lb. approximately. 


EXERCISES 9 (b) 

1. A non-uniform heavy rod of length l is in equilibrium with its end A 

resting against a rough vertical wall and its end B connected by a 
light string of length l to a point C in the wall vertically above A, 
the plane A BC being normal to the wall. If the inclination of the rod 
to the horizontal is 0, show that the distance of its centre of mass 
from its lower end cannot be less than 21 tan 6/(/a -b tan 6), where ja 
is the coefficient of friction. (L.U., Pt. I) 

2. A uniform solid hemisphere of radius a rests with its curved surface 
touching a rough horizontal floor and a rough vertical wall, the co- 
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efficient of friction for both points of contact being 1/4. If the solid 
is on the point of slipping, show that the reactions at the floor and at 
the wall intersect at a point distant 12a/17 from the wall. Hence, or 
otherwise, prove that the plane base is inclined to the horizontal at 
an angle sin- 1 (40/51). (L.U., Pt. I) 

3. Two uniform ladders AB, BC each of length l and weights W, nW 
(n < 1) are hinged together at the top B and stand on rough ground, 
the coefficient of friction at A and C being ju. The angle ABC is 
gradually increased until slipping occurs. State, with reasons, which 
ladder slips. If the angle ABC is then 20 show that 

(1 4- = (1 + n) tan 0, 

and that the total reaction at the contact where slipping does not 
occur is 3 + «)* + ^ 2 ( 1 + Sw) 2 } 1 ' 2 . (L.U., Pt. I) 

4. Two equal uniform rods AB, BC smoothly jointed at B, are in 
equilibrium with the end C resting on a rough horizontal plane and 
the end A freely pivoted at a point above the plane. Prove that if 
a and p are the inclinations of CB and BA to the horizontal, the co¬ 
efficient of friction must exceed 2/(tan p 3 tan a). 

5. A light clamp consists of a ring with two arms at right-angles to each 

other. The ring surrounds a fixed rod and the 
arms touch the rod at the points 5 and T as 
shown in Fig. 204. A force P is applied at V 
in the plane STF. If the clamp is just on 
the point of sliding to the right, show that 
tan 6 — ju{a — jub)/{a — [x(b + 2c)}, where ^ 
is the coefficient of limiting friction. (Q.E.) 

6. The banks of a frozen pond are inclined to 
the horizontal at an angle of 30°. A uni¬ 
form plank is placed with one end on the ice 
and the other end on a bank, the vertical 
plane through the plank cutting the bank 
along a line of greatest slope. Assuming the 
Fig. 204 ice to be perfectly smooth and the plank to 

be just on the point of slipping, find the 
coefficient of limiting friction between the plank and the bank. 

If the plank weighs 25 lb. and a man weighing 150 lb. stands on it 
at a distance from the bank equal to f of the length of the plank, find 
the reactions of the two ends. (Q.E.) 

7. A uniform ladder weighing 25 lb. and 25 ft. long is placed on level 

ground against a vertical wall, making an angle of 30° with the wall. 
If the coefficient of friction at each point is f, find, graphically or 
otherwise, how near to the top of the ladder a man weighing 150 lb. 
can proceed before the ladder slips. (Q.E.) 

8, A uniform vertical sliding door, 8 ft. high and 2 ft. wide, runs between 

well-fitting guides at its top and bottom. The door weighs 10 lb., and 
the coefficient of friction is J. Calculate the horizontal force, applied 
halfway up the door, required to move it. Assume that contact takes 
place at diagonally opposite corners only. (Q.E.) 
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9. A bar is fixed to a boss by means of a cotter as shown in Fig. 205. 
The coefficient of friction between the metals is 0*14. Show that the 
cotter will pull out when the rod is pulled 

if the angle Q exceeds 16°. (Q-E.) [ | 

10. A circular hoop is held in a vertical plane, ^ | 

and a uniform straight rod, whose length 

is equal to the radius of the hoop, is laid V/X\ 

in the hoop with its ends on the inner cir¬ 
cumference, which is rough. The hoop is $ 

then rotated slowly in the vertical plane L\- r ~ 

until the rod slips. Show that when this X 

happens the angle which the rod makes 'y xj 

with the horizontal is tan" 1 4^/(3 — /* 2 ), JX 

where u is the coefficient of friction. t //// // SA 

(Q.E.) - X///} 

, ' Fig. 205 

11. Two similar uniform cylinders, each weigh¬ 

ing 10 lb., He on a plane inclined at an angle of 10° to the horizontal. 
Their axes are horizontal, they are in contact with each other through¬ 
out their length and the coefficient of friction between them is J. 
What force, parallel to the line of greatest slope of the plane, must 
be applied to the lower cylinder through its centre of gravity to 
cause it to move up the plane ? The coefficient of friction between the 
plane and the cylinders is sufficient to prevent sliding. (Q.E % ) 

12. The shaft of a flywheel rests horizontally in two V-grooves, the angle 
of each being 60°. A rope round the wheel supports a weight P. The 
coefficient of friction is jx and the wheel and shaft weigh W. Show 
that the least value of P which will cause the shaft to rotate in the 
grooves is given by 

p - -- w, 

(1 + n*)D - 2 pd 

where d is the diameter of the shaft and £> the diameter of the wheel. 

(Q.E.) 

9.10 Centre of Gravity 

Consider a number of particles in a plane whose weights are w v 

w 2 , . . w n , and whose coordinates with respect to rectangular axes 

OXY (Fig. 206) are (x l$ yj, (x 2 ,y 2 ),.. . t (x n ,y n ). 

Y We may think of the weights as acting in a 

__„ x „_j direction perpendicular to the plane OXY, in 

^ i which case the total weight which is their re- 

_ X | _ ! sultant will act through the point (.%, y), where 

» ^ _ Zwx _ Zwy 

y\ \ x = —y = — 


- x 2 "--1 


-x,---r 

t 

Y\ 


Fig. 206 


Zw * Zw * 

The point (x, y) is in fact independent of the 
direction in which the forces act and is the 


centre of mass of the particles. If the particles are the constituent 
particles of a body the point is the centre of mass of the body 
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and is usually found by methods of calculus. It is also the centre of 
gravity on the assumption that the gravity forces of the particles 
act in parallel directions. The centroid, or centre of area, is calcu¬ 
lated in the same way with elements of area replacing elements of 
weight and for a uniform area the centroid coincides with the 
centre of mass. If the body is three-dimensional the third coordinate 
z = ZwzjEw , is found in the same way. 

If a body has a centre of symmetry G, such that for every particle A 
there is a corresponding particle A' of equal mass and G is the mid¬ 
point of AA\ the resultant of the weights of A and A' may be taken as 
acting at G, and G is the centre of mass of the body. Thus the centre of 
gravity of any body which has a centre of symmetry is at the centre of 
symmetry. Similarly, if a body has an axis of symmetry the centre of 
gravity will lie on the axis. The positions of the centres of gravity of 
the following bodies are easily found by elementary methods: 


Triangular lamina 
Triangle of three uniform 
rods 

Solid tetrahedron or 
pyramid 

Solid circular cone 
Hollow circular cone 


Circular arc 


Circular sector 


Semicircle 

Quadrant of a circle 
Solid hemisphere 

Hemispherical shell 


at the intersection of the medians, 
at the centre of the inscribed circle. 

at the point which divides the join of the 
vertex to the centroid of the base in the 
ratio 3:1. 

on the axis at \h above the base, h being 
the height. 

on the axis at \h above the base, h being 
the height. 

on axis of symmetry at - Sma from the 

a 

centre, r being the radius and 2a the angle 
subtended by the arc at the centre. 

on the axis of symmetry at from 

the centre r being the radius and 2a the 
angle included by the bounding radii. 

4 t 

at — from the centre. 

4-r 

at — from each bounding radius. 

3 71 

on the axis of symmetry, at §r from the 
centre. 

on the axis of symmetry at \r from the 
centre. 
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9.11 Centre of Gravity of Com¬ 
posite Bodies 

If a body has two or more parts 
the weight and centre of gravity of 
each of which is known, the centre 
of gravity of the whole is easily 
found by finding the line of action 
of the resultant of the weights of 
the parts. If a part is taken away 
from a body the centres of gravity 
and weights of the whole and of the 
part being known, the result is 
found in the same way by consider¬ 
ing the weight of the part taken 
away as being an added negative 
weight. 


GRAVITY 



Example 7. Find the position of the centre of gravity of the T-section shown in 
Fig. 207. 

The T-section may be built up by additions and subtractions from two 
rectangles as shown in Fig. 208 (a), (6) and ( c ). 

The elements shown in (&) are added to (a) and those shown in (c) are 
subtracted and are therefore considered as negative areas. The areas of the 
elements and the distances of the centroids from XY are tabulated and the 
sum of moments of the areas about XY computed. 


Element 

Area 

CG from XY 

Moment 

A 

16 

7 

112 

B 

12 

3 

36 

c 

n 

7 - 1 

10-33 


2 

%7t 


D 

2 

5-6 

11 


1 

2 


E 


7- 

-3-83 


2 

3 


F 

-2 

6-6 

-13 

G 

n 

4 

6 + — 

-8*52 


~2 

3ti 


H 

71 

3 

-2-36 


Total 


27-5 


26-71 


Hence the distance of the centre of gravity from XY is 


169-33 - 27-71 
= 141 62 
141-62 


26-71 


5-30 in. 
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A 


B 



(a) 


r~ 

i 


C ^ 


□ 


£? c 

D 


(b) 

Fig. 208 


i -v-" E 

_ Df 

G D i fi g 


O 


(c) 


H 


9.12 Theorem of Pappus 

If a plane area is revolved about an axis in its plane, the volume 
generated is the product of the area and the length of the path de¬ 
scribed by the centroid of the area. Let A be the area, OX the axis of 

a small element of area be distant y from 
OX . Then if the area be rotated through 
an angle a the volume generated by the 
element SA is aydA , to the first order. The 
volume described by the whole area is 

ZaydA = aZydA = aAy, 

where y is the distance of the centroid 
from OX . The length of the path of the 
centroid is ay and so the theorem is 
proved. 

If the axis divides the area into two parts of areas A x and A 2 whose 
centroids are distant y x and y 2 respectively from the axis, the volumes 
generated by the parts are ay x A x and ay 2 ^ 2 * The difference of these 
volumes is 

a{piA , - y 2 A 2 ) 

= aAy, 

where y is the distance of the centroid of the whole from the axis. 

If a semicircle of radius a is rotated through an angle 2tz about its 
bounding diameter it generates a sphere. Then if y be the distance of 
the centroid of the semicircle from the diameter 


rotation (Fig. 209) and let 

Y 



-7ia? x 2 ny = -rca 3 . 



Thus the theorem of Pappus can be used to find the position of the 
centroid. 
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EXERCISES 


Example 8 . Use Pappus' theorem to find the centre of gravity of the uniform sheet of 
metal shown in Fig. 210. (L.U., Pt, I) 


If the figure is rotated through 2 n about AC the volume generated consists 
of a cylinder and the difference between two hemispheres, that is 

2 2 520 n 

2X6»X« + 3«X6*-^X4* = —. 


The area = 12 + 5ft = 27*71. 

Therefore if j? be the distance of the centroid from AC, 


2ft? X 27*71 


_ 520ft 
~ 3 * 


260 

n as= - 

7 83*13 


313 in. 


If the figure is rotated about BD the volumes generated by the two parts are 
304ft/3 and 24?r and their difference is 232ft/3. 

Therefore if X be the distance of the centroid from BD, 


2 tiX X 27*71 


232ft 
3 1 


X = —— « 1*395 in. 
83*13 



EXERCISES 9 (c) 

1. Fig. 211 shows a central section through a cylinder which has an axial 

hole, ending in a cone, extending part way along it. Find the distance 
of the centre of gravity from the left-hand end. (Q.E.) 

2. A uniform circular disc can rotate without friction about a horizontal 
axis through its centre perpendicular to the disc. At four equidistant 
points on the circumference masses of 3, 10, 5, 7 lb. are fixed, in the 
order given. Find the angle which the radius to the 10 lb. mass makes 
with the vertical when the disc has turned to its position of stable 
equilibrium. 

A fifth mass is to be fixed on the circumference so that the disc will 
rest in any angular position. Find the magnitude and position of this 
mass, stating the quadrant in which it is placed, and the angular 
distance between it and the 10 lb. mass. (Q.E.) 
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3. A uniform plate is in the form of an equilateral triangle ABC , of 
side 8 in. Two of the corners have been cut off by circular arcs of radii 
I in. and 3 in. having centres at A and C respectively. Find the area 
of the plate and the distance of its centroid from the edge AB. 

(L.U., Pt. I) 
A sheet of metal of uni¬ 
form thickness is shaped 
as shown in Fig. 212. The 
shaded area represents a 
circular hole of 3 in. dia¬ 
meter. Find the position 
of the centre of gravity 
stating its distances from 
OX and OY respectively. 

(QE.) 

A solid, of uniform 
material, consists of a 
cylinder of length 10 in. 
and diameter 4 in., with one hemispherical end, also of diameter 4 in. 
From the other end a concentric hole, 7 in. deep and 2 in. in diameter 
is bored into the cylinder. Find the distance of the mass-centre from 
the flat end. (L.U., Pt. I) 

6. Find the centroid of the 
area of a sector of a circle of 
radius r, the angle between 
the bounding radii being a. 

By using Pappus* 
theorem, or otherwise, find 
the volume swept out by 
rotating the plane figure 
ABODE (consisting of a 
rectangle and a sector of a 
circle) (Fig. 213), through 
one revolution about the 
side AE. (L.U Pt. I) 

7. Show that the centroid of 
a segmental area of a circle of radius r which subtends an angle 2a 

4r 

at the centre is at a distance sin 8 a/(2a — sin 2a) from the centre. 

o 

The smaller segment cut off from a circle of radius 5 cm. by a chord 
of length 6 cm. is rotated about the chord through an angle of 360°. 
Find, by Pappus' theorem or otherwise, the volume of the spindle so 
formed. (L.U., Pt. I) 

8. A uniform solid of revolution is formed by joining the base of a right 
circular cone of height H to the equal base of a right circular cylinder 
of height h. Calculate the distance of the centre of mass of the solid 
from its plane face when H — 12 in., h — 3 in. 

The solid is placed with its plane face on a rough inclined plane and 


A B 
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the inclination to the horizontal of the plane is gradually increased. 
Show, that if the radius r of the base is 2 in., and the coefficient of 
friction p is 0*5, the body will topple over before it begins to slide. 

If the heights are so chosen that the centre of mass of the solid is 
at the centre of the common base, show that, if f*H < r \/6, the 
solid will slide before it topples. (L.U., Pt. I) 

9. A circular quadrant of radius a/2 and centre B is removed from a 
square A BCD of side a If the remaining portion is rotated through 


an angle of 360° about the side 
A D, prove that the volume 
generated is 7ia*( 13/12 — n/S). 

(L.U., Pt. I) 

10. The diagram (Fig. 214) repre¬ 
sents the section of a girder; 
find the distances of its centre 
of gravity from AB and AC. 

(L.U., Pt. I) 

11. A casting, uniform in material 
and thickness, has the form 
given in the sketch (Fig. 215). 
Find the distance of its mass 
centre from AB. (L.U., Pt. I) 

12. The diagram (Fig. 216) shows 
material, with rounded comers 
quadrant of a circle of radius 
calculate the distance of the cenl 



a rectangular T-piece, of uniform 
at E and F t these being each a 
[ in. Using the dimensions shown, 
re of gravity from A B. 

(L.U., Pt. I) 



9.13 Funicular Polygon 

The magnitude and direction of the resultant of a number of coplanar 
forces acting on a body can be found by drawing the polygon of forces. 
The force vectors are placed end to end in any order and the line which 
with the vectors forms a closed polygon represents the resultant of the 
forces in magnitude and direction. The line of action of the resultant 
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is found by drawing, in addition, what is called a funicular polygon. 

Let P, Q , R , S be the given forces and let their lines of action be as 
shown in Fig. 217 (a). The force polygon is shown in Fig. 217 ( b ). The 
force T is the resultant of the forces P, Q, R, S and its magnitude and 
direction is determined. 

Choose a point o, called the pole, in the plane of the polygon and join 
o to the intersections of the forces P, Q, R , S, T. It is convenient to 
label the triangles formed by o with the forces as p, q, r, s, t , then we 
may denote, for example, the join of o to the intersection of P and Q 
by pq. 

To draw the funicular polygon, select a point p on the line of action 
of the force P in Fig. 217 (a). Through p draw/>£ and pq parallel to the 




lines pt and pq in the force polygon and let pq meet the line of action 
of Q in q. Through q draw qr parallel to the line qr in the force polygon 
to meet the line of action of R in r. 

Through r draw rs parallel to the line rs in the force polygon to meet 
the line of action of 5 in s. 

Through s draw st parallel to the line st in the force polygon to meet 
pt in the point t. 

Then t is a point on the line of action of the resultant T and the 
resultant is completely determined. 

The result is proved by considering the triangles p, q, r t s, t in the 
force polygon as triangles of forces. Thus tp and pq are equivalent to 
the force P, pq in the opposite sense and qr are equivalent to Q, qr in 
the opposite sense and rs are equivalent to R , rs in the opposite sense 
and st are equivalent to S. 

Thus in the funicular polygon the forces P, Q , R , S may be con¬ 
sidered as resolved along the directions',/^, qr , rs, st. The resolved parts 
along pq, qr, rs balance out and the forces P, Q , R, S are, therefore, 
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equivalent to the components along pt and st, hence their resultant 
passes through t. 

If the forces are in equilibrium the polygon of forces will close. The 
converse is not true since the forces may reduce to a couple. This 
couple is not zero unless the funicular polygon also closes. Thus if 
T = 0 (Fig. 217) the points pqrs form the funicular polygon, but the 
line ps drawn from p may not coincide with the line sp drawn from $ 
and the system reduces to equal parallel forces along these lines. 

9.14 Resultant of Parallel Forces 

When the forces acting on a body are parallel the polygon of forces, 
having all its sides parallel, reduces to a straight line, but if a pole is 
taken outside the polygon a funicular polygon can be drawn and the 
line of action of the resultant determined. 

Consider the case where parallel forces P, Q, R act vertically on a 
simply supported beam. It is desired to find graphically the end re¬ 
actions X and Y (Fig. 218). 



Fig. 218 


Having drawn the polygon with the forces P, Q, R a pole is selected 
at o and o is joined to the extremities of P, Q , P, the triangles formed 
being labelled p , q , r and the spaces above and below the polygon * and 
y. A point p is chosen on the line of action of P and the funicular poly¬ 
gon pqryx is drawn, x and y being the points in which the lines p% and 
py meet the lines of action of X and Y respectively. In the force dia¬ 
gram the line xy is drawn parallel to the line xy in the funicular polygon; 
this line divides the total force P + Q + R into the forces X and Y . 

The result follows from the fact that the forces P, Q, R are equivalent 
to the component of P along xp and the component of R along yr. 

The resultant of the component along xp and X must be equal and 
opposite to the resultant of the component along yr and Y, therefore 
both resultants must act along the line xy. 

Therefore in the force diagram the force along px and the force along 
xy with X form a triangle of forces. 
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The funicular polygon represents a possible configuration of light 
inextensible string supporting weights P, Q } R at p , q, r respectively, 
and in this case the lines xp t pq, etc., in the force diagram would 



give the tensions in the portions 
of the string. Hence the name 
funicular polygon. 

Example 9. A rigid beam A B, hinged at 
one extremity A, carries a load W 
and is supported horizontally by a 
linkwork of rods in the manner 
shown in Fig . 219. Neglecting the 
weight of the beam and the rods 
show that H, the horizontal com¬ 
ponent of the tension in the chain, 
is given by H = Wxjh^. Determine 
expressions for the tensions in the 
three vertical rods . (C.U.) 


The forces at B are H, a vertical weight T 0 and the tension in BE, and the 
triangle of forces has vertical side h x and horizontal side a (Fig. 220). Simi¬ 
larly if T x be the tension of the rod at E, this force with the tensions in EB 
and ED forms a triangle of forces, the slope of DE being tan -1 ( h 2 — h x )/a. 
Similarly for the tensions and T z in the rods at D and C respectively. 
Thus T q = Hhfa, 

T 0 + T t = H(h 2 - h x )fa t 

r 0 + T x + T 2 = H(h z - h t )/a, 

T 0 + T x + r 2 + r 3 - H(ht - h 3 )/a. 

Taking moments about A we have 

4aT 0 + 3 aT x + 2*2% + aT z = Wx, 
and from the previous equations this gives 



Then 

T x = Wx(h 2 - 2h x )laht 
T 2 * Wx(h 3 — 2 h % + hfjjahi 
T z = Wx (A* - 2 h z + h 2 )lah,. 

9.15 Stresses in Frameworks 

A framework or truss is nor¬ 
mally built up with triangles 
since this shape cannot be de¬ 
formed without altering the 
lengths of the bars. The bars of 
a triangulated framework are 
Assumed to be pin-jointed at 
their ends with the centre of the 
joint in the line of the bars and 
it is usually assumed that the 



a 
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external loads are applied through the pins. The primary stresses in a 
framework are found by working on these assumptions and if necessary 
secondary stresses due to departure from these assumptions may be 
found. 

The forces in a triangulated framework may be found when the 
external forces are known. For a two-dimensional framework, if b is 
number of bars and j the number of joints, we have 2 j equations be¬ 
tween the forces acting at the joints which are the forces of tension or 
compression in the bars and the eternal forces. Since there are 3 
equations for the equilibrium of the forces on the framework as a whole, 
we are left with 2 j — 3 independent equations and, therefore, loads in 
the bars can be determined if the number of bars is 2 j — 3. A frame¬ 
work in which b = 2j — 3 is said to be simply stiff . If the number of 
bars exceeds this number the loads in the bars are determined by their 
elasticity and cannot be found by the methods of statics of a rigid body. 

The formula b = 2j — 3 may also be seen from the way in which a 
triangulated framework is built up. Three bars are required for the 
first three joints and two more for each additional joint. 

Thus 6 = 3 + 2(j — 3) 

= 2 j - 3. 


9.16 Bow’s Notation 

The primary stresses in the members of a simply stiff framework are 
found graphically by application of the triangle or polygon of forces to 
the forces acting at each of the pin-joints. The procedure is simplified 
by the use of Bow’s notation by which each member is specified by two 
capital letters and the force in this member in the force diagram is 
specified by the same letters in small type. This is done by lettering 
the spaces between the members and between the lines of action of the 
forces in the space diagram, that is, the diagram showing the relative 
positions of the members. The minimum number of letters must be 
used to ensure that each force is represented by two letters and that 
each pair of letters represents a force. In drawing the force diagram the 
forces acting at each point should be drawn in the order of the letters 
describing the point, beginning with the known forces and going around 
each point in the same sense. 

Example 10. The framework shown in Fig . 221 consists of equilateral triangles . It 
is freely supported at its lower extremities and carries loads of 4 tons and 8 tons 
at the upper joints. Find the stresses in the members. 

The force at each support is found by taking moments about the other 
support and we have Q — 7 tons, P = 5 tons. The forces at the supports 
may also be found graphically by the methods of § 9.14 by taking a pole o 
and drawing a funicular polygon to determine ad on the force diagram. We 
may call the left-hand support the point AED and we draw the triangle of 
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forces aed for the forces acting at the point (Fig. 222). Proceeding to the 
point EABF, the forces ea and ab are known and we construct the polygon 
of forces eabf. The points FBCG and DEFG are dealt with in the same way 

4T 8T 



and the force diagram is then com¬ 
plete, and by measurement the 
stresses in the members are 


AE 

5-77 tons. 

BF 

3-46 „ 

CG 

8*08 ,, 

GF 

M5 „ 

ED 

2*89 „ 

EF 

115 „ 

GD 

404 „ 


By considering the triangle of forces 
it is seen that the force in EA acts 
towards the support and the force in 
ED away from it. Hence EA is in 
compression and ED in tension. 
Similarly the members EF and GD 
are in tension and all the others in 
compression. 


9.17 Method of Sections 


The forces in the members of a framework may be calculated by 
considering a portion of the framework as being in equilibrium under 
the action of the external forces which act on it and the forces in the 


members joining this portion to the remainder of the framework. A 
line of section is drawn cutting not more than three members in which 
the forces are unknown; if the 0 


lines of these three members are 
not concurrent we have three 
conditions of equilibrium in¬ 
volving the external forces and 
the forces in the three mem¬ 
bers. Hence these forces can be 
found and by repeated sections 
the forces in all the members 
can be calculated. 

Example II. Calculate the stress in 
the member CD of the Warren 
girder shown in Fig. 223. 

By taking moments we find 
the reactions at the supports 
are P = 16 tons, Q — 19 tons. 
Let Tj, T 2 , T z denote the 
tensions in the members BD, 
DC , CE respectively. 

The portion ABC of the girder 






9] 


307 


EXERCISES 




is in equilibrium under the action of the forces P, 8 tons, T lt T a , T 9 
(Fig. 224). 

Hence T a sin 60° + 15 = 8 


14 

To -- t- * —8*08 tons. 

V3 


Thus the member CD is in compression and the force is 8-08 tons. 


EXERCISES 9 (d) 


1. Forces 13, 2, 3, 8 lb.wt., act along the sides AB, BC , CD, AD respect¬ 
ively of a square A BCD in the sense indicated by the order of the 
letters. Find graphically the magnitude and direction of their resultant 
and show that its line of action passes through the mid-point of AB. 


2 . 


3. 


4. 


6. 


A light horizontal beam A B is 20 ft. long and is supported at 5 ft, 
from A and 3 ft. from B. Loads of 5, 7, 9, 6, 4 lb.wt., are carried at 
1, 4, 7, 12, 16 ft. respectively from A. Find graphically the reactions 
at the supports. 

A light rigid beam, hinged at one extremity, carries a load W and is 
supported horizontally by a linkwork of rods as shown in Fig. 225. 
Find the lengths of the vertical rods if the tensions in them are 


to be equal. Find this tension 
and the horizontal component of 
the reaction at the hinge. 

A pin-jointed Warren girder in 
which the panels are all equi¬ 
lateral triangles is end-supported 
and has 2 n bays in the lower 
boom. Find in magnitude and 
sense the forces in the three mem¬ 
bers enclosing the central panel 
due to a load W at r(r < n) bays 
from one end. (L.U., Pt. I) 

By means of a force diagram, or 
otherwise, find the forces in all 
the members of the given frame 
(Fig. 226) due to the given load 
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stating whether the members are in tension or compression. The 
framework is pinned to a rigid support at A and B. 

(L.U., Pt. I) 

6. Find the forces in all members of the frame shown in Fig. 227, loaded 
as shown and simply supported at A and D. AC and BD are not 
jointed together where they cross. 


4T 2T 



7. The diagram (Fig. 228) represents a framework of ten smoothly 
jointed light bars hinged at A and G to points in a vertical wall. Find 
by a graphical construction or otherwise the forces in the bars FE 
and BE and the reaction of the hinge at A. 



8. Find the stresses in the bars of the wall crane shown in Fig. 229 due 
to a load of 5 tons hanging from a chain at D. The chain passes over 
pulleys at D and E; it is fixed to the wall at F, and AE = ED . 
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AB and CD by taking a section which cuts the members AB, BE , 
ED and CD. Find also the stresses in AE and CE. 

12. Fig. 233 represents a roof truss hinged at A . The end E is freely sup¬ 



ported at the same level. The loads due to the dead weight and to 
wind thrust are as shown. Draw a stress diagram and find the tensions 
in the members GC, CF and FG. 


9.18 Work 


The work done by a force in a small displacement of its point of 
application is defined as the product of the force and the projection of 
the displacement on the line of action of the force. 
A* Thus if 8W be the work done by a force P in a dis- 

.x_. placement 8s (Fig. 234) we have 

A p W = Pcos0.0s, 

Fig. 234 


where 0 is the angle between the displacement 
and the direction of P. The work done in a finite displacement s 0 to s 1 
is then 


W = 



cos 6ds. 


The units of work are those of a product of a force and a distance, such 
as foot pounds, foot poundals, dyne centimetres, etc. In vector notation 
(see § 7.11) work is expressed as the scalar product of the force vector P 
and the displacement vector 8&, 

that is 8W = P.<5s. 

If P = iX + jY + kZ and <5s = idx + j8y + k8z, we have 


8 W = X8x + Y8y + Z8z t 

and this shows that the work done by a force is equal to the work done 
by its components. 
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The work done by a couple of moment G turning through a small 
angle <50 is GSO. If the forces of the couple be P acting at points A and 
B (Fig. 235) it is evident that for equal linear p 
displacements of A and B no work is done. *•" 

If AB turns through a small angle <50 so that 
B moves to B' the work done is 

P.BB' = P.AB.80 = G.86. 



Fig. 235 

If the moment of the couple remains con¬ 
stant the work done in a finite rotation through an angle 0 is G.0. 

The work done in stretching an elastic string or a helical spring is 
the product of the extension and the mean of the initial and fined 
tensions. 

If X be the modulus, l the unstretched length and x the extension, the 
tension is Xxjl. The work done in stretching a further distance 8x is 


therefore -xdx. The work done in increasing the extension from x x to x 2 
l 

is therefore 





- (*, -«,)'(/.+ 

and this is the extension multiplied by the mean of the initial and final 
tensions. 

The work done in raising a system of particles from one position to 
another position is Wh y where W is their total weight and h is the dis¬ 
tance through which their centre of gravity is raised. 

Let the weights of the particles be w v w 2 , ..., w n and let their heights 
above some standard position before and after raising be x v x 2 , .. x n , 
and x x , x 2f . . x n ' respectively and x and x' the heights of their 
centres of gravity. 


Then Wx = w x x x + w^x 2 + . .. + w n x nf 
Wx' = w x x x + w^x 2 + . .. + w n x n \ 

W(x' — x) = W x (x x — X x ) + w 2 (x 2 ' — xj + . •. + w n (x n ' — x n ). 

The right-hand side in this equation is the total of the work done in 
raising the individual particles and the left-hand side is Wh, hence the 
theorem is proved. The particles may be constituent particles of a 
rigid body. It should be noted that the work done depends only on the 
initial and final positions of the centre of gravity, and is independent of 
the path followed by the particles. 
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Example 12. A sphere of weight W and radius a 
lies at the bottom of a cylinder of radius b. 
Water is poured into the cylinder until the 
sphere is just covered. W' is the weight of 
water displaced by the sphere. Find the work 
done in lifting the sphere just clear of the 
water. 

The volume of water 
4 

*= 2ab 2 n — -rca*. 


Its height h (Fig. 236) 



The work done on the sphere = W^2a — — 

r J2ab*n - %n a 8 ) 


The weight of the water 


- W'- 
2 a 8 

The fall of its centre of gravity = —. 




The work done by gravity 


W‘ 


<•-£>■ 


/ 2 a*\ 

Therefore the total work done * (2 W — W')\a — —j. 


9.19 Potential Energy and the Work Function 

When the work done by a force on a particle as it moves from a 
position A to a position B depends only on the positions of A and B 
and not on the path by which the particle travels from A to B the force 
is said to be conservative . We have proved that the force of gravity 
acting on a system of particles or on a rigid body is conservative. An 
example of a non-conservative force is the force of friction. Thus the 
work done by friction on a particle sliding down an inclined plane is 
increased if the particle first moves up the plane and then down. 

If the forces which act on a body are conservative the work which 
can be done by the forces as the body moves from its position to some 
standard position is called its potential energy. Thus the potential 
energy of a particle of weight w at height h above the ground is wh. If 
the particle rises through a further height Sh, the increase of potential 
energy is wdh and the work done by gravity is — wdh . If the tension in 
an elastic string or helical spring is T and it is extended a distance dx 
the potential energy stored in the spring is increased by Tdx and the 
work done by the tension is — Tdx. The same reasoning applies to 
other conservative forces. Thus if it is possible to write down the 
potential energy V of a body in any position the work done when V 
increases by dV is — dV. If we write W = — F, W is called the work 
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function , it varies with the position of the body and the work done as 
the body moves from a position A to a position B is 

W B - W A . 


9.20 Machines 

An apparatus in which a force, called the effort, is applied to over¬ 
come a resistance or move a weight is called a machine. Familiar 
examples are the lever, systems of pulleys, wheels and axles and the 
screw. 

The velocity ratio of a machine is the ratio of the distance moved by 
the point of application of the effort to the distance moved by the 
point of application of the resistance or weight. If P is the effort and 
W the resistance or weight, we have 

, . distance moved by P 

velocity ratio = —-- 3 J 

distance moved by W 

The mechanical advantage is the ratio WjP. Thus 

, . , , , resistance W 

mechanical advantage = —-—-— = —. 

effort P 

If the machine were perfectly frictionless and its moving parts weight¬ 
less the work done by the effort would be equal to the work done against 
the resistance and hence the velocity ratio would be equal to the 
mechanical advantage. This is shown to follow from the principle of 
virtual work enunciated in the following section. In all machines, how¬ 
ever, some part of the work done by the effort is consumed in over¬ 
coming friction or moving parts of the machine, and hence the mechan¬ 
ical advantage is less than the velocity ratio. 

The ratio of the mechanical advantage to the velocity ratio is called 
the efficiency of the machine, and this is also the ratio of the work done 
against the resistance to the work done by the effort. 

If the efficiency is from frictional causes less than 50 per cent the 
machine will not overhaul when the effort ceases, since the work which 
the resistance can do will be less than the work required to overcome 
the reversed friction. 

The velocity ratio depends only on the arrangement of the parts of 
the machine. The mechanical advantage, and therefore the efficiency, 
may vary with the load applied and may be found experimentally for 
different values of the effort P and the resistance IF. It is usually found 
that P and W are connected by a linear relation of the form 
P = a + bW, where a and b are constants. Such a relation is called the 
law of the machine. Thus the efficiency varies with the load and 
efficiency is calculated relative to a particular load. 
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EXERCISES 9 (e) 

L A uniform log is in the form of a right prism whose cross-section is a 
triangle of sides 1 £ ft., 2 ft., 2£ ft., and its weight is 6 cwt. It rests with 
its smallest rectangular face on a horizontal plane. Find in foot-tons 
the least work needed to raise it on one edge so that it may fall over 
on to its largest rectangular face. (L.U.) 

2. A uniform shaft of length 3 ft., diameter 6 in., and modulus of 
rigidity 12 x 10 6 lb./in. 2 , is given a twist of 5 degrees. Find the work 
done. 

3. A circular cone of base diameter 1 ft., and height 2 ft., is totally 

immersed in water contained in a vertical cylindrical drum 1-5 ft., in 
diameter. If the density of the cone equals that of the water (62*5 
Ib./cu. ft.), how much work must be done to lift the cone by its apex 
until it is just clear of the water. (Q.E.) 

4. A wheel and axle working with vertical loads has a frictional torque 

resisting motion of p times the total load. If R and r are the radii of 
wheel and axle respectively, find expressions for the mechanical 
advantage and the efficiency of the machine and show that, if p is 
greater than r, the machine is irreversible. (L.U., Pt. I) 

5. A bucket is lowered into a well by means of a windlass and pulley. 

The end of the rope of the windlass is attached to the frame of the 
windlass, and the pulley, with bucket attached, slides in the loop of 
the rope, the hanging parts of the rope being vertical. Neglecting 
friction and the weight of the rope, determine by the principle of 
work, or otherwise, the force that must be applied at the arm of the 
windlass to maintain the bucket in equilibrium, having given the 
weight W of the bucket and its load, b the diameter of the barrel of 
the windlass and a the length of the arm. What is the efficiency if the 
force that will just raise the bucket is nW ? (L.U.) 

6. A screw-jack is to be used to lift two wheels of a motor-car off the 

ground. The load on each of these wheels is 500 lb., and the springs 
deflect 4 in. under this load, the jack is applied to the frame of the car 
at a point midway between the wheels. The velocity ratio between 
the handle and the lifting point of the jack is 200 : 1, and the friction 
in the jack is such that the applied force is 200 per cent greater than 
it would be without friction. Find the greatest force which has to be 
applied to the handle, and the total work done, in lifting the car until 
there is 1 in. clearance between the wheels and the road. The weight 
of the wheels and axle parts may be neglected. (Q.E.) 

9.21 Forces which do no Work 

(I) The internal forces of a rigid body 
These forces are mutual actions and reactions between the particles 
of the body. Let P be the force acting between two particles at A and 
B (Fig. 237) and let the particles be displaced to A ' and B\ Since the 
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body is rigid AB = A'B'. Let the angle between A'B' and AB be 60 
and let M and N be the perpendiculars from A' and B' respectively to 
AB. The work done in the displace- g' 

ment _**i 

= P.AM - P.BN, — * 

= P. (AB — MN), _P_J_ P ! 

= P.AB{1 - cos 66), A *M ' *"Vn 

= P. AB(}dd 2 + higherpowersof50). Fi S- 237 

Thus the work is zero to the first order of small quantities. 


(2) The tension in an inextensible string 
The string being taut any displacement of one end relative to the 
, other can only be motion in a circle. If the string 
turns through a small angle 66 (Fig. 238) the 
1 displacement along the line of the string is 
A N B /(1 

— cos SO), where l is the length of the string, 
Fig. 238 and this is of the second order of small quan¬ 

tities. If both ends of the string move in the same direction the work 
done is zero. 


(3) The normal reaction to a smooth surface 

If the body moves on the surface the reaction will be normal to the 
surface and the displacement of the point where it acts can only be in a 
perpendicular direction. 

(4) The reaction at the point of contact of a body rolling on a plane surface 
Let a be the radius of curvature of the rolling body at the point of 

contact and let the body turn through an angle 66 (Fig. 239). The dis- 

_ placement of the centre of curvature is add parallel 

/ to the surface. The relative displacement of the 

( q6$ \ P°i n ^ °f contact is —a sin 66 parallel to the surface 

( —*- J and a( 1 — cos 66) perpendicular to it. Therefore 

J the point of contact has displacements 

1 a(66 — sin 66) and a( 1 — cos 66) 

P Fig 239 parallel and perpendicular to the surface. These 

quantities are of the third and second order of 
small quantities respectively and hence to the first order no work is 
done by the forces at the point of contact. 


(5) The reaction at the point of contact of two bodies rolling on each other 
The motion of each body is initially one of rolling on the common 
tangent plane at the point of contact and hence the work done in a 
small displacement of either body is of the second order of small 
quantities. 
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9.22 The Principle of Virtual Work 

If a body or system of bodies is in equilibrium and is given an 
arbitrary small displacement, the work done by the external forces 
acting on the system in this displacement is zero. 

Such a displacement is called a virtual or imagined displacement. 
By equating to zero the work done in such displacements, relations 
between the external forces holding the system in equilibrium are 
obtained. 

First, consider a particle at a point whose coordinates are (x, y , z) 
acted on by a force with components (X, Y, Z) parallel to the axes. In 
a displacement of the particle in which x increases by dx, y by dy and 
z by dz, the forces X , Y and Z will also increase infinitesimally, but the 
work done in the displacement is to the first order of small quantities 
Xdx + Y6y + Zdz. If the particle is in equilibrium X = Y = Z — 0, 
and hence the work done in the virtual displacement is zero. 

Now consider a rigid body in equilibrium. The work done on each of 
the particles of the body by the forces, both internal and external, 
which act on it is zero in a virtual displacement of the body, therefore 
the work done on all the particles of the body in this displacement is 
zero. But the work done by the internal forces of a rigid body in any 
displacement is zero, therefore the work done by the external forces 
acting on the rigid body in any virtual displacement is zero. 

When a system contains more than one body the mutual reactions 
between separate bodies may be considered as internal forces and the 
work done by them in a virtual displacement will be zero provided that 
the displacement does not alter the nature of these forces, that is, it 
must not be such that it makes a reaction vanish, or makes friction 
change its direction or cease to act. Within these limitations the work 
done in any virtual displacement of a system of bodies in equilibrium 
will be zero. 

For example, consider a particle of weight 
W at rest on a rough inclined plane of inclin¬ 
ation a (Fig. 240). The forces acting on the 
particle are W sin a and the friction F 
parallel to the plane, W cos a and the reaction 
R perpendicular to the plane. Consider a 
virtual displacement dx down the plane. The virtual work is 

{W sin a — F)dx, 

and, since this is zero, we have F = W sin a. Consider a virtual dis¬ 
placement dy into the plane. The virtual work is 

(W cos a — R)dy , 

and, since this is zero, we have R = W cos a. 



Fig. 240 
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These equations can, of course, be obtained in the usual way by 
resolving the forces. 

If, however, we consider a displacement 8y in the opposite direction 
out of the plane, the reaction R would cease to act and the work done 
(-W cos a)dy would not be zero. 

The principle of virtual work is used to find the forces which hold a 
body or system of bodies in equilibrium by equating to zero the work 
done in different virtual displacements. No information is obtained 
which cannot also be obtained by using the ordinary conditions of 
equilibrium, but there is a considerable simplification due to the fact 
that those forces which do no work need not be considered. 

It was pointed out in § 9.20 that the work done by the effort in a 
frictionless machine is equal to the work done against the resistance. 
This follows from the fact that when the effort is just sufficient to 
balance the resistance the system is in equilibrium. In a virtual dis¬ 
placement 8x of the resistance the effort moves a distance qdx where q 
is the velocity ratio and the work done 

Pq6x - W8x = 0. 

Thus the mechanical advantage is equal to the velocity ratio. If there 
is friction in the machine the work done by the effort will balance the 
work done against the resistance and friction, and the mechanical 
advantage will be less than the velocity ratio. 


Example 13. A uniform rod rests with its ends on two smooth planes inclined to the 
horizontal at angles a and p. If the planes intersect in a horizontal line and the 
rod is in equilibrium, find the inclination of the rod to the horizontal. 


Let AC (Fig. 241) be the rod, inclined 
at an angle 6 to the horizontal. The 
rod may be assumed to be in a vertical 
plane containing lines of greatest slope 
of either plane, otherwise equilibrium 
would be impossible. 

If the rod is given a small angular dis¬ 
placement in this plane, its ends re¬ 
maining in contact with the plane, the 
virtual work will be zero. The only 
force doing work in such a displacement 
is the force of gravity. 

Let y be the height of the centre of gravity of the rod above B and 2 a the 
length of the rod. Then 



Also 


therefore 


y = AB sin a — a sin 0. 

AB _ 2 a 

sin {p + 6) ~ sin (a -f pf 


2a sin a sin (p + 0) . 

-—— - asm 6. 

sm (a + P) 


A.M.E.— 11* 
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The virtual work 
- Wdy 

_ w ( 2a«*a«»(fi + e) _ \ 

L sin (a + p) J 

Wa f n „ 

= -— 7 —— 5 r {2 sin a cos p cos 0 — 2 sin a sin 5 sin 0 
sin (a + P ) 1 r 

— sin (a 4 * fj) cos 0 }d 0 

PTa , . 

= s ^ n ft) I s * 11 ( a ““ P) cos 0 — 2 sin a sin £ sin 0}<50. 

The virtual work must be zero, therefore 


tan 0 


sin (a — /?) 

2 sin a sin /?’ 


Example 14. Two uniform rods AB and BC of equal lengths and of weights W and 
W* respectively are freely jointed at B. They rest in a vertical plane with the ends 

A and C joined by a light inextensible string 
which is taut. If the angle ABC is 2a find 
the tension in the string. 

We shall consider a virtual displacement 
in which A and C (Fig. 242) move farther 
apart. In this displacement the only forces 
which do work are the weights of the rods 
and the tension in the string. We can de¬ 
scribe this displacement as due to a small 
increase da of a. 

Fig. 242 If AB = 2a, AC = 4 a sin a. 

The height of the centre of gravity of the 
rods above the ground is h = a cos a. Corresponding to an increase Sa of a, the 
increase of AC is 6 (4a sin a) = 4a cos a. 6a, the increase of h is 6h = —a sin a. 6a. 
The work done in this displacement is 

(— T)4a cos a.6a — (W + W')(—asma.da). 

Since this is zero we have 

T * i(W + W') tana. 



Example 15. Four equal uniform rods each of length 2a and weight W are freely 
jointed at their ends to form a rhombus A BCD. The rhombus is suspended from 
the corner A and is kept in the form of a square by a light rod joining the mid¬ 


points of the rods BC and CD. Find the thrust in 
this rod. 

If the angle DAB is 2a (Fig. 243) the centre of 
gravity of the rods is at a depth 2a cos a below A 
and the length of the rod EF is 2a sin a. 

Consider a virtual displacement in which a in¬ 
creases by 6a. The only forces doing work are the 
weights of the rods and the thrust T in the rod EF. 
The virtual work 

— 4W6(2a cos a) + T6(2a sin a) 

■* —4W.2a sin a.6a + T. 2 a cos a.<5a. 

Since this is zero T = 4W tan a, 



= 4 W, when a = 45°. 


6 

Fig. 243 
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Example 16. The symmetrical framework ABODE (Fig. 244) consists of four uni¬ 
form rods each of weight w per unit length. AC and BD are each of length 21, 
and DE and EC are each of length l, while the angle OAB is 30°, and O is the 
mid-point of AC. The rods are pin-jointed at O, D,E and C, and the frame rests 
in a vertical plane, A and B being connected by a light string and resting on a 
smooth horizontal floor . If each of the four joints is capable of exerting a frictional 
torque of magnitude %wl* show, by using the principle of virtual work, that the 
least value of the tension in the string is \wl( 9^3 — 8). (L.U., Pt. II) 


Let the angle OA B be 0. 

We have a weight 4 wl at O at height l sin 0 and 2wl at height (5/2)1 sin 0 
above AB and the centre of gravity is at height (3/2)/ sin 0. 

The length of AB is 21 cos 0. 

As 0 increases by <50 the angle between each pair of rods increases by 2<50 
and the work done by friction at the four joints is 4 (£«j/ 8 )2<50. If T be the 
tension in the string the total virtual work is 

sin e) - T.6(21 cos 8) + =. 0, 


that is 


— 9 wl cos 0 + 277 sin 0 + 4 wl 2 


■■ wl 


,9 cos 0 — 4 
2 sin 0 


= ~wl( 9^3 - 8). 

2i 


o. 


E 




Example 17. Three light rods OA, OB, OC each of length a are freely jointed at O and 
rest with the ends A, B and C on smooth horizontal ground joined by three light 
inextensible strings each of length b (Fig. 245). A weight W is suspended from 
the point O. Find the tension in the strings and the thrust in the rods. 

To find the tension in the strings we use a virtual displacement which 
increases the length of the strings. The ends A, B, C are the vertices of 
an equilateral triangle and O will be vertically above the centroid G of the 
triangle. 

2 

GB = -.b cos 30° = 

o 

OG = VK - J6 2 ). 


We have 


b 

v? 
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If b increases by Sb, the corresponding displacement of O is 

-b 


6(OG) 


The virtual work is 


Therefore 


W( a * - £* 2 ) 

-Wd(OG) - 3 Tdb, 
\Wb 


6b. 


v (« 2 - m 

\Wb 


6b - 3Tdb 


V (« 2 - &*) 

To find the thrust 5 in a rod we use a virtual displacement in which a in¬ 
creases by da. 

Then dlOG) = -—-. 

V( ai - W) 

The virtual work is — Wd(OG) + 35 .da, 

Wa 


Therefore 


V(*- ~ & 2 ) 
\Wa 

y/(a l - W)' 


.da + 35. (5a = 0. 


EXERCISES 9 (/) 

1 . Find the work done in stretching an elastic string from its natural 
length l to the length l -}- x, the modulus of elasticity (in gravitational 
units) being A. A thin elastic ring of weight W has a radius a when 
unstretched. The ring is placed horizontally over a smooth cone of 
vertical angle 90° which is fixed with its axis vertical and vertex up¬ 
wards. The ring is allowed to slide slowly down the cone. Find the 
depth below the vertex at which the ring will rest in equilibrium. 

(L.U., Pt. I) 

2 . A light straight rigid rod A BCD, where 2A B = 2BC = CD, is hung 
up by three equal light parallel elastic strings attached to A, C and 
D so that A BCD is horizontal. If a weight W is then fixed to the rod 
at B, prove that the potential energy of the system is 

V = l-(5* 2 + 5z* + 2 xz) - -W(3x + z), 

8 a 4 

where x and z are the small increases in length of the strings at A and 
D respectively, A is the modulus and a the natural length of each of 
the strings. Hence show that in equilibrium the tensions in the strings 
are 7PT/12, W/ 3, Wj 12. (L.U., Pt. I) 

3. Four equal uniform rods, each of weight W, are freely jointed to form 
a rhombus A BCD. The rhombus rests with A on a horizontal plane 
and AC vertical being kept in shape by a light string joining B and 
D. Show that the tension in the string is 2W tan BAC. If the string 
joined the mid-points of BC and CD show that the tension would be 
doubled. 

4 . Four equal uniform rods, each of weight W, are freely jointed to form 
a rhombus A BCD. The rhombus is suspended from A and kept in 
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shape by a String joining A and C. Show that the tension in the string 
is 2 W. 

5 . Six equal uniform rods, each of weight W, are freely jointed to form a 
hexagon ABCDEF . The hexagon rests in a vertical plane with AB 
fixed in a horizontal position, and is kept in the form of a regular 
hexagon by a light string joining C and F. Find the tension in the 
string. 

6 . A rod whose centre of gravity divides it into lengths a and b rests 
with its ends on two smooth planes each inclined to the horizontal at 
an angle a. If the planes intersect in a horizontal line show that the 
inclination of the rod to the horizontal is 

tan _1 {(6 — a) cot a/(a + 6)}. 

7 . A uniform ladder of weight W and length 2a rests in a vertical plane 
with one end on horizontal ground and the other against a smooth 
vertical wall and is inclined at an angle a to the vertical. Use the 
principle of virtual work to show that the coefficient of friction at the 
ground must be at least \ tan a. If the coefficient of friction p is less 
than this show that the couple required to hold the ladder in position 
is Wa( sin a — 2 ja cos a). 

8 . A triangle A BC made of light rods smoothly jointed rests in a vertical 
plane on two smooth pegs at the same level at a distance 2d apart. 
A weight W is suspended from A which is below the pegs. If 
AB = AC — b and the angle BAC = 2a, show that the stress in the 
rod BC is Wd/(b sin a sin 2a). 

9 . Four equal uniform heavy rods each of weight W are freely pivoted at 
their ends to form a closed frame. The frame hangs in the form of a 
square with one diagonal vertical, supported by two smooth pegs at 
the same level in contact with the two upper rods. Find the reactions 
at the comers of the frame and show that the distance between the 
pegs must be \^2l, where l is the length of one rod. (L.U., Pt. II) 

10. The two parts of a step ladder are of equal length and uniform and are 
of weights W t and W 2 respectively. The ladder rests on smooth hori¬ 
zontal ground with a weight W placed on top of it and the mid-points 
of the parts joined by a light string of length 2d. If the top is at a 
height h above the ground show that the tension in the string is 
(2W + W x + W t )d/k. 

11 . A quadrilateral A BCD of four uniform smoothly jointed rods is 
freely suspended from A and a light string joins A to C so that the 
angle ABC is a right-angle. If AB and AD are each of length a, BC 
and CD each of length b and all the rods are of weight w per unit 
length find the tension in the string. 

12. A uniform circular disc of weight W and radius a is held in a hori¬ 
zontal plane by four vertical strings each of length l attached to points 
at the ends of two perpendicular diameters. Find the couple required 
to hold the disc in position when it has been turned through an angle 
6 from its equilibrium position. 
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13. A mechanism for raising and lowering a platform is shown in Fig. 246. 
The bars A B and CD are equal and hinged together at their middle 

points. AB is hinged to a point on 
the ground at A and pressed against 
the under side of the platform at B: 
CD is hinged to one end of the 
platform at D and rests on a hori¬ 
zontal surface at C. The co-efficient 
of friction between the surfaces in 
contact at B and C is 0-25 and the 
centre of gravity of the platform is 
at a horizontal distance from D 
equal to half the length of or 
CD. The platform is raised by means 
of a horizontal force applied at C. The weight of the bars and the 
friction at the hinges may be ignored. 

Determine the instantaneous efficiency of the mechanism when the 
platform is rising and the bars are at an angle of 45° to the horizontal. 

14. Four equal particles A, B, C, D each of weight W are connected by 

light strings A B, BC, CD, DA each of length l and then placed at rest 
symmetrically on a smooth sphere of radius R(l < nR/2). Prove by 
virtual work or otherwise that the tension in each string is 
\W sin (l/R) sec (l/R). (L.U., Pt. II) 

15. A tetrahedron OABC formed of 6 equal uniform rods each of weight 
W and freely jointed at their ends is suspended from the point O. 
Find the stresses in the rods OA and AB. 

16. A square A BCD of equal smoothly jointed light rods each of length 
a lies on a smooth horizontal table; OA, OB, OC, OD are four equal 
light rigid rods, each of length 2 a, smooth jointed at O, A, B, C, D, 
so that all the rods form the edges of a pyramid. A weight W is sus¬ 
pended in equilibrium at O. By the method of virtual work, or other¬ 
wise, find the stress in a rod such as OA, and a rod such as AB. 

(L.U., Pt. II) 



9.23 Stability of Equilibrium 

When a body is in equilibrium, the equilibrium may be stable or 
unstable or neutral. It is stable if when the body is given any small dis¬ 
placement consistent with the constraints it tends to return to the 
equilibrium position. It is unstable if it tends to move away from the 
equilibrium position and neutral if it rests in equilibrium in the dis¬ 
placed position. 

Thus a cone resting on its base is stable and balanced on its vertex is 
unstable; a sphere resting on a plane is in neutral equilibrium. 

The displacements considered are assumed to be infinitesimal. We 
have seen that in a small displacement from an equilibrium position 
the work done is zero to the first order of small quantities and thus a 






323 


9] ENERGY TEST FOR STABILITY 

position of equilibrium is a turning value of the work function and of 
the potential energy if the forces are conservative. The stability of the 
position of equilibrium depends on the second-order quantities in the 
expression for the work done. 


9.24 Energy Test for Stability 

The energy test for stability provides a simple method of finding 
positions of equilibrium and discussing their stability when the forces 
acting on a body or system of bodies are conservative. In this case an 
expression may be found for the potential energy V of the system in 
terms of the coordinates which determine its position. A position of 
equilibrium is then a turning value for the potential energy since the 
work done, which is the change of potential energy, in a small displace¬ 
ment is zero. 

The sum of the kinetic and potential energies of a system is constant, 
therefore, if a system begins to move from a displaced position it must 
be gaining kinetic energy and losing potential energy. 

If a position gives a maximum of the potential energy and the 
system is given a small displacement it will move in such a way that 
the potential energy decreases, that is, away from the position of 
equilibrium and the position is unstable. 

If the position gives a minimum of the potential energy and the 
system is given a small displacement it will move in such a way that 
the potential energy decreases, that is, back towards the position of 
equilibrium. 

Therefore the potential energy of a system is a maximum in positions 
of unstable equilibrium and a 
minimum in positions of 
stable equilibrium. This may 
be remembered from Fig. 247, 
showing a sphere on a corru¬ 
gated surface. At positions 
such as A and B the potential 
energy is a maximum and 
equilibrium is unstable; at 
C and E the potential energy 
is a minimum and there is stability. At D the potential energy has a 
point of inflexion, a displacement towards E will cause instability and, 
therefore, the position must be considered unstable. 

It is shown in § 6.3 that when a system has one degree of freedom, so 
that the potential energy V is a function of one coordinate 0, the 

d 2 V 

system will oscillate about the position of equilibrium if —— > 0, 
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which is the condition for a minimum, and the period of the smal l 
oscillations is 

where /(0)0* is the kinetic energy of the system. 

9.25 Examples 

The solution of problems involving the energy test of stability in¬ 
volves finding an expression for the potential energy in any position. 
When this has been done it is an elementary exercise in maxima and 
minima to discuss stability. It should be remembered that if the second 
differential coefficient of the potential energy vanishes a maximum or 
minimum may occur if the third differential coefficient also vanishes 
and the fourth is negative or positive. We shall consider problems in 
which there is only one degree of freedom. When there are two or more 
degrees of freedom the potential energy is a function of two or more 
coordinates and the problem is one of finding maxima or minima values 
of a function of two or more variables. 


Example 18. A cylinder of radius r has its centre of gravity at a distance h from the 
axis. Show that the inclination a to the horizontal of the steepest rough plane on 
which it can rest wxth its axis horizontal is given 
by h = r sin a. Show that for planes less steep 
there is a position of stable equilibrium. 

(L.U., Pt. I) 

To find the potential energy we need the 
height of the centre of gravity above some 
standard position. Let A (Fig. 248) be this 
position, assuming that when the point of 
contact of the cylinder with the plane is at A 
the radius OG passes through A . Let B be the 
point of contact when the cylinder has turned 
through an angle 0 so that the angle BOG = 0. 

Since the cylinder has rolled from A to B, A B = rd. The height of G above 
A is the sum of the projections of AB, BO and OG on the vertical, that is 
— r6 sin a r cos a — h cos (a + 0). 

Therefore the potential energy at B is, m being the mass of the cylinder, 

V = mg{ —rd sin a + r cos a — h cos (a + 0)}. 
dV 

— =* mg{ — r sm a + h sin (a + 0)}. 



Fig. 248 


We have 


For equilibrium we must have 

sin (a -f 0) 


• sm a. 


and this determines a position of equilibrium if and only if r sin a < h. 
The steepest slope on which equilibrium is possible is therefore given by 

r sin a * h, and then a 4- 0 = -. 

2 




«] 


If r sin a < h, 
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= mgh cos (a 0). 


Now since sin (a -f 0) = - g , there axe two values of a -f 0 for which 
h 

equilibrium is possible, one value being the supplement of the other. Taking 
the value of a + 0 which is less than \n, cos (a + 0) is positive, and the 
potential energy has a minimum, therefore the position is stable. If 
a + 0 > in the position is unstable. 


Example 19. A uniform plank of thickness 2d rests 
in equilibrium on a fixed rough cylinder of 
radius a, the plank being horizontal and per¬ 
pendicular to the axis of the cylinder. Discuss 
the stability of the system. 

If the plank has rolled through an angle 0 
from the horizontal position so that the 
point of contact has moved from C to A (Fig. 
249) we have AC — ad. If O be the centre of 
the cylinder and G the centre of gravity of 
the plank the height of G above 0 is the sum 
of the projections of OA, AC and CG on the 
vertical, that is (a + d) cos 0 -{- a$ sin 0. 



Therefore 


V e= mg{ (a -}- d) cos 0 H- a0 sin 6 }, 


dV 


When 0 «* 0, 


■“ mg{a6 cos 0 — d sin 0}, 

d*V 

— = mg{-ad sin 0 -f (a — d) cos 0}. 

dV 
dd ' 
d*V 


0 , 


mg(a - d). 


Hence, the horizontal position is stable if a > d. 
d?V 

0 , 


If a « d y 


dd 2 

cPV 

IS* 

d*V 


0 for 0 
mga{ —sin 0 — 0 cos 0}, 


*= mga{ — 2 cos 0 -f 0 sin 0}. 


d*V d 4 V 

For 0 = 0, = 0, is negative and the position is unstable. 


dV 


to zero, 


dO s ’ dd 4 

There is also a position of equilibrium obtained by equating 

that is a0 cos 0 « d sin 0, 

tan 0 a 

" 0 “ 

This gives a position of equilibrium only if a > d, since (tan 0)/0 > I. This 
position will be unstable since maxima and minima of a continuous function 
separate each other. 
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Example 20. A BCD is a rhombus formed, by 
four equal thin uniform smoothly jointed 
rods each of length 4y'(3)a. The system 
hangs over a smooth circular cylinder of 
radius a and centre O whose axis is hori¬ 
zontal* Find the angle BAO in the 
position of equilibrium in which AOC is 
a vertical straight line and show that it is 
a stable position for displacements in 
which A and C move vertically . 

(L.U., Pt. II) 

Let m be the mass of the rods and let 
the angle BAO * 0 (Fig. 250). Then 
AO =* a cosec 0. 

The centre of gravity G of the rods is at 
a depth 4 y^3 a cos 0 below A, that is 
4 yjZa cos 0 — a cosec 0 below O. 

Therefore 

V «* mg«(cosec 0 — 4^/3 cos 0). 
dV 

— * mga{ —cosec 0 cot 0 + 4^/3 sin 0), 
do 

d 2 V 

—- <m mga( cosec 0 cot 2 0 + cosec 8 0 -f- 4^3 cos 0). 
do 2 


dV 

When *0,we have 
do 


cos 0*4 \/3 sin 3 0, 


d*V . 


and this is satisfied by the value 0 = 30°. For this value of 0, —— is positive 

aar 

and the equilibrium is stable. 


Example 21. A uniform rod AB of length 2a and weight W is freely hinged to a fixed 
point at A, A light inextensible string 
attached to B passes over a smooth 
peg C at a height 25 (< 2a) vertically 
above A and carries a weight nW 
hanging freely . Find the condition 
that there should be a position of 
equilibrium with the rod inclined to 
the vertical and discuss its stability . 

If the angle BAC * 0 (Fig. 251) 

BC == 2{a 2 + 5 s - 2ab cos 0}^ 2 . 



If l be the length of the string the 
heights of the weights above A are 
a cos 0 and 26 —* (/ — BC ). 

Omitting the constant terms we have 


A 

Fig. 251 


V 

dV 

dO 


Wa cos 0 -f- 2nW{a 2 -f b 2 — 2ab cos0} 1/2 f 


— WasmO + 2 nW- 


ab sin 0 

(a 2 + 6 2 — 2a6 cos 0) 172 * 
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For equilibrium with 6 ^ 0, we have 

(a 2 + — 2a& cos 0) 1/2 ~ 2nb, 

a f -f — 4w*6 2 


cos 0 


2 ab 


This is a possible position if 


, ^ * a + * 2 - 4n*b* ^ , 


that is 


(a - 6) 8 < 4w*6 2 < (a + &)*. 
a — b < 2mZ> < # -f- 6, 

(2« — 1)& < a < (2m + 1)&. 

If this condition is satisfied 

d 2 V 2nWab cos 6 2n WcFb* sin* 8 

W aC ° S + (a* + 6* - 2o6 cos W* ~ (<** + 6* - 2o6 cos ' 

Putting the surd equal to 2nb we have 

_ fPa s sin* 0 
dp ~ 4»*6 ’ 

and since this is negative the position is unstable. 


9.26 Stability of Rocking Stones 

If a body rests in equilibrium on another fixed rough body, the 
portions of the two bodies near the point of contact being spherical 
with radii r and R respectively and the centre of gravity of the upper 
body being distant h from the point of contact, the equilibrium is stable 

1 1,1 

' i H > R + r 

Let the radius to the point of contact of the 
lower body be inclined at 6 to the vertical and 
let the upper body have turned through an 
angle Q + <f> (Fig. 252). 

Then r<f> = RQ, 

o + <f> = 

r 

The potential energy is proportional to the 
height of the centre of gravity of the rolling body above the centre 
of curvature of the fixed body. If m be its mass we have 



V 

dV 

~dQ 

d*V 


mg\ (R + r) cos 6 — (r 
= (R + r)mg 


R + r a 
h) cos-:— 6 


}■ 


. a . r — h . R + r„ 

—sin 0 H-sin-1—0 

r r 


= {R + r)mg\ —cos 6 + 


{-< 


h)(r + R) R 
—--- cos — 


f' 6 }- 
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The position 6 — 0 is stable if 

(r-k)(r+ R) 

yi 


that is 


rR — rh — Rh> 0, 






i * d 2 v 

-, it is easily verified that for 0 = 0, 
r du 2 


*V _ _R(R + r)(R + 2r) 
_ _ - mg ---, 

and hence the equilibrium is unstable. 


d*V 

d6* 


0 , 


EXERCISES 9 (g) 

1. Two equal particles are joined by a light inextensible string and rest 
in equilibrium hung over a smooth fixed cylinder whose axis is hori¬ 
zontal, the length of the string being less than half the circumference 
of the cylinder. Prove that the equilibrium is unstable. 

2. A uniform rectangular block rests in equilibrium with one face in 
contact with the highest point of a fixed rough sphere of radius R . 
Show, from first principles, that the equilibrium will be stable for 
rolling displacements if the height k of the centre of gravity of the 
block above the point of contact is less than R. 

Examine the stability of the equilibrium if h is equal to R. 

(L.U., Pt. II) 

3. A straight rod AB slides by means of small smooth rings at the ends, 
A on a fixed wire OX inclined upwards to the horizontal at angle a , 
and B on a fixed wire O Y inclined upwards to the horizontal at angle 
n/2 — a, the whole system being in a vertical plane, with A and B 
on opposite sides of the vertical through O. The centre of gravity G 
of the rod is such that AG — a and BG = b, where a <b. Prove that 
as the rod moves, G describes an ellipse. Show that in the position of 
equilibrium the rod is inclined at an angle 6 to the vertical where 

a cot a — b tan a 


and examine the stability of this position. (L.U., Pt. I) 

4. A uniform beam rests with its ends on two smooth planes inclined to 
the horizontal at angles a and ft respectively and intersecting in a 
horizontal line. Find the inclination of the beam to the horizontal 
and show that the equilibrium is unstable. 

5. A uniform rod A B , of length 2 a and weight 2 W, can turn freely about 
A which is fixed. An inelastic string attached to B passes over a small 
pulley at C at a distance b (> 2 a) vertically above A and carries a 
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weight W at its free end. Obtain the potential energy of the system in 
terms of 0, the angle AB makes with the upward vertical. Show that 
there are three distinct positions of equilibrium and examine their 
stability. (L.U., Pt. II) 

A light uniform flexible inextensible string, of length h , is attached at 
its ends to the ends of a thin uniform rod of length 2a (k > 2a) and 
the string is supported by a smooth small peg. Show that the position 
of equilibrium in which the rod is horizontal is unstable. 

(L.U., Pt. II) 

A uniform rod AB, of mass m and length 2a, can turn freely about a 
horizontal axis at A. An elastic string of unstretched length a and 
modulus X is attached to B and to a point C vertically over A, where 
AC = 2a. If 3A > mg, prove that there is a stable position of 
equilibrium given by 


a X 



where a is the angle the rod makes with the upward vertical. 

(L.U., Pt. II) 

A uniform rod A B of mass M and length a is freely hinged at A to a 
fixed point. It is supported by a spring attached to B and to a point 
C which is at a distance a vertically above A . When the rod is hori¬ 
zontal the spring is just unstretched and its strength is such that the 
weight of the mass would elongate it a length e. Show that there is a 
position of stable equilibrium when <j>, the inclination of AB to the 
vertical, is given by cos \<j> = ai/2/(2a — e). 

A uniform rod, of weight 2 w and of length 2 Xa, is free to turn about 
one end, and is supported horizontally in equilibrium by a vertical 
string attached to the other end. The string passes over a small smooth 
peg, at a height a above the end of the rod to which the string is 
attached, and carries a weight w at its other extremity. If the rod is 
given an upward angular displacement 0, show that, neglecting the 
fifth and higher powers of sin 6, the weight w descends a distance 
2 aX sin 8 — 8 aX 2 sin 4 £6. Hence, prove that the rod is in stable 
equilibrium. (L.U., Pt. II) 

A uniform solid cone rests with its axis vertical in a smooth circular 
hole in a horizontal table. The radius of the hole is one-quarter of the 
radius of the base of the cone. Show that the equilibrium is stable if 
the semi-vertical angle of the cone is greater than tan -1 (l/\/(2)). 

A uniform solid sphere rests inside a rough fixed hollow sphere of 
twice its radius. A weight is attached at the highest point of the 
smaller sphere in its equilibrium position. Show that the position of 
equilibrium is stable. 

A uniform solid hemisphere of radius a rests with its plane face hori¬ 
zontal and its curved surface in contact with a fixed rough sphere of 
radius 2a. Prove that the hemisphere can be rolled into a position of 
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equilibrium with the plane face inclined to the horizontal and find the 
angle between the common normal and the vertical in this position. 
Determine if this position is stable or unstable. (L.U., Pt. II) 

13. A uniform hemisphere of radius a has a uniform cone of radius a and 
height h attached to its base. The hemisphere rests on a fixed rough 
sphere of radius 2a. Show that equilibrium will be stable if 

h/a < (v"7 ~ 2)/3. 

14. A body rests in equilibrium on a fixed rough concave surface whose 
radius of curvature at the point of contact is R. The body has radius 
of curvature r at the point of contact and its centre of gravity is dis¬ 
tant h from the point of contact. Show that the equilibrium is stable 

if i > - — " and that if - = - — ~ it is stable if R > 2 r. 

h r R h r R 

15. A uniform square lamina rests in equilibrium with its plane vertical 
and adjacent sides in contact with two smooth pegs, A and B , in the 
same horizontal line, one corner C being below AB. The diagonals of 
the square are of length 2a and AB = 2b, (b < a). If the diagonal 
through C makes an angle 6 with A B, prove that equilibrium is stable 
when 6 — 90° and 4 b > a, and that two unstable positions of 
equilibrium then exist defined by sin 6 = a/4b, provided a > 2b y/2. 

(L.U.) 

16. A light rigid wire framework in the form of a square A BCD is free to 
rotate in a vertical plane about A, which is fixed. P is a point verti¬ 
cally above A at a distance equal to AC ( = a) from it and P is joined 
to C by an elastic string of natural length 3 and modulus w\/3. 
If two particles, each of weight w, are fixed at B and D , find the 
potential energy of the system when AC makes an angle 6 with the 
downward vertical. Show that there are positions of equilibrium 
when 8 = 0, and 6 = 60° and determine their stability. (L.U.) 

17. A uniform square plate of side 2a is placed with two adjoining sides 

resting on two smooth parallel rails which are distant 2b apart in the 
same horizontal plane, the plane of the plate being vertical and per¬ 
pendicular to the rails. Express the potential energy of the plate for 
displacements in its plane in terms of the angle 0 which a diagonal 
makes with the vertical. Hence, show that positions of equilibrium 
occur when 0 = 0 and cos 6 = \/2a/4b. Show that the second con¬ 
dition gives positions of unstable equilibrium. (C.U.) 




CHAPTER 10 


STATICS OF ROPES AND CHAINS 


RrM 


T+6T 


T+/iR r 60 


10.1 Friction of a Rope around a Post 

Consider a rope AB in contact with a cylindrical surface (Fig. 253) 
the coefficient of friction being (i. Assuming that the pull T x at A is 
greater than the pull T 0 at B we 
shall call A the taut end and B 
the slack end of the rope. Let T 
be the tension in the rope at P and 
T + 6T the tension at Q, and 
consider the equilibrium of the 
portion PQ of the rope of length 
rdd where r is the radius of the 
cylinder. The tensions at P and Q 
are along the tangents at P and Q 
which are inclined to each other 
at an angle 00. If R be the normal pressure per unit length the normal 
reaction is Rr 66 and the friction is juRr <50. The directions of these 
forces are to the first order of small quantities perpendicular to and 
along the tangent at P respectively. 

We have, resolving along and perpendicular to the tangent at P , 

T + juRr 00 = (T + ST) cos 00, 

RrdO = (T + 6T) sin 00, 

Neglecting second-order quantities we have 

dT — fjiRr 00, 

T66 = Rr <50, 
dT = jiTdO. 



therefore 
In the limit 


and hence 


s-*- 

Jt-H 

log T = /i6 + constant, 
T = Ae» e . 


If 0 is measured from C where the slack end leaves the cylinder, 


T=T al 


dT 


If the post is not circular the equation — = //T is obtained in the 

ad 
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same way taking r as the radius of curvature of the surface at P, and 
hence provided there are no sudden changes of curvature the equation 
T — T^ 6 follows as before. 


A B 



C 

Fig. 254 


Example 1. A rope A B makes one complete turn round 
a circular post and the ends A and B are pulled 
in opposite directions with a force of 1000 lb. 
Find the least tension in the rope if the coefficient 
of friction between the rope and the post is 0-4. 

The least tension T 0 will obviously be at C 
(Fig. 254) and we have 

1000 = T 0 e» n , 

T 0 = 1000*-°* 4 * 

= 285 lb. 


10,2 Effect of the Weight of the Rope 

Consider a rope or chain of weight w per unit length hanging over a 
horizontal cylinder of radius r so that lengths l hang freely at either 
side and let the coefficient of friction be p . We shall find the force F 
which must be applied to one end of the chain to make it move. Let T 
be the tension at P (Fig. 255) 
where the angle POA = 0 is ^ 

measured from A where the slack f 

end leaves the cylinder. The 6t 
forces on the element PQ of / / 

length rdd now include its weight f jA 

wrdO and we have T~ <5~^; I 

dT = juRr dd + wr cos 0 dd, j V Virhy | 

TdO = RrdO ~wr sin 0 <50. I L 

Eliminating R we obtain the j_ I 
differential equation fp 

— - fiT = wr (cos d + fi sin 0). Fi S- 255 


Fig. 255 


A particular integral of this differential equation is 


D — pi 


(cos 0 + pi sin 0) = 


D 2 — fv 


(D + pi) (cos 0 + pi sin 0) 


- (D + pi) (cos 0 + pi sin 0) 

I + pi* 


The complete solution is 

T = Ae>* + ~ 


1 +/«* 


{— 2/i cos 0 + (1 — fJ 2 ) sin 0}. 


1 + P 


; {—2 fi cos 0 + (1 — /u?) sin 0}. 
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The arbitrary constant A is determined by the condition that T = wl 
when 0 = 0, and we have 

T = (wi + Y+J^)^ + vv? { ~ 2fi cos e + (1 - ^ sin e} - 

The tension T x at B is found by putting 0 = n, and we have 

7\ = wle™ + + 1). 

The force F at the taut end is therefore 

F = wl(e™ - 1) + ----- (e m + 1). 

1 +M 2 


10.3 Power Transmitted by a Belt Drive 
Consider a belt running on a wheel of radius r in contact over a 
length ra of the circumference (Fig. 256). Let T x be the tension at the 
taut end and T 0 the tension at the slack end. On an element PQ of the 
belt of length rdO we have the 
forces T,T + dT, RrdO and fiRr 66 
as before. In addition we have the 

reversed effective force , 

g r 

where w is the mass per unit 
length of the belt and v is its 
velocity. We have on resolving 

6T = juRrde, 


Tdd — Rrdd + 


wv £ 
—< 

g 



Eliminating R we have the differential equation 


dT T 

TS 


fJLWV 2 

g 


Hence 


T — Ae^ e + —, where A is a constant. 


Since T — T 0 when 0 = 0 we have 
T = T 0 e» d 


and 


wv i 

g 

wv 2 


(e»° - 1 ), 


T t = T 0 e^ - — (eT - 1 ). 
g 


If the units are lb., ft. and seconds, the horse-power transmitted is 


H = 


(T, - T 0 )v 


550 
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Now 7\(1 - er) = (T 0 - 1), 

g 


and therefore 


H = 


(i 


550 


K T *~ T> 


For a given value of T x the horse-power transmitted is a maximum as 
v varies when 


_ 3 wv 2 

T 1 - — = 0, 


that is 


\3w 


Example 2. The ideal cable for a barrage balloon would taper so that the stress across 
every section had the same value. If w is the weight per unit volume of the 
material of the cable, f the constant stress, and r the radius at a distance x below 
the balloon, show that 

dr wr 

dx = ~2 /* 

Find the formula for r in terms of w, f, and the tension T at x ~ 0, and show 
that the total weight p of the cable, of length L, is given by 

p « T(1 - e-nW). (L.U., Pt. II) 

Let r 4- dr be the radius at distance x + dx below the balloon (Fig. 257). 
The tension at x below the balloon is nr*f, at x + xd it is n(r + dr) 2 /, dr is 
negative and the second tension is less than the first by the 
weight of cable in between, which to the first order is wnr\5x. 
That is, to the first order of small quantities, 

m 2 f — (nr 2 f + 2 nr dr ./) = wnr 2 dx, 

—2fdr — wr dx, 


OX 


N 


so that 


r+6f Hence 


dr 

dx 


wr 

~W 


S d i-S. 


2 / 


dx, 


Fig. 257 

where r 0 is the radius when x = 0, 
We have 

therefore 

The total weight of the cable is 

C L 

wnr 2 dx 


log r = 


2 / 


+ log r 0 . 


= 7ir 0 2 f, 




WXl2f 


wT C L , 
= — e~ wxf fdx 
f Jo 

= T(1 - e~u>Uf). 
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10.4 Chain of Heavy Particles 

Consider the equilibrium of a light inextensible string with its ends 
attached to fixed points and with weights attached to the string at 
points along its length. Let there 
be n weights W x , W 2> . . ., W n , 
and let the lengths into which the 
string is divided by the points of 
attachment of the weights be a v 
a 2 , . . a n+1 (Fig. 258). Let 6 V 
0 2 , . . ., 0» +1 be the inclinations of 
the portions of the string to the 
horizontal and T Xi T 2i . . ., T n + X 
the tensions in these portions. We 
shall suppose that the end Y 
is distant l horizontally and k vertically from the end X. 

For the equilibrium of each of the weights we have 

Tj cos 0 X = T 2 cos 0 2 = T 3 cos 0 3 = .. . = T n + X cos 0 n+1 

= H (say), (1) 

T x sin 0 X — T 2 sin 0 2 = W x , 

T 2 sin 0 2 — r 3 sin 0 3 = W 2i . 


T n sin 6 n - T n+1 sin 6 n+x = W n . J 
We have, therefore, 2 n equations involving the tensions and inclina¬ 
tions of the strings. We have in addition two geometrical equations, 
namely 

u x cos 0 X -f- cl 2 cos 0 3 • • • ~f* ^ 7 i+i cos 0ji+i = l, (3) 

d x sin 0 X -f- ^2 a n +1 sin 0 n+x — k. (4) 

We thus have in all 2n + 2 equations to determine the n + 1 unknown 
tensions and the n + 1 unknown inclinations. 

Dividing each of the equations (2) by H we have 

W 

tan d x — tan 0 2 — — 

H 

W 

tan i 9 2 — tan 0 3 = — 



tan 0|| — tan 0^+2 — 


W n 


H 


Thus 


tan 0 r == tan 02 


W x + W 2 + . . . + W r . j 

H * 


Substitution for 0 2 , 0 3 , . . ., 0 W+1 in equations (3) and (4) gives two 
equations involving 02 and H . The solution of these equations in a 
particular case is possible but not easy. 
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If the inclinations to the horizontal d x and 0 n+1 of the end portions 
of the string are known, since the total weight is supported by these 
portions of the string, we can draw a triangle of forces Oa x a n+x (Fig. 
259), the vertical representing the sum of the weights. We thus find the 
tensions in the end portions of the string and if the vertical a 1 a n + x is 
divided into lengths representing the individual weights at the points 



a 2 , a 3 , etc., the lines Oa 2 , Oa 3 , etc., represent the tensions T 2 , T Zi etc., 
in magnitude and direction. 

It is evident that the point 0 can be found if the magnitudes or 
directions of any two of the tensions are known. 


10.5 Weights Equally Spaced Horizontally 

If the weights are equally spaced horizontally we have 
a x cos 6 1 — a 2 cos 0 2 = ... = a n+1 cos d n+1 = h (say), and (n + 1 )h — l . 
We have also a r sin 6 r = h tan d r , 

k 

and hence tan 0 X + tan 0 2 + .. . + tan 0 n+1 — 

W 

Now tan 0 2 = tan 0 t -—1, 

H 


tan 0 3 = tan d 1 


W, + W 2 
H 1 


therefore 

(« + 1) tan g * + ^ + ( »-W 2 + ... + ^, 
h H 

Thus if one length of string, a x for instance, is known, 



and the other unknowns are easily found. 
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We shall show that if the weights are all equal their points of attach¬ 
ment lie on a parabola. 

Let W 1 = W 2 = . . . = W n = W t and let x be the horizontal and y 
the vertical displacement of the rth weight from the point X (Fig. 
258). 

Then x = rh, 

y = h{t an d x + tan 0 2 + . . . + tan ®r)» 

Now since the weights are equal 

tan Q r = tan 6 X — —— , 

£1 

= h^r tan 0j — ^{1 + 2 + ... + (r — 1)}J 


= hr tan 0 X — 
= x tan 0j — 


Wh r(r — I) 


H 2 


Thus % and jy are connected by this equation for all values of r and this 
is the equation of a parabola. 

In a suspension bridge the vertical tie rods carrying the roadway are 
of lengths such that the tensions in them are equal and hence the curve 
of the chain from which they are suspended is a parabola. 


Example 3. Five equal weights W are attached to a light inextensible string which 
hangs from two points A and B at the same level. The horizontal projections of 
the six intervals of string are each h and the depth of the lowest weight below A B 
is 3 h. Find the inclinations to the horizontal of the portions of the string and the 
greatest string tension. Find also the equation of the parabola on which the 
points of attachment lie. 



• 3 w 

Fig. 260 

If 6 lt 6 t , d 9 be the inclinations of the first three lengths of string (Fig. 200), 

A(tan 0 X -f tan 0 2 + tan 0 S ) = 3 h, 
tan 0! -f tan 0 2 -f tan 0 3 = 3. 
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If the corresponding tensions be T v T a , T 3> we have 

Ty cos Oi — r 2 cos 0 2 = T z cos 0 S = 

T x sin Q x — T 2 sin 0 2 = W, 

T % sin 0 2 — T z sin 0 3 = W t 


Hence, 


and 


H (say). 


T s sin 0 S 
tan 0 8 


PF 
2H* 

* a 

. A 6W 

^SY=— t 


5W 3PF PF 
2H + 2H + 2H 


H = 


3, 

3PF 
2 * 


tan 0 2 


5 

3’ 


Ti 


*>S0, 2 V 


tan 0, = 


1 + 


25 \«* 
9/ ' 


2^V(34), 


and this is the greatest tension. 

From § 10.5 the equation of the parabola referred to horizontal and vertical 
axes through A is 

3 hy = x(§h — x). 


EXERCISES 10 (a) 

1. In the guy-rope runner shown in Fig. 261 the string turns through 45° 
at each bend and A is a smooth pulley. Prove that the runner will not 
slip under steady tension between A and B, provided that fx is not 
less than 0*22 approximately. (L.U., Pt. II) 



2, A uniform chain of weight W is of length equal to half the circum¬ 
ference of a fixed rough vertical circle. The chain rests on the upper 
edge of the circle, extending from one end of the horizontal diameter 
to the other. A vertically downward force is applied at one end of the 
chain. Prove that the chain will not move unless the force is greater 
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4. 


5 . 


6 . 


7. 


than 2[aW{\ + ^)/ji(1 + ju 2 ), where ju is the coefficient of friction 
between the chain and circle. (L.U., Pt. I) 

A rope AB 10 ft. long makes one complete turn around a circular 
post of diameter 1 ft., and the ends A and B are pulled in opposite 
directions with a force of 1000 lb. If the coefficient of friction of the 
rope on the post is 0-3, find the least tension in the rope. If the strain 
of a unit length of the rope due to a pull of 1000 lb. is 0*05, find the 
total increase in length of the rope due to the pull of 1000 lb. 

When a rope is passed around a bollard there is an increase of stress 
in some fibres due to bending of the rope. Assuming that the maxi¬ 
mum fibre stress due to bending is EY/q, where q is the radius of 
curvature, and that the diminution of stress due to friction is 
/ 0 (1 — where y is the change of inclination, show that the maxi¬ 

mum stress should remain constant if the rope is led on to a surface 
which is such that the s, y equation of the rope is of the form 
EY 

**■ 

A belt weighing 2 lb. per ft. run, in which the safe tension is 1000 lb., 
drives a wheel and is in contact over half of its circumference. If the 
coefficient of friction between the belt and the wheel is 0-2, find the 
greatest horse-power that can be transmitted to the wheel. 

Four equal weights are attached to a light inextensible string which 
hangs from two points A and B at the same level. The horizontal 
projection of each of the five portions of the string is equal to h and 
the lowest point of the string is 6 h below AB. Find the inclinations 
to the horizontal of the portions of the string and the tension in the 
portion which is horizontal. 

A suspension bridge has a span of 72 ft. and the weight of the roadway 
is 90 tons, 15 tons of which is carried by the piers and the remainder 
by five pairs of tie rods equally spaced. Light chains hanging between 
towers 55 ft. high at either pier support the tie rods and the length of 
a middle tie rod is 10 ft. Find the lengths of the other tie rods and the 
greatest tension in the chains. 


Two light beams, AC and BC, are freely hinged together at C and to 
fixed supports at A and B, as shown in Fig. 262. They are supported 
by a suspension chain DE and seven equally spaced tie rods, the 
lengths of which are so 


arranged that each tie rod 
has the same tension. The 
dip at the centre of the 



If a weight W is placed at 
C, show that the greatest 
tension in the suspension 




Fig. 262 
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10.6 The Catenary 

A heavy cable or chain suspended between two points hangs in the 
form of a curve which is called a catenary. 

Let A (Fig. 263) be the 
lowest point of the curve, tp the 
inclination to the horizontal 
of the tangent to the curve at 
any point P, s the length of 
cable between A and P and w 
its weight per unit length. 
The length of cable AP is in 
equilibrium under the action 
of its weight ws and the ten¬ 
sions at A and P. The tension 
at A acts along the tangent at 
A and is denoted by wc, that 
Fig. 263 is we assume it to be equal to 

the weight of an unknown 
length c of cable. The tension at P is along the tangent at P and is 
denoted by T. We have, therefore, 

T sin tp = ws, 

T cos tp = wc, 

and hence s — c tan tp. (1) 

This is the intrinsic equation of the catenary; c is called the parameter 
of the catenary and is determined by the length of the span and the 
dip at the centre. 

To obtain the cartesian coordinates of a point on the catenary we 
use the relations 

dx dy 

—— — cos tp, = sm w. 

ds ds 

dx dx ds 
For the catenary -f = —. — 
dtp ds dtp 

= cos tp.c sec 2 tp, 



= c log (sec tp + tan tp). 

If x is measured from the lowest point an additive constant is not re¬ 
quired. Also 

dy _ dy ds 
dtp ds dtp 

= sin tp . c sec 2 tp, 
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= c sec tp + constant. 

If y is measured from the lowest point of the catenary where tp is zero 
the added constant is — c. It is customary, however to take the origin 
of coordinates at a depth c below the lowest point of the catenary so 
that y = c when tp = 0, and then no added constant is required. 

The equations 

x = c log (sec tp + tan tp), (2) 

y = c sec tp, ( 3 ) 

give the equation of the curve in parametric form. 

We have for the tension at any point, 

T — wc sec tp 

= wy- (4) 

Thus the tension at any point is proportional to the height of the point 
above the origin. 

We have also 

s* = c 2 tan* tp 
= c 2 sec 2 tp — c 2 
= y 2 — c 2 , 

y* = s 2 + C 2 . (5) 

Most problems on the catenary can be solved by using the five formulae 
given in this section, 

10.7 Determination of the Parameter of a Catenary 

The parameter c of a catenary is known if the weight per unit length 
of the cable and the horizontal component of the tension at any point 
is known. In other cases it is found from a knowledge of two of the 
dimensions of the catenary. 

If the ends of the catenary are at the same level, let 21 be the span, 
d the dip at the centre, 2S the length of the cable and tp x the slope at 
the ends of the cable. 

Given tp 1 and S, l or d, the value of c can be found directly from 
equation (1), (2) or (3), remembering when d is given that y = d + c 
when tp — tp v 

Given S and d, we have from (5) 

(d + c) 2 = S* + c*, 

= S* _ d 
C 2d 2' 


A.M.E.-12 
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Given l and d we have 

l = clog (sec+ tan ipj, 
c -f d = c sec y> v 

The value of c can be found from these equations only by numerical 
or graphical methods. The solution of the equations is also more 
complicated when l and S are given. 


Example 4. A chain 40 ft. long hangs between two points 30 ft. apart at the same level. 
Find the dip at the centre. 


If c be the parameter of the catenary and ip x the slope at the ends we have 

15 = c log (sec ip x -f tan ipf}, 

20 — c tan ip lt 


0-75 


log (sec ip, 4- tan ip x ) 
tan ip x 


We obtain the value of the right-hand side for various values of ip v 


Wi 

tan ip x 

secip x + tanip x 

log* {sec ip x + tan ipj 

ratio 

40° 

0-8391 

2-1445 

0-7629 

0-909 

50° 

1-1918 

2-7475 

1-0107 

0*848 

60° 

1-7321 

3-7321 

1*3169 

0-761 

61° 

1-8040 

3-8667 

1-3524 

0-750 


Hence \p x *= 61°, 


c 


20 

1-804 


11*08 ft. 


d = c(sec ip x — 1) 
- 11-08 X 1-063 
= 11-78 ft. 


Example 5. A uniform chain 100 ft. long is suspended from two points at the same 
level and at each point the inclination of the chain to the horizontal is 45 degrees. 
The chain weighs 10 lb. per foot. Find the span, the dip at the centre and the 
tension at the points of support . 

Since s = c tan ip, 

50 = c tan 45°, 
c — 60 ft. 

x = c log (sec tp -f tan ip), 

21 = 100 log* (1 + 1-414) 

= 88-12 ft. 
y — c sec ip, 
d -b 50 = 50 

d = 20-7 ft. 

WC mm 500 lb., 

and since the horizontal and vertical components of tension at the supports 
are equal 

T « 600 -v/2 
- 707 lb. 



343 


10] THE CATENARY 

Example 6 . A uniform chain has one end fixed and rests in equilibrium passing over 
a small smooth peg with its other end hanging freely. The length of the vertical 
portion is 8 ft. The fixed end and the lowest point of the catenary are at depths 
5-5 ft ., and 3*5 ft., respectively above the free end. Find the angles which the 
chain makes with the horizontal at the fixed end and at the peg, and the total 
length of the chain. 

The tension at the peg B (Fig. 264) supports 8 ft. of chain hanging vertic¬ 
ally and is therefore %w. But with the usual 
axes of coordinates this is wy, therefore at 
B, y « 8. It follows that c =* 3*6. 

The slope at B is given by y — c sec tp, 

8 = 3*5 sec tp B , 
y, B - 64° 3'. 

At A, 6*6 = 3*6 sec 

y> A = 60° 29'. 

The total length of the chain is 

S * 8 + 3*5 tan w A 3*6 tan w B 

= 19*44 ft. Fig. 264 

Example 7. A chain 600 ft. long and weighing 100 lb. per ft. run is attached to the 
bows of a ship, 60 ft. of the chain hangs vertically and the remainder is laid out 
on the ground in a horizontal line running away from the ship. If the coefficient 
# of friction between the chain and the ground is 0-4, find how far the ship will have 

moved backwards along the line of the chain before the chain begins to slip and 
the horizontal force which the chain then exerts on the ship. 


A C B 

Fig. 265 

Let a ft. (Fig. 265) be the length of chain hanging in a catenary when the 
chain is about to slip. The tension at the lowest point is then the frictional 
drag and 

wc ~ 0-4 (500 - a) 100, 
c « 200 - 0-4a. 

For the catenary 

(c + 50)* - c* + a*, 

a* = 2500 + 100(200 - 0-4a), 
a* + 40 a - 22,500 - 0, 
a - 131-3 ft. 
c = 147*48 ft. 

The horizontal drag is then 40(500 — 131*3) lb. 




6*68 tons. 
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At the bows, c 4- 50 — c sec y, 

197-48 = 147-48 secy, 
y = 41° 41'. 

AB = x = 147-48 log* (secy -f tany) 

- 147-48 x 0-802 

- 118-3 ft. 

The ship was originally at C where AC = 81-3 ft., therefore it has moved 
37 ft. 


10.8 Use of Hyperbolic Functions 

The formulae for the catenary may be expressed in terms of hyper¬ 
bolic functions. 

We have x = c log (sec y + tan y), 

e? ic = sec y + tan y. 

Hence, since sec 2 y — tan 2 y = 1, 

e -x/c ~ sec y — tan y, 

sec y = cosh 

c 

tan y = sinh 
T c 


Thus we have 


y — c cosh 

c 


s = c sinh -. 

c 


When the span 21 and the length of cable 2S are given the equation to 
be solved to find the parameter c is 



and this equation may sometimes be solved by inspection of the tables 
of sinh. 

In Example 3, l = 15, S = 20 and we have 


20 

c 


sinh 


c 


c = 10 20 lc = 2 sinh 15 /c = 2*129 

c = 11 20 lc = 1*818 sinh 15/c = 1*829 

c = 12 20 lc = 1*667 sinh 15/c = 1*604. 

Hence, by interpolation, c = 11*1 approximately. 
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Example 8. One end of a uniform chain of length l is attached to a fixed point A; 
B is the rounded edge of a rough horizontal table, A B being a horizontal line of 
length 2a. The chain lies partly on the table at right-angles to the edge and partly 
hangs as a festoon between A and B. 

Prove that when the length on the table has the least value consistent with 
equilibrium, the parameter c of the catenary is given by 

P e6 {^~ — 2 sinh x j = cosh#, 0 — p tan -1 (sinh#), 

a 

where x = - and (i is the coefficient of friction. (L.U., Pt. II) 

c 

Let b be the length of chain on the table and ip the slope of the chain at 
B (F^g. 266). The friction force at B is fibw, and therefore at the highest 



1 


Fig. 266 


point of the catenary the chain having turned about the rough surface 
through an angle ip the tension is 


T = ef^fibw. 


Now 

T — wy — wc cosh 

therefore 

ertub = c cosh -. 

c 

Also 

1 a 
-(/ — b) — c sinh 

2 c 


— c cosh x, 

= 2c sinh x, 

— c cosh x, 

— cosh x. 

a 

«= sinh - = sinh x, 
c 

*■» tan -1 (sinh x). 


Writing pup = 0 and a/c = x, we have 


jube° 
l - b 

fie 0 (l — 2c sinh x) 
— 2 sinh 


Also 

therefore 


tan ip 

0 

P 
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Example 9. A uniform cable is suspended between two points at the same level 2a 
apart. Find the dip at the centre which will make the tension at the ends a mini¬ 
mum and the length of cable required for this . 

Let c be the parameter of the catenary and w the weight of cable per unit 
length. 

The end tension is T — wc cosh 

c 

For this to be a minimum we have 

dT a a a 

— = w cosh- w- sinh - = 0, 

ac c c c 


that is 


a a 

- tanh - - 1. 
c c 


a a a 

For - = 1*20, - tanh - 
c c c 

If d be the dip, 


= 1*0004 and the equation is satisfied approximately. 
d = c^cosh ? — 1^, 

f =■ i4o (cosh 120 - ^ 

0*811 

1*20 


0*676. 


Hence, for minimum tension the ratio of dip to span is approximately 
For length of cable 25 we have 


5 

S 

a 


c sinh? 
c 


c . . a 
- smh- 
a c 


1*5095 

1*20 


1*258. 


Hence, the length of cable must be about 25 per cent greater than the span. 


EXERCISES 10 (b) 

1. A chain 100 ft. long is suspended from two points at the same level 

and the ends are inclined at 60° to the horizontal. Determine the span 
and the sag at the lowest point. (L.U., Pt. II) 

2. An endless uniform string hangs in equilibrium over a smooth pulley 

and is in contact with it over three-quarters of the circumference: 
show that the length of the free portion is \/2/\og (1 -f ^/2) times the 
radius of the pulley. (L.U., Pt. II) 

3. A chain of length L has its ends attached to light rings which slide on 

a rough horizontal rod. If /1 is the coefficient of friction, show that the 
greatest distance apart in which the rings can rest in equilibrium is 
uL log, [{1 + V(1 + (L.U., Pt. II) 
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4. A uniform chain of length 30 ft. hangs over two smooth pegs and the 
parts which hang vertically are 10 ft. and 11 ft. long respectively. 
Find the parameter of the catenary in which the central portion 
hangs and the distance between the pegs. 

6. A heavy uniform chain of length l is lying in a straight line on a 
horizontal floor. One end of the chain is slowly raised vertically until 
one half of the chain is clear of the floor, the remainder being on the 
point of slipping. If the coefficient of friction is $, show that the 
height above the floor of the raised end is “ 1)# and that the 

horizontal distance of the mid-point of the chain from that end is 
J/log(V10 + 3). (L.U., Pt. I) 

6. One end of a uniform flexible chain of length a and weight W is 

attached to a fixed point and the other end is drawn aside by a hori¬ 
zontal force. If this force is equal to W, show that the horizontal 
deflection of the lower end is a log e (1 + y/2) and find the tension at 
the support. (L.U., Pt. II) 

7. A heavy uniform flexible string has one end fixed and rests in 

equilibrium, passing over a small smooth peg, with its other end 
hanging freely. The length of the vertical portion of the string is 2 ft. 
The fixed end and the lowest point of the catenary are respectively 
2/V3 ft. and 1 ft. above the free end. Find the angles which the 
string makes with the horizontal at the fixed end and at the peg, and 
also find the total length of the string. (L.U., Pt. II) 

8. A uniform flexible chain hangs under gravity from two points with its 
lowest point between the ends. Obtain expressions for the horizontal 
and vertical distances of any point on the chain from the lowest point 
in terms of the parameter of the catenary and the inclination at the 
point. 

If the horizontal distance between the ends is 22 ft. and the tan¬ 
gents at the ends are inclined at 45° and 60° to the horizontal, find 
approximate values of the length of the chain and the vertical distance 
between ends. (L.U., Pt. II) 

9. One end of a uniform chain of weight W, length l , slides on a smooth 
straight wire OA inclined at 45° below the horizontal. The other end 
is attached to a small ring of weight W which slides on a smooth 
vertical wire OB. Prove that the catenary formed by the chain has a 
parameter 21 , and find the difference in height of the ends. 

(L.U., Pt. II) 

10. A chain consists of two uniform portions AC, CB, of equal weight and 
of respective lengths a, b. 

The chain is suspended from A and B so that C is its lowest point. 
Prove that the tangents at A and B make the same angle with the 
horizontal and that if this angle is p, the difference in level of A and B 
is (a — b) tan \p. Prove also, that the horizontal distance apart of 
A and B is (a + b) cot p log (sec p -f- tan p). (L.U., Pt. II) 

11. Prove that in a uniform catenary, with the usual notation y 2 = s 2 c 2 . 
A uniform chain hangs over two smooth pegs at different levels so 
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that there is a length l of chain between the pegs and lengths l v l 2 
hanging vertically on the two sides. Prove that the lowest point 
of the curved part of the chain divides this part in the ratio 
l 2 + l 2 — l 2 • l 2 + l 2 — l 2 , and that the parameter c of the catenary 
is given by 4/V s = (! + /& + h)(l + h “ hW + h- h )(h + h ~ /). 

(L.U., Pt. II) 

12. A uniform flexible string hangs in equilibrium symmetrically over 
two small smooth pegs at the same level, distance 2 a apart. Find the 
relation between the length 21 of the string and the parameter c of the 
catenary in which the portion of string between the pegs hangs. 
Hence show that equilibrium is not possible unless / > ae and find, 
when / = ae, the acute angle which a tangent to the string at a peg 
makes with the horizontal. (L.U., Pt. II) 

10.9 Taut Wires 

If the horizontal tension in a wire which hangs in the form of a 
catenary is increased, since this is equal to wc, the parameter c is in¬ 
creased. We shall show that when c is large so that (1/c) 2 and higher 
powers of 1/c may be neglected the catenary approximates to a 
parabola. 

The equation of a catenary is 
y — c cosh - 


=c ( 1+ fe + 2£ + •••)• 


y — c = —, approximately. 


that is 

If the origin now be taken at the lowest point of the curve (Fig. 267) 


Y 



Fig. 267 


where y == c, the equation becomes 


x 7 - = 2cy, 

and this is the equation of a parabola. If 2a be the span and d the 
central dip we have 


and hence 


a 2 = 2c^, 
x 2 = ( a 2 /d)y . 
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The tension at the lowest point 


= wc — 


wa* 

2T 


The greatest tension 


= wc cosh - 
c 

wu % 

= wc + —, approximately. 


- *(£+4 


For the length of the wire we have 

s = c sinh - 
c 

= x H-approximately. 

6c 2 

The total length of the wire is therefore 2 a to a first approximation, 
and to a second approximation, 

a 3 

S = 2a -f- ——- 
3c 2 


= 2 a ~j~ 


4 d 2 


3 a 
8 d 2 

= / -)--, where l = 2a. 

3 1 


10.10 Uniformly Distributed Load 

When a wire is stretched tightly between two points its weight may 
be considered to be uniformly distributed across the span. This is also 
approximately true for suspension 
bridges where the main load is 
the weight of the roadway. 

Let 0 (Fig. 268) be the lowest 
point of such a wire with axes 
OX horizontal and OY vertical. 

Let w be the weight per unit 
length, measured horizontally, 
and let 2 a be the span and d the 
central dip. 

If P be a point (x, y) on the wire the weight of OP is wx and acts 
through the point M(\x t 0). The tension H at the lowest point is 
horizontal and also acts through this point. 
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The tension T at P must, therefore, pass through this point and the 
triangle PNM is a triangle of forces for the forces on OP. 

wx _ H _ T 
PN~MN~~ MP* 
wx _ H ___ T 

y (y 2 + bx 2 ) m ' 

Thus writing H = wc, we have 

x 2 — 2cy, 


Therefore 
that is 




The approximation, therefore, leads to the parabolic curve obtained 
in § 10.7. The horizontal tension is 

H _ wa 2 
“ 2d 
_ Wl 
~ ~8d’ 

where W is the total weight and l = 2a. 


Example 10. A uniform chain is stretched between two points at the same level 22 yds. 
apart; f the sag at the centre is 3 ft prove that the parameter of the catenary is 
approximately 182 ft. If the chain is tightened so that the sag is 1 ft., find the new 
parameter, and determine the ratio of the tensions at the supports in the two 
cases, and the ratio of the lengths of chain between the supports. (L.U., Pt. II) 

Assuming that the catenary approximates to a parabola, we have from 
§ 10.9, 

a 3 

C “ 2d’ 


where 2 a is the span and d is the dip. 
Thus in case (1) 


^ = 181-5 ft. 
o 


In case (2) 


33 

¥ 


544-5 ft. 


The greatest tension in each case r w(c -}- d), and the ratio of the tensions 

181-5 + 3 


For the length of the chain, 


544-5 -h 1 

, 8 d* 

1/+ ST 
72 


0-34. 


s i ** 66 + = 06*30 ft., 

iy© 


60 + — = 66-04 ft.. 


sjs, = 1-005. 
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Example 11. A suspension bridge is supported by two steel cables. The span is 120 
yds., the cables are 20 ft. above the roadway at the centre and 60 ft . at the ends 
and the loading is 1200 lb. per ft. run. If the safe tension in a cable whose circum¬ 
ference is c in. is 9c 2 cwt. t find the diameter of the cables required . Find also the 
height of a cable above the roadway at 20 yds. from one end of the bridge. The 
vertical pillars to which the cables are attached are stayed by guys each fixed to 
the top of a pillar and secured to the ground so as to make an angle of 60° with 
the pillar. Find the tension in each of the guys. 

The load carried by one cable over half the span 

* 180 x 600 lb. 

= 964*3 cwt. 

If H cwt. be the tension at the lowest point and T cwt. the tension at the 
pillars, from the triangle of forces (Fig. 269) we have 



T H 964*3 

(40 2 + OO 2 )^ 2 ~~ 90 “ 40 ' 

hence H = 2170 cwt., 

T = 2375 cwt. 

The circumference of the cable is given by 

9 c* = 2375, 
c = 16*25 in., 

and the diameter of the cable is 5*17 in. 

If T x be the tension in the guy, 

T x sin 60 = H = 2170 cwt., 

T x = 125*3 tons. 

The height of the cable above the roadway at x ft. from the centre is given 
by the equation of the parabola, 

y - 20 + • 

At 20 yds. from one end x — 120, 

/120\ 2 

' " 20 + 4 °(l8o) 

- 37-8 ft 
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10.11 Variation due to a Small Increase of Span 

From the formulae found in § 10.9 we can obtain the increase of 
the dip and the tension consequent on a small increase of the span. 
From the formula 

S = / + ^ 

3 1 

if S remains constant and l increases by 61 and d by 6d, we have 

0 = 81- ^.dl + 

3 1* 3/ 

Therefore, assuming that d 2 /l 2 is small compared with unity, we have 

"--Si-* 

Wl 

The horizontal tension is H — and if H is increased by 6H when 

8a 

l is increased by 61, we have 

W Wl 

6H = — .61 — —— 

8 d 8 d 2 


M 


=™.si+m -M 

8 d T 8d 2 \16i / 

3 Wl 2 

= -X——.<5/, approximately. 
128 d* J 


10.12 Variation due to a Small Increase of Length of Wire 

Let 6d be the increase in dip due to a small increase 6S in the length 
of the wire, the span l remaining constant. 

8 d 2 


We have 


1 + 


31 * 


«-T 

"-fea 45 - 

If, in consequence of a rise in temperature r, the wire stretches an 
amount kr per unit length we have 

6S , 

__ = kr, 

S 

c, 3 , l 2 ( 8 d 2 \ 


3 l 2 

— kr- t approximately 
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10.13 Variation due to a Small Increase of Weight 

If the weight w per unit length is increased the shape of the curve in 
which the wire hangs is unaltered unless account is taken of the 
elasticity of the material. 

Let E be the modulus of elasticity of the wire and A the cross- 
sectional area and consider the increase dd of the dip consequent on a 
small increase dw of w. 

Let 6H be the increase of the horizontal tension and dS the increase 
in the length of the wire. 

wl 2 

We have H = —, 


dH = - dw - 

8 d 8 d 1 


The stress-strain equation gives 
8H „(5S 

T" £ s 


I7 1M «J 

E JJ M 


l 4* 


8«!® * 
31 


Consequently 




wl * 


1 -Aw = '^-.6d + 
8 d 8d‘ 


16.J 

J AE l 

3 / 


dd, 


dw 

w 


_ 6d( 

” A 


=(1+: 


128 d*AE 


)} 


3i^/ 4 (l + $d 2 l3l 2 )j 

dd 1 dw . , , 

— =-. —. approximately. 

d 1 + 128d*AE fowl 4 w 


10.14 Gable with Ends at Different Levels 

If a wire is tightly stretched between two points which are not at the 
same level the weight may be considered to be uniformly distributed 
horizontally and the curve is, therefore, an arc of a parabola. Let A 
and B be the two points (Fig. 270) and let AB — l and the inclination 
oiAB to the horizontal be a. 

Let w be the weight per unit length horizontally and let the total 
weight be W = wl cos a. 

Let x 2 = 2 cy be the parabola referred to axes OX and OY through 
its vertex and let A be the point (f, rj). 
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Then 


P = 2c V , 

(£ + / cos a)* = 2c( 7 ; + l sin a), 

$ = c tan a — ^ cos a, 

Jd 


T) = (c tan a — -l cos a)*/ 2 c. 

Zi 

dy x 

Since — = the tangent is parallel to AB at the point 
(tx c 

P(c tan a, tan* a) and this tangent meets OX at M where 

OM = \c tan a. The chord A B meets OX at N where ON = £ — ri cot a, 

1 l 2 

that is ON = ~c tan a — — cos 2 a cot a. 

2 Sc 


Thus 


l 2 

MN == — cos 2 a cot a. 
8 c 


The perpendicular distance between the chord and the tangent is thus 
MN sin a. Denoting this length by d, which we may call the dip of the 
wire, we have 

l 2 cos 8 a 


The tension at 0 is 


d = 

8 c 

H — wc 

_ wl 2 cos 8 a 
8 d 

Wl cos 2 a 
~ Sd ’ 



10] CABLE WITH ENDS AT DIFFERENT LEVELS 
The tension at P is T = H sec a 

_ Wl cos a 
“ 8 d ' 

The slope of the tangents at B and A are given by 
/ 

tan 0 = tan a + — cos a 
2c 

, . 4d 

= tan a ± — sec* a. 


sec 


0 = ^1 + tan*a + i^-se^a ± ^sec'atana^ , 

/, , 16 i 2 , \« 

= sec af 1 H—— sec 2 a ± y tan a 1 

= sec a^l + y tan a^, approximately. 


The tension T at B or 4 is given by 
T = Hsec6 
Wl cos 




! ('±7 *““)• approximately. 


IF/cos a , 1 TJ7 . 

- 4- -IF sin a. 

M 2 


The length of the arc AB is found by integration. 
We have S“ ‘ + (i)’}”* 

-rji'+fr 


Let x — c tan a + z, 


r 1/2/cos a / * , 

S= ( 1 f tan # a + 2 tan a.- + - ) dz 

J —1/2/ cos o\ C C / 

( z 

1 + 2 sin a cos a - f cos 2 a - 1 dz 
c c 2 / 

f 1/2/ coso Z ^ 1 * 2 \ 

a| ( I f sin a cos a - + x cos 4 a - + ... I 

J-l/»/co.a\ C 2 C* / 


r 1/2/cos 

= sec a I 

J -1/2/ © 
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Neglecting cubes and higher powers of zjc, we have 


[ 1 1 £®~| 
z + ~ sin a cos a.— f- - cos 4 a. - I 
2 c 6 c* J 

/ j , 1 l 3 cos 7 a\ 

= sec a( l cos a A -1 

\ 24 c 2 / 


1/2/ cos a 
1/2/cosa 


= l + 


/ 3 COS 6 a 


24 C 2 

Therefore, since c = l 2 cos 8 al(8d), we have 

8i 2 


S = / + 


3 / 


[10 


Thus the length of the arc is given in terms of the span and the dip 
by the same approximate formula that is used when the supports are 
at the same level. 


EXERCISES 10 (c) 

1. The distance between the posts of a tennis net is 40 ft. and the net 
weighs 30 lb. If the wire carrying the net is tightened until the drop 
at the centre is only 2 in. and the diameter of the wire is 0-2 in., find 
the maximum stress in the wire, which is of steel weighing 480 lb ./ft. 3 . 

2. The tensile stress in each of the two cables of a suspension bridge is 
not to exceed 7 tons/in. 2 and the circumference of the cable is to be 
30 in. Find the maximum permissible tension in a cable, and the 
weight per foot run of the heaviest roadway which can be supported 
over a span of 450 ft. allowing a dip at the centre of 80 ft. 

3. If the tension in the cable of a suspension bridge is not to vary by 
more than 10 per cent, calculate the maximum ratio of the dip to the 
span and find the corresponding slope of the cable at each end. 

4. If the dip at the centre of a steel wire may not exceed 20 in. and the 
stress in it may not exceed 16 tons/in. 2 , find the greatest possible span 
for the wire the weight of the steel being 500 lb./ft. 3 . 

5. In a suspension bridge of 200 ft. span the total load of 2*2 tons per foot 
run is carried equally by two chains. The maximum tension in a chain 
must not exceed 250 tons. Calculate the minimum dip of the chains. 

6. A suspension bridge has a span of 500 ft. Owing to the position of the 
anchorages the direction of each cable near the piers must make an 
angle of 28° with the horizontal. Calculate the dip of the cables at 
mid-span and quarter-span. 

The cable of a suspension bridge carries a load of half a ton per hori¬ 
zontal foot run, the span is 90 ft., and the dip at the centre 8 ft. Find 
the greatest tension in the cable. Prove that the angle 0 which the 
cable makes with the horizontal at a pier is given by tan 0 — 4 djl, 
where d is the dip and l the span, and find 0 in this case. 
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8. A telegraph pole A carries 16 lines of wires and the poles on either 
side are 80 yards distant. The lines make an angle of 120° at A. A 
wire weighs 0-9 oz. per ft. and its tensile strength is 1000 lb. Using a 
factor of safety of 4, find the least safe dip for the wires. If a stay on 
the pole A is inclined at 45° to the horizontal and is equally inclined 
to the lines of the wires, find the tension in the stay and the downward 
thrust on the pole A . 

9, The cable of a suspension bridge has a dip of 10 ft. on a span of 120 ft. 
and carries a load of 0*375 tons per foot run horizontally. Find the 
greatest tension in the cable. If the top of one pier deflects a distance 
of 1 ft. towards the centre of the span find the increase of the dip and 
the decrease of the tension in the cable. 

10. A wire runs between points at the same level 120 ft. apart, and the 
dip at the centre is 4 ft. Find the length of the wire and the amount 
by which it must be shortened to reduce the dip by 1 ft. 

11. A steel wire, ^ in. diameter, is stretched tightly between two points 
at the same level 100 ft. apart. When the dip at the centre is 8 in., 
find the tensile stress in the wire. The steel weighs 480 lb./ft. 3 . 

Due to a deposit of ice the weight per foot run is increased by 10 
per cent. Find the consequent increase in dip. £ (steel) = 3 X 10 7 
lb./in. 2 . 

12. A cable is fixed to two points A and B. B is 100 ft. from A and 10 ft. 
higher than A and the dip in the cable is 1 ft. The cable weighs 8 lb. 
per foot. Find the tension in the cable at A and at B. 

L3. A steel wire acts as a stay on a vertical flagpost. It joins a point on 
the post 30 ft. above the ground to a point on the ground 40 ft. from 
the base of the post. The steel weighs 480 lb./ft. 3 . Show that if the dip 
of the wire from the straight line joining its ends is 2 in. the greatest 
stress in the wire will be about 5050 lb./in. 2 . 

14 The tops of two vertical towers, of equal height and 1000 feet apart, 
are joined by a cable whose weight is 4000 lb. The length of the cable 
is such that for a span of 1000 feet the central dip is 50 feet. If the 
towers are slightly flexible so that a horizontal pull of 10,000 lb. 
causes a tower to deflect six inches out of the vertical, neglecting 
alterations in the length of the cable due to alterations of stress, 
calculate approximately its central dip. (C.U.) 
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11.1 Bending Moments and Shearing Forces 

In this chapter we consider how the internal forces of a body may 
be measured by the calculation of shearing forces and bending mo¬ 
ments, and how we can depart from the concept of a rigid body to 
measure the deformation of a body under a load. 

Consider a beam of negligible weight built into a wall and projecting 
horizontally with a weight W attached to its free end (Fig. 271). If the 

beam were cut across any vertical 
section AB, the outer portion 
4 W A BCD would fall away. When it 

A-_ -P has not been cut the portion 

R _I A BCD is held in position by the 

B" l c internal forces across the section. 

These forces may be reduced to a 
force and a couple and must 
Fig. 271 balance the external forces acting 

on ABCD . Therefore, the force 
must act vertically upwards and be equal to W. The couple must 
balance the couple formed by the two forces W and its moment must 
b e W x AD. We thus have found the internal force and couple at 
the section AB. The shearing force at any section of a loaded beam is 
defined as the algebraic sum of the components of the external forces 
parallel to the section on one side of the section. This force is balanced 
by an internal force in the plane of the section which is called the shear 
resistance . We shall use the convention of signs for normal sections of 
horizontal beams that in calculating the shearing force the positive 
direction for forces to the right of the section is upwards, and is down¬ 
wards for forces to the left of the section. Thus, in Fig. 271, the shearing 
force at the section AB is —W. 

The bending moment at any section of a loaded beam is defined as the 
sum of the moments of the external forces on one side of the section 
about the section. We shall use the convention of signs for horizontal 
beams that moments which tend to stretch the upper fibres of a beam 
are positive, and these are called hogging moments. Moments which 
tend to stretch the lower fibres are called sagging moments and are 
negative. Thus the bending moment at the section AB (Fig. 271) is 
+ W x AD. The moment about the section of a beam means the 
moment about a line in the section through its centroid which is called 
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the neutral axis of the section. This line divides the section into two 
parts in one of which the stress is tensile and in the other compressive. 
For bending moments caused by vertical forces on a horizontal beam 
the moment is the same about any horizontal line in the section. The 
bending moment is balanced by the couple exerted by the internal 
forces in the plane of the section and this couple is called the moment of 
resistance at the section. 

Bending moments and shearing forces are shown graphically by 
plotting their values as ordinates along the beam. 


11.2 Standard Gases 

In the following cases let l be the length of the beam, W the total 
load, w the load per unit length if it is uniformly distributed over the 
length, S x the shearing force and M x the bending moment at x from 
the left-hand end of the beam. 

(i) Light Cantilever with Load at End (Fig. 272). 

S x = —W, 

M x = W(l - x). 

The maximum bending moment is Wl at x — 0. 




(ii) Cantilever with Uniformly Distributed Load (Fig. 273). 

S x = -w(l - x), 

M x = - x)\ 


The maximum bending moment is -w/ 2 at x 


0 . 
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(iii) End-supported Beam with Single Load (Fig. 274). 

Wb 

Let the load be at x = a. The reaction at x = 0 is R = , 

t 


_ Wb 


x < a, 


w Wb 

M x = -—x, 


X < a, 


Wa n 

= —(/ — *), x > a * 


The maximum bending moment is 


at x = a. 


1 0 r- 

K ' 




W 



Fig. 274 


Fig. 275 


(iv) End-supported Beam with Uniform Load (Fig. 275). 

The end reaction is -wl and we have 
2 


S = wx — wl, 

2 

x 1 

M x — wx x - — - wl x x 

& mi 


= - *)• 

The bending-moment graph is a parabola and the maximum bending 

moment is -wl 2 at x = \l. 

8 2 


11.3 Relation of Bending Moment, Shearing Force and Load 

Let w be the load per unit length along a horizontal beam. The 
quantity w f called the intensity of load, may include the weight of the 
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c. 


w6x 

i 


♦S+6S 

B 


beam itself and may vary with x the dis¬ 
tance along the beam. Let 5 be the shearing 
force and M the bending moment at dis- m 
tance x along the beam. Consider a small 
further length AB of the beam (Fig. 276) 
of length dx. Let S + <55 be the shearing 
force and M + 6M the bending moment at 
B. In the figure S and M are shown as 
positive, that is, the forces to the left of A 
add up to a force S downwards and those to the right of B to a force 
S + dS upwards, while the moment tends to stretch the upper fibres 
of the beam. 


«x- 

Fig. 276 


From the equilibrium of A B we have 

dS = wdx, 

and taking moments about B , 

M + Sdx + wdx x \dx = M + 8M. 
£ 

Hence in the limit as dx tends to zero 

, dS 

we have — = w, 

dx 

dM 

dx 

A U d * M 

and hence -= w. 

dx 8 


It follows that the expression for the bending moment has a maximum 
or minimum at points at which the shearing force is zero. 

The shearing force and bending moment may thus be derived from 
the loading by integration. 

We have 5 = J wdx + constant, 

J o 

M — | Sdx + constant, 

J o 

the constant being the values of 5 and M at x = 0. 

A concentrated load at a point of the beam or the upthrust of a 
support causes a discontinuity of the shearing force. Thus if there is a 
load W at x = a and a reaction X at the support where x = 0, we have 
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These two equations may be written as one by using square brackets to 
indicate the discontinuity, thus 

S = -X + T wdx + IV] . 

Jo L Jx>a 

The discontinuity may be carried over to the next integration giving 

M — G -Xx + [ X dx[ X wdx + \w(x - a) 1 . 

J 0 J 0 L Jx>a 

The shearing force and bending moment for a beam with any number 
of concentrated loads may be found in the same way. 


Example 1. A uniform beam AB, 10 ft. long and weighing 12 cwt., is supported at 
its ends and carries a load whose intensity varies uniformly from 0 at A to 4 
cwt. per foot run at B. Draw the bending-moment and shearing-force diagrams 
for the beam and find the maximum bending moment. 



Fig. 277 

M = 0 when x = 0 and when x « 10, therefore G 0, 
and 


The intensity of loading at x ft., from 
A (Fig. 277) is 1-2 + 0-4# cwt./ft. 

S - I (1-2 + 0-4 x)dx - X 
J o 

- 1-2* + 0-2** - X. 

0 - 2 *® 

M - 0-6# 2 + —- Xx + G. 


60 + ^ - 10 * = 0 , 
o 


■4 


The maximum bending moment occurs when S = 0, that is 

1-2* + 0-2# 2 - 12-67 = 0, 

x - 6-61. 


For this value of x, 

(5-51) 3 38 

M = 0-6(5*51) 2 + 0*2 - —(5-51), 

3 3 

- -40-39. 


The shearing-force and bending- 
moment diagrams are drawn from 
the expressions for S and M (Fig. 
278). The greatest shearing force is 
19-33 cwt. at B and the greatest 
bending moment is 40-39 ft.cwt. 

Example 2. A beam AB, 12 ft. long, is 
supported at points 1 ft. from A, 
and 3 ft. from B (Fig. 279). It carries 
a uniformly distributed load of 
2 cwt. j ft. and a concentrated load of 



Fig. 278 
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12 cwt. at the mid-point of A B. Draw 
the shearing-force and bending-moment 
diagrams for the beam and find the 
maximum bending moment. 

Let P cwt. and Q cwt. be the re¬ 
actions at the supports and let x be 
measured from A in ft. 


r w 

4 —J 




f 

J 0 


wdx — 2x cwt. 


2x 


12 

Fig. 279 


[p] + [l 

1*1 -[ 

q\ ■ 

L J*>] L 

J*>6 L 

■I*>9 


When x = 12, 5 = 0, therefore 

24 — P + 12 - Q « 0, 

P + Q = 36. 

M = - [p(* - 1)]^ + [l2(* - 6)] - [g(* - 9)] 

When x = 12, AT 


J *>1 
0, therefore 




Hence 


144 - UP -f 72 - 30 - 
/ = 13-6, 0 = 22-6. 


13-5 


] +[■ 

121 - f22*6| 

-b>] L 

j*>6 L J: 


Af 


= 2x — ^ 

= ** - [l3-5(* - 1) j ^ + [l2(* - 6)] - ^22-5(x - 9)] 


1 *>9 


The shearing-force graph (Fig. 280) consists of a number of parallel lines with 

three discontinuities. The bending-mo¬ 
ment graph is made up of arcs of the 
parabolas 

y — x s , 

y =* x* — 13-5* + 13-6, 
y = x*— l'5x — 58*5, 
y = x s — 24x -f 144. 

None of these parabolas has a turning 
value within the range of values for 
which it is valid and so the maximum 
bending moment is —31-6 ft.cwt. at 
the centre of the beam. 



B 


11.4 Graphical Construction 
for Bending Moments 

When a beam carries a number 
of loads at points along its length, a 
funicular polygon may be drawn (§ 9.14) to determine the reactions at 
the supports, and this polygon is also a bending-moment diagram 
showing the magnitude of the bending moment at each point. 

Consider an end-supported beam AB (Fig. 281) carrying loads P, 
Q , R at points C, Z), E. A funicular polygon is drawn in the usual way 
to determine the reactions X and Y at A and B . 
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Let L be any point of the beam and let the vertical through L meet 
xy in l and Pq in m. Then the bending moment at L is proportional to 
the length Im, 

Suppose the point L lies in CD. The bending moment at L is the sum 
of the moments of the forces P and X about L. P is the sum of forces 
xp and pq in the force diagram, X is the sum of forces px and xy, 
therefore P and Q are together equivalent to forces in the directions 
pq and xy which may be taken to act at m and l respectively. From the 
force diagram the horizontal component of each of these forces is 
equal to h, the perpendicular from o to the vertical PQR . Hence the 
difference of their moments about L is h X Im, Similarly, the bending 
moment at any point of the beam is the product of the force h and the 
intercept made on the vertical through the point by the funicular 
polygon. 


EXERCISES 11 (a) 

1. A uniform steel bar, of weight 32 lb. and length 16 in., rests horizont¬ 

ally on two supports at its ends. A weight of 8 lb. is suspended from 
the bar at a point 4 in. from one end. Find by calculation at what 
point of the bar the shearing force is zero and evaluate the bending 
moment at this point. Draw a diagram showing the distribution of 
shearing force along the bar. (L.U.) 

2. A light 12-ft. beam AB is supported at its ends, and carries weights 

of 2 tons at C and 4 tons at D, where AC — 4 ft., CD = 2 ft. Draw 
the shearing-stress and bending-moment diagrams. Draw the corre¬ 
sponding diagrams when the load is not concentrated at C and D but 
is uniformly distributed over the beam. (L.U.) 

3. Draw the bending-moment diagram for two uniform beams, AB, 
BDC, hinged at B and resting in a horizontal position on three sup- 

DC 

ports at A, D and C, where AB = BD = —, and find the maximum 

bending moment. (L.U., Pt. I) 

4. A bridge A B of 15 ft. span is end-supported. The portion CD, where 
AC = 3 ft., CD = 10 ft., is covered with a uniformly distributed load 
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of 2 cwt./ft. Find the magnitude and position of the maximum bend¬ 
ing moment. 

5. A uniform beam AC , 32 ft. long, whose middle point is B, rests on 

supports at the same level at its ends and carries a load of 4 tons uni¬ 
formly distributed along the half AB. Assuming that the weight of 
the beam itself is negligible, draw a bending-moment diagram indicat¬ 
ing the magnitude of the maximum bending moment and the point 
at which it acts. (L.U.) 

6. A train of weight W and length l is in the centre of a bridge of twice 

its own length. Assuming that the weight of the train is uniformly 
distributed throughout its length, calculate the bending moment at 
the centre of the bridge, and compare it with the value when one end 
of the train just reaches one of the piers of the bridge. (L.U.) 

7. A beam AB, 12 ft. long, is simply supported at its ends, so as to be 
horizontal. It carries a load which varies uniformly from zero at A 
to 1 ton/ft. at B. Determine formulae for the bending moment and 
shearing force at x ft. from A, plot the S.F. and B.M. diagrams, and 
calculate the position and amount of the maximum bending moment. 

(L.U., Pt. I) 

8. A light beam ABC carrying a uniformly distributed load over its 

whole length is supported at A and maintained horizontally by a 
strut BD pivoted at B and to a point D vertically below A . 
AB = 12 ft., AC = BD = 15 ft., and the load is 2 tons/ft. Find 
the thrust in DB, and the tension in AB and the position and amount 
of the greatest bending moment; draw carefully to scale the bending- 
moment diagram for the beam. (L.U., Pt. I) 

9. A light girder is supported at its ends in a horizontal position. A 
trolly is suspended from two wheels at distance a apart which run 
along the girder; the load is equally divided between the wheels. 
Draw the bending-moment diagram for a given position of the trolley, 
and prove that the bending moment is greatest under the wheel which 
is nearest the centre of the girder. Determine also the position of the 
trolley when this greatest bending moment is as great as possible. 

(L.U., Pt. II) 

10. A rod of length l, whose weight is negligible, rests horizontally with 

its ends supported and carries a movable weight w ; the rod will break 
if the bending moment at any point is L. Prove that the least value 
of w which can break the rod is 4L//. (L.U.) 

11. A uniform beam of weight W and length / rests on two supports each 

distant a from the middle section of the beam. Find the bending 
moment at the middle and at one support, and find a in terms of l if 
these two bending moments are equal in magnitude, but opposite in 
sign. (L.U.) 

12. A beam of length l carries a uniformly distributed load and is propped 
horizontally on two supports, one of which is at one end of the beam. 
Find the position of the second support which makes the maximum 
bending moment for the beam least. 
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11.5 Simple Bending 

In calculations relating to the bending of beams certain simplifying 
assumptions are made to establish what is called the theory of simple 
bending . 

It is assumed in the first place that the beam is perfectly elastic so 
that the strain in any fibre of the beam is proportional to the stress in it. 
That is, 

force in any fibre — ^ X extens i° n 
cross-sectional area of fibre original length* 


E being Young’s Modulus for the material. 

Secondly, it is assumed that a transverse section of the beam which 
was plane before bending remains plane. 

Thirdly, it is assumed, that adjacent layers of the beam can extend 
or contract independently. 

Fourthly, it is assumed that the bending is in one plane and so slight 
that a simplified expression may be used for the radius of curvature of 
the beam at any point. Thus if x be the distance of a point along the 
beam and y its displacement from its original position due to bending, 
the radius of curvature R at the point is given by the formula 



It is assumed that ~ is small and R is given by 
dx 

R== 7~- 

d 2 y 

dx 2 



11.6 The Moment of Resistance 

The moment of resistance at any section of a 
loaded beam is the moment of the couple formed 
by the tensions and compressions in the fibres or 
layers of the beam caused by the bending 
moment at the section. Thus, if the beam does 
not break the moment of resistance is equal to 
the bending moment. 

Consider a small portion A BCD of a loaded 
beam (Fig. 282) such that A D and BC were origin¬ 
ally parallel, but due to bending the upper layer 
AB is stretched and the lower layer DC is com¬ 
pressed and BC makes an angle 66 with AD. In 
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between there will be some layer EF which is neither stretched nor 
compressed and this is called the neutral layer . The intersection of the 
neutral layer with any section of the beam is called the neutral axis of 
the section. 

The radius of curvature of the beam at any point is taken as that of 
the neutral layer. Let R be the radius of curvature of EF ; then EF is 
approximately an arc of a circle of radius R and a layer GH which is at 
a height y above EF is an arc of a circle of radius R + y. 

Then EF = Rdd, 

GH = (R + y)dd, 

and the extension of GH is ydd. Its original length was Rdd, so that the 

• • V 

strain is ~. 

R 


If E be Young’s modulus for the material the stress in GH is E x 


y_ 

R. 


Thus the stress in any layer is proportional to its distance from the 
neutral layer. 

Let ALMD (Fig. 283) be a transverse section of the beam through 
A and EN its neutral axis. The stress in an element of area SA distant 

Ey . Ey 

y from the neutral axis is and the force in the element is —^-<L4, 

R R 

perpendicular to the section. 

The total force on the section is therefore 


^z y dA, 


96A 

EL... I-AN 


the summation being over the whole of the section. D L -1M 

The tensile force on the area ALNE above the Fig. 283 

neutral axis must balance the compressive force 

on the area ENMD, so that the total force must be zero, and we have 


EybA — 0. 

It follows that the neutral axis must pass through the centroid of the 
section. 

The sum of the moments of the forces in the elements about the 
neutral axis is the moment of resistance M R , and we have 

M r = pWA. 

= El 
R’ 


where I is the second moment of area of the section about the neutral 
axis. The quantity El is called the flexural rigidity of the beam. Since 
the bending moment at any point is equal to the moment of resistance 
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this is the fundamental equation connecting the curvature of a beam 
at any point with the bending moment, and hence with the loading. 


11.7 Maximum Stress Due to Bending 

Let Y be the greatest distance of a layer of the beam from the 
neutral axis of a section and /the stress in this layer. Then /will be the 
greatest stress at the section. 

EY 

We have /=—, 

J R 


and 


E _/ 

R~Y' 


We have, therefore, a second formula for the moment of resistance, 
namely, 



I being the second moment of area about the neutral axis, Y the great¬ 
est distance of material of the beam from the neutral axis and / the 
greatest stress at the section due to bending. 

The maximum stress due to bending at any section of a loaded beam 
is found by equating the bending moment M at the section to the 
expression for the moment of resistance, so that 

MY 

1 T' 


Alternatively, knowing the greatest safe stress for the material the 
greatest bending moment which can be tolerated at the section is 
found and the safe loading for the beam is deduced. 

The quantity IjY is called the section modulus and is easily found for 
beams of regular shape. 

Thus for a rectangular beam b inches wide and d inches deep (Fig. 


284) the neutral axis is at from the outer layer and the second 



moment about it is bd !*. 

12 

Then ~ = \bd 2 in. 8 , 

Y 6 

and if /be the greatest stress in lb. per sq. in., 
M = hd*f lb.in. 


Fig. 284 
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For a solid circular beam of diameter d 

7 _ nd* 
“64' 



For a tubular beam of external and internal diameters d x and d 2 
respectively, 

I __ n d\ — d> 2 
Y ~ 32 J x ' 

Steel girders are rolled or built up in the form of /-sections, L-sections, 
etc., and their second moments of area and section moduli are tabulated 
for bending about neutral axes parallel and perpendicular to the 
flanges. 


Example 3. A solid rectangular beam 10 ft. long is 4 in. wide and 6 in. deep. It is 
supported at its ends and carries a uniformly distributed load of 1 ton. Find the 
greatest stress due to bending. 


The maximum bending moment is 


M 


2240 x 10 
8 


ft.lb. 


The section modulus 


= 33,600 in.lb. 
V<x6> 


The greatest stress 


= 24 in. 8 . 

_ 33,600 
“ 24 

**= 1400 lb./in.* 


11.8 Distribution of Shear Stress 

The average sheer stress over the cross-section of a beam is the 
shearing force at the section divided by the area of the section. The 
greatest sheer stress in the section may be considerably greater than 
this. 

The shearing force at a vertical section causes a tendency to shear not 
only along the vertical section but also between horizontal layers of the 
beam. This may be seen by considering a small prism of square cross- 
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section running through the beam (Fig. 285). If the force tending to 
cause shear is q upwards on one vertical side, it will be, to this order of 
magnitude, q downwards on the other side. These two forces q will tend 
to make the prism rotate so that an equal and opposite couple is induced 



Fig. 286 

consisting of forces q on the two horizontal faces. It is the horizontal 
shear stress which will often cause failure of a timber beam since there 
is less resistance to shear parallel to the fibres. 

We can find a formula for the intensity of shear stress at any level of 
a loaded beam. Let ABCD be a small portion of a loaded beam (Fig. 
286) bounded by vertical sections AD and BC, dx apart, and let ALMD 


A 

— 6x—| 

B 

t G 


H 

y 2 i_J 


rx 



Is 

D 


F 

r 


Fig. 286 




be the section through AD. Let the bending moment be M at A and 
M + 6M at B. 

Let EF be the neutral layer and let JK be a horizontal layer at 
height above EF and let AB be at height y 2 above EF. 

Consider the force due to bending on the area ALJ'J of the vertical 
section at A. At height y above the neutral axis the tensile stress is 
Ey 

— s where E is Young’s modulus and R is the radius of curvature. 


But 

therefore 



My 


I being the second moment of area of the section about the neutral 
axis. 

Let the section at height y above EF have breadth b. Then the force 
on an element of width by at this height is 

M 
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Therefore the total force on the area ALJ'J is 

M f*, , 

— bydy, 

1 Jy i 

MA i9i 
I ’ 

where A 1 is the area of ALJ'J and is the height of its centroid above 
the neutral axis. Similarly the total force, in the opposite direction, on 
the portion of the section BC of which BK is one side 

_ (M + dM)A^ 

I 

Thus there is a force on the portion ABKJ of the beam tending to 
move it to the right, and this force is 



This causes a shear stress over the horizontal face through JK. If 
JJ' — b 0 this area is b 0 dx, and the horizontal shear stress is 

_ dMA-rfi 
SxbJ ' 

In the limit this becomes 

_ dM Ajy t 
S dx ‘ bfj 
_ cM 

V’ 

where S is the shearing force at A. 

Exam ple 4. A beam has shearing force S at a rectangular section of width b and 
depth d. Find the distribution of shear stress over the section . 

Let be the shear stress at height y 1 above the neutral axis (Fig. 287). 
The neutral axis passes through the centroid of the section and the area 
above height y 1 is 

A, - &(id - yi ). 

The distance of the centroid of this area from the neutral axis is 
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The average shear stress over the section is Sjbd, and it is seen that the stress 
is greatest for y x — 0 and is then 1*5 times the average. The intensity of 
stress at different levels is shown graphically (Fig. 287) and the curve of 
variation is a parabola. 


Example 5. A T-section has the dimensions shown (Fig. 288). Draw a graph showing 
the distribution of shear stress over the section. 



The neutral axis is 4*75 in. from the 
bottom of the section and the second 
moment of area about it is 

I - 55*25 in. 4 . 

The first moment of area about the 
neutral axis of the flange above a dis¬ 
tance y x from the neutral axis 

= 6(2-25 - y,) l (2-25 + Vi) 

= ^ (81 - lOy,*). 

Hence if S be the shearing force the 
shear stress at this level is 

3(81 - 1 W) 

16 X 6 X 55*25 
- 16yi a 
1768 ’ 


In the web at distance y 2 below the neutral axis the first moment of area is 
1(4-75 - y,) (4-75 + y s ), 


“ 32< 361 


The stress at this level is 


ley.*). 


361 - 16» a » 
S 32 x 55-26 
361 - 16y,» 
1768 ‘ 


The greatest stress in the web is at the neutral axis and is 


s 


361 

1768 



that is 2*45 times the average shear stress over the section. 
A.t the top of the web y 2 = —1*25 and we have 
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At the bottom of the flange y x — 1*25 and we have 


_ 56 S 
* “ 1768 



There is thus a large difference of stress between the bottom of the flange 
and the top of the web. 

The graph of stress distribution is shown in Fig. 289. 



EXERCISES II (6) 

1. A bridge spans a gap 14 ft. wide and is supported on five road bearers 
of circular section of timber in which the stress must not exceed 
1200 lb./in. 2 . The total uniform load of 9 cwt. per foot run is assumed 
to be equally shared by the road bearers. Find what their diameter 
should be. 

2. A spar 3 in. in diameter and 10 ft. long is used as a lever with the 
fulcrum 18 in. from one end. The safe stress in the material is 1600 
lb./in. 2 . Find the greatest load that can be lifted without exceeding 
this stress and the force which must be exerted at the other end of the 
lever. 

3. A timber beam 20 ft. long, 6 in. wide and 9 in. deep weighs 240 lb. It 
is supported horizontally at points 3 ft. and 16 ft. from one end. The 
safe stress for the timber is 1400 lb.in. 2 . Find the greatest weight which 
can safely be suspended from the mid-point of the beam. 

4. A rolled-steel joist which is an I-section weighs 32 lb. per foot run and 
its section modulus with its flanges horizontal is 36*36 in. 3 . The joist 
is built into a wall and projects 10 ft. horizontally. Find the greatest 
weight which can be suspended from its free end if the stress due to 
bending must not exceed 8 tons/in. 2 . 

A floor has to carry a load of 3 cwt. per square foot. The floor joists 
are 12 in. deep and 4*5 in. thick and have a span of 14 ft. Determine 
the distance apart from centre to centre at which these joists must be 
spaced if the maximum stress is not to exceed 1000 lb./in. 2 . 

A.M.E.—13 


6 . 
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Show that the stress due to a shearing force S on a circular beam of 
radius a at distance y x from the neutral axis is 


S_ 4 
nat'S 



A circular beam of radius 3 in. is 10 ft. long and its ends are sup¬ 
ported at the same level. It carries a uniform load of 200 lb. per foot 
run. Find (i) the greatest tensile stress due to bending, (ii) the greatest 
shear stress. 


7. The rungs of a ladder are 10 in. long and 1 in. in diameter. The safe 
bending stress and shear stress for the timber are 1800 lb./in. 2 and 
150 lb./in. 2 respectively. What concentrated load at the centre of a 
rung will make it unsafe (a) by bending, (6) by shear ? The ends of the 
rungs may be taken as encastrA 


8. A rectangular beam of length l and depth d is end-supported. The safe 
bending stress is r and the safe shear stress is s. Show that the safe 
bending'stress will be exceeded before the safe shear under an increas¬ 
ing uniformly distributed load if l/d > r/s. 

9. A rolled-steel joist is an I-section 5 in. wide and 12 in. deep overall. 
The thickness of the flanges is £ in. and that of the web J in. Find the 
shear stress at the extremities of the web and on the neutral axis due 
to a shearing force of 16 tons. 


11.9 Deflexions of Beams 

Let y be the displacement of a point of the neutral layer of a loaded 
beam, distant x from one end, from its original position due to bending. 
We shall measure y vertically downwards, that is in the same direction 
as that in which the load acts (Fig. 290). For the moment of resistance 
of a loaded beam we have 


and we shall take the radius of curvature as being positive when the 

dy 

centre of curvature is below the beam. In this case is increasing 

dx 


d 2 y 1 dPy 

(Fig. 291) and therefore is positive, so that since — = 


M r = E& 



Fig. 290 


Fig. 291 
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This corresponds to a positive or hogging bending moment so that if 
M x be the bending moment at distance x from one end of the beam, 




Let w be the loading at this point and S x the shearing force. 

Then w = ~S Z 

dx 


Hence we have 


d 2 i?T d2 y 
dx 2 dx 2 


If El be constant along the beam we have 

The deflexion at any point is found by integrating this equation. Four 
arbitrary constants appear in the solution and these must be deter¬ 
mined by the boundary conditions, usually the values of y and its 
derivatives at the ends of the beam. 

If a beam of length l is freely supported at both ends the deflexions 
and the bending moments at both ends are zero and the constants are 

determined by the conditions y = ^ = 0 , for x — 0 , and x =1. 

ax* 

If the beam is encastre, that is built into a wall or clamped so that 

dy 

the ends are horizontal, we have the conditions y — — = 0 for x — 0 
and x = L 


0 for x = 0 


A cantilever with one end free has y = ~ = 0 for x = 0, and since 

dx 

the shearing force and bending moment are both zero at the free end 
dx 2 dx 3 


11.10 Standard Gases 

(i) Cantilever with Uniform Load 
Let l be the length and w the loading (Fig. 292). 

X 

Fig. 292 
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We have E&=», 
dxt 

EI ^x* = wx + A > 

Ei S-^+' 1 ’ +s - 

EI~ = -wx 8 + \ax 2 + B# -f C, 
dx 6 2 

Ely = —ws 4 + + l -Bx 2 + C* + D. 

Since v = ~ = 0 for ^ = 0, we have C = Z) = 0. 

a# 

Also, — = — for x = l, therefore 
dx 2 dx 8 


A — — wl. 



and we have Ely = — ^wlx 8 + \vl 8 x 8 , 

y = 2^7**(** - ^ + 6/ ‘)* 

The maximum deflexion is at x = /, and this is 

wl A 

y = wr 


(ii) Cantilever with Single Load 

Let the load be W at distance l from the fixed end (Fig. 293) and 
assume the weight of the beam is negligible. We have for x < l, 

= 0 , 





= A, 


E%-A, + B. 

eM = \ax* + Bx + C, 
dx 2 

Ely = l -Ax* + \bx* + Cx + D. 
o 2 


Fig. 293 
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Since y = — = 0 when x — 0, C — Z) = 0. Also the shearing force is 

CL% 

—W and the bending moment Wl when x = 0, therefore A = —W, 
B = Wl. 


Therefore, 


Ely = -hvx» + ^VlxK 


The maximum deflexion at x = / is -—. 

3 El 

(iii) End-supported Beam with Uniform Load 

Let l be the length of the beam and w the loading (Fig. 294). We 
have 

EI-L = w, 

dx* U- L -J 




e&-\ 

dx* 2 


wx* + Ax -f- B, 


Fig. 294 


EI t - i"’** + l Ax ' + B *+ c ' 

Ely = —wx 4 + hlx* + + Cx + D. 

The bending moment is zero at both ends, therefore — — 0, for 

dx 2 

x = 0 and x = /, therefore 5=0, and ^4 = —-w/. 

2 

Also y = 0 for # = 0 and x = l, therefore D = 0 and 

0 = ^A li ~ l2 wli + Cl ’ 

C = i>/». 

24 


Therefore 


£/y = — (** — 2#®/ + #/*) 


= 2i*(* -l)(x*-xl-1 *). 

When * ~ = 0 and we have the maximum deflexion 


384E7* 
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(iv) End-supported Beam with Load at Centre 
If W be the load we have (Fig. 295) 

"S-'+M-r 

i,. 

Ely = lA*> + -*S». + C + O + |>(» - ,. 

^ 1 *| 

O^jr—— - — J ^X 

tV “ ” 

Y 

Fig. 295 

When x = 0, y — ^ — 0, therefore D = B = 0. 
i* 2 


When # = Z, y = ^ = 0, therefore 

=0, 

\ai* + CI + hvi* = 0 . 



A 



C 

= Lwi*. 



16 

Wv 

Therefore E/y = —— (3/ 2 — 

^ 48 v 

4* s ) + J 

w 

Ivx-iy 

The maximum deflexion at * = 

Jns 



w 



y 48EI’ 


(H 
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(v) Encastri Beam with Uniform Load 
Let l be the length and w the loading (Fig. 296). 

= wx + A > 

= \wx* + Ax + B, 
dx * 2 

EI~ = \wx* + j-Ax* + Bx +C, 
dx 6 2 

Ely = —zew 4 + - Ax 8 + - Bx 2 + Cx + D. 
^ 24 6 2 



The boundary condition y — ^ — 0 when # = 0 gives C = £> = 0. 

Also, since y = ^ = 0 when x = l, 
dx 

lwl* + ±Al*+Bl = 0, 


Therefore 




E7y = ^x\l - x)\ 


The maximum deflexion at x — -l is 

2 


y = 


wl 1 

384E7’ 


B is the bending moment when x = 0 and this is the fixing couple 
making the beam horizontal at the wall. The bending moment when 

x — h is -1^. 

2 24 
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[H 


S' 

Y 


w 

Fig. 297 


vi) Encastre Beam with Load at Centre 
Let W be the load (Fig. 297). 

£i S“^+ b +K«- jf)L.. 

E! t, -1 **-+ b ’+ c + (>(* -J-’XL.- 

Ely = -Ax* + \bx* + Cx + D + \ - Wl x - ^Y1 . 

6 2 L6 V 2 / J*>£ 

Since y = ^ = 0 when x = 0, C = D = 0. 
dx 

Since y =^~- = 0 when x = l, 
dx 

-Al 2 + Bl + -Wl* = 0, 

2 8 

-Al* + -B/ 2 + —Wl* = 0, 

6 2 48 

a = -V. b = !m 
2 8 

£, >-2*’( 3, - 4 * ) + [b <& - , )'Li- 


Therefore 


The greatest deflexion is at x = and is 

Wl* 

y ~ 192EJ* 

B — ^Wl is the fixing couple at the wall, and the bending moment at 
8 

the centre is — -Wl. 

8 
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Example 6. —A cantilever of uniform stiffness El projects horizontally from a wall 
and its free end is propped level with the wall end. It carries a uniform load w 
over its length a. Find the fixing couple at the wall and the upward thrust of the 
support. Find also the greatest deflexion of the cantilever and the greatest bending 
moment . 


Let P be the upward thrust at the wall and G the fixing couple. At x from 
the wall (Fig. 298), 


El 


d*y 
dx 4 


w, 


EI inL = «* - p - 

dx 9 

EI^X = low* - Px + G. 
dx 2 


Since the bending moment is zero at the support, 
we have 0 = \wa 2 — Pa -f- G. 


Fig. 298 


0 '"--I-- 

X 


3 


( 1 ) 


dy 1 1 

EI-f = -wx* - -Px* + Gx+C, 
ax o 2 

Ely = Iwx* - Vi? + l -Gx' + Cx + D. 


Slope and deflexion being zero at the wall, C 
is zero at the support, so that 


-D =» 0. Also, the deflexion 


^-wa A — ~Pa* + ^Ga a . 
24 6 2 


From (1) and (2) 


P . 
G 


wa, 

wa * 


and the upward thrust at the support is wa — P, that is -wa. Substituting 

O 

for P and G we have 


El 


dy 
dx 48' 


x(Sx 2 — 15ax -f 6a 2 ), 


Ely -« — x‘(x - a)(2x - 3a). 

dy 

The greatest deflexion occurs when —- = 0, that is, 

dx 

when Sx* — 15ax + 6a 2 == 0, 

x - 0'5786a. 

With this value of x we have 


y - 


185£/’ 


ap proximately. 


5 9 

The maximum bending moment occurs at x — ‘-a and is — -wa 2 . This is less 

8 LZo 


than the bending moment - -iva 2 at the wall. 


A.M.E.—13" 




/ 
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Example 7. A uniform beam of length 2a is freely supported with its ends level. It 
carries a load w per unit length over its whole length and in addition a load w 
per unit length over one-half of the beam between one support and the centre. 
Find the greatest deflexion of the beam in terms of its rigidity El. 


h— a —t-— a —-h 



V 

Fig. 299 


If x is measured from A (Fig. 299) we have 



w -f lieu , 




dx 4 

l J*>« 




dx* 

w# -f A -f £o>(# — 

a) 

i . 

I x>a 


EI— =. 
d# 2 

^wx* -f Ax 4- B + 

i; 

w{x - 

- «)*1 • 
J*>« 

moment 

is zero when # = 

0 

and 

when # = 


0 and 


2wa % +2 Aa + - wa 2 

4U 


0, 


A = —wa. 
4 


Jy 


Ely- = gw** - \wax* + C + \\w(* - «)*] . 

ax Q 8 Lo J x>a 


Ely *= + Cx + D + J^w(# ~ 

Since y *» 0 when x 0 and when x = 2a we have D = 0, and 

0, 

23 


16 4 

24™ 


40 1 

• —wa 4 + 2Ca -j- —wa 4 
24 24 


48 


wa*. 


The slope is zero when 

1 . 5 2 

-wx* - wax 8 

6 8 


+ + [l*(* - «)‘] x>a = 0 . 


For x less than a this gives 

8# 3 - 30a# 2 + 23a s = 0. 

This quantity has the same sign at x *= 0 and x = a and has no real root 
between x = 0 and x — a. Hence we assume x > a and the equation be¬ 
comes 

16#* - 54 ax* + 24a 2 # + 15a* «= 0. 

A solution is # « l*03a, approximately. 

y *■ t~^{2# 4 — 10 ax* + 23a 3 # + 2(# — a) 4 } 

48ET 

6wa 4 , . 

« la Ei- a PP roximatel y- 
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11.11 The Theorem of Three Moments 

A beam supported at more than two points is called a continuous 
beam. Where such a beam passes over a support there is a positive or 
hogging bending moment. The theorem of three moments gives a 
relation between the bending moments at three successive supports for 
a uniform beam carrying a uniformly distributed load. 

Let A, B, C (Fig. 300) be three successive supports of a uniform 



Fig. 300 

beam carrying a load of constant intensity w. Let A B = a, BC = b and 
let the bending moments at A, B, C be M lf M 2 , M z respectively. 

If x be the distance of a point of the beam between A and B from A, 
we have 

E0- =wx + A, 
dx 3 

El ^ = \wx % + Ax + B, 
dx 2 2 

E$. = \w& + \Ax* + Bx + C f 
dx § 2 

Ely = — wx* + \ax? + + Cx + D. 

24 6 2 

Since EI^ is the bending moment, B = M v the bending moment at 
ax* 

x = 0, and putting x = a. 


M 2 — Mj = -wa 2 + Aa. 
2 


Since y = 0 when x = 0, D = 0, and since y —0 when x = a, 
+ ^i4a 3 + ^M t a 2 + Ca = 0, 

c = ~^g wa3 ~ \ M i a — - M 1- 


i ^-wa‘ — \M.a — 

24 3 6 ^ 
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Then when x — a, 

El(~ J = -z£/fl 8 + \ a \M 2 — M, — \wa 2 ) + M,a + C 

W*-a 6 ' 2 \ 2 1 2 1 ^ 


+ l M i a - 


Similarly, for the length BC, measuring x from C we find for the 

value of ~ at B, 
ax 


Ell ^ = -J-wb* + -M 2 b + \mJ). 

\dx/ x ^ b 24 3 2 6 3 

Either expression gives the slope at B , but with opposite signs since x 
is measured in opposite directions, therefore 

—+ \ M i a = -1 + ^M t b + 3 b |, 

that is M x a + 2 M 2 (a + b) + M z b = \w(a* + &)• 

4 


Example 8. A uniform beam of length 2a is simply supported at its ends and at its 
centre and carries a uniform load w. Find the bending moment and the shearing 
force at the central support (Fig. 301). 


Here M 1 = M s «= 0, therefore 


Mg 


Fig. 301 

Also for either span. 


and when x = a. 


4M t a = -wa 3 , 


M 2 — -i waK 

E ^.l. 

dx* 

d 3 v 

El-\ =wx + A, 
dx 3 

d 2 v 1 

EI £ = 2 W ** + A *' 
1 o 1 o 

-wa 2 = -wa 2 -j- A a, 
8 2 

. 3 

A = — wa. 

8 


d*y 


The shearing force at the central support is the value of EI-~ at x — a, 


that is 


wa — -wa, 

O 


5 

*= -wa. 

8 

This is the shearing force at one side of the central support. At the other side 
it is the same but of opposite sign and the upthrust at the support is therefore 
5 

-wa. 

4 
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Example 9 . A beam of length 3 a is supported at the same level at its ends and at its 
points of trisection and carries a uniform load w. Find the bending moment at 
the central supports and the greatest deflexion of the central span . 

By symmetry the bending moments at the inner supports are equal and 
from the theorem of three moments are given by 

4 aM + aM = \wa % , 

M - ±wa*. 

For the central span (Fig. 302), 



M 

*w 


M 


Fig. 302 



EI Pl = \ wx ' + Ax + L wat ' 

dx % 2 10 

and since the bending moment is the same at B and C, 

~wa 2 -h Aa = 0, 

and EI % - l wx ' ~ \ wax + To wat ‘ 

] El— — -wx s — - wax* + ^-~wa 2 x -f C, 
dx 6 4 10 

Ely = ^-wx* - 4^* + h, wa * xt + Cx + D. 
24 liS 

Since y «= 0 when x = 0 and when x = a, D — 0 and 

(— -4- 4- Ca * 0, 

\24 12 T 20/ 

C = --—te/a 8 . 

120 

The deflexion when * = -a is then 

a>« 4 

y = 1920RT* 

11.12 Supports at Different Levels 

Let the three supports R, C of the 
continuous beam be at depths d lf d 2 , d 3 
respectively below some standard level 
(Fig. 303). 

With the notation of § 11.11 we have 
for the deflexion in AB, 

Ely = i-wx* + '-Ax* + -M lX * +Cx + D, 
24 6 2 
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and hence 

EI(d t — <5j) = ^wa* + ^Aa* + + Ca. 

A has the same value as before and hence the value of C is increased by 
the amount EI(d 2 — $i)/a. 

We have, therefore, 

- «• 

and for £C, 

“(!)„, - -S**‘ + 3"' 4 + 6 M -‘ + T (S ’ - 
These quantities are equal but of opposite signs and hence we have 

Mja + 2MJa + b) + M s b = L(a 8 + 6 s ) + 6£l/-* - - 2 - 

4 \a a b b/ 


11.13 Beam on Elastic Foundation 

A beam may be supported along its length by an elastic foundation, 
such as the ground, so that at any point there is an upthrust propor¬ 
tional to the deflexion. Then if y be the deflexion there is an additional 
load — ky per unit length and k is called the modulus of the foundation. 
The differential equation for the deflexion is then 

EI j^ = —ky + »• 

ax 1 

Writing k = 4 Elf}*, this becomes 
d*y , AOA w 
dx * + ~TT 

The complementary function in the solution is easily obtained. The 
auxiliary equation is 

A 4 + 4/S 4 = 0, 

and we have A = /5(± 1 ± i). 

The complementary function is 

y _ p e 0Z+/HX Q e px-pix _|_ R e -0z+piz _J_ S e -0X-0iX' 

= e^ x (A cos fix + B sin fix) + e~ fix (C cos fix + D sin fix), 
where P , Q, R , S and A, B,C, D are constants. 

The particular integral is 

1 w 

D 4 + if}* El 

w . - 

= if w is constant. 

k 
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11] BEAM ON ELASTIC FOUNDATION 

The complete solution is the sum of 
the complementary function and the 
particular integral and the constants 
are determined by the end conditions. 

For example let a uniform beam of 
length l carry a uniform load of in¬ 
tensity w and rest on a foundation Fig 304 

of modulus k, the ends being pinned 
at the same level (Fig. 304). If the origin is taken at the mid-point of 
the undeflected beam the equation 



*y + 4»y = !L, 
Py Ef 


where k — must have a solution which is an even function of x 

since the deflexion is the same on either side of the centre. 

Using hyperbolic functions the complete solution may be written as 


y — ™ + A cosh fix cos fix + B sinh /9x sin fix + C cosh fix sin /9* 
k 

+ D sinh fix cos fix, 


and since y is even C = D = 0. 

Also, y = 0 when x = \l, therefore 

A cosh cos Ipi + B sinh 1 sin ^ftl = — (1) 

Since the bending moment is zero at the ends, — must be zero. 

— = 8(B — A) cosh fix sin fix + fi(A + B) sinh fix cos fix, 
dx 

^ = 2 B*B cosh fix cos fix — 2/3 9 A sinh fix sin fix. 
dx 2 

Therefore B cosh l cos ^/3/ —* A sinh ~pl sin = 0. (2) 

From (1) and (2), 

__ 2 w cos \pl cosh \pi 

k cos pi + cosh pV 
_ __ 2 w sin \pi sinh \pl 

k cos pi + cosh pi 

up 

The deflexion at the centre = - + A. 

k 

The bending moment at the centre 

= 2EIp>B. 
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EXERCISES 11 (c) 

1. A girder AB of length / is simply supported at both ends and carries 
a load varying uniformly from 0 at A to w at B. Find the formula for 
the deflexion of the beam at a distance x from A. (L.U., Pt. II) 

2. A beam of length 2 a is clamped horizontally at both ends and is 

supported at the same level at its mid-point. It carries a uniformly 
distributed load of intensity w over its whole length. Express the 
bending moment at a distance x from one end (x < a) in terms of the 
end bending moment M and the support reaction R. By obtaining the 
equation for the transverse deflexion of the beam determine the 
values of M and B . (L.U., Pt. II) 

3. A uniform beam is supported at its ends and carries a uniformly 

distributed load along the middle half. Show that the additional de¬ 
flexion due to the load is 57/64 times the additional deflexion had the 
load been concentrated at the mid-point. (L.U., Pt. II) 

4. A light uniform beam of length l is clamped horizontally at one end 

and freely supported to the same level at the other. It carries a load 
of total amount W which varies uniformly from zero at the free sup¬ 
port. Determine formulae for the bending moment and shear force at 
x ft. from the clamp and obtain the reactions at the ends and the 
deflexion at the mid-point. (L.U., Pt. II) 

5. A uniform beam of length 3a and weight W is clamped horizontally 
at one end and supported at a point distant 2 a from the clamped end 
at the same level. Show that the reaction at the support is 11W/24 
and draw a rough sketch of the form of the deflected beam. 

(L.U., Pt. II) 

6. A uniform beam is clamped horizontally at one end and carries a load 

uniformly distributed between the mid-point and the free end. If this 
load has the same weight per unit length as the beam, prove that the 
deflexion at the free end is 89/31 times that at the mid-point of the 
beam. (L.U., Pt. II) 

7. A naturally straight uniform elastic rod of length 2/ is laid across a 

rigid horizontal table of breadth 2 a with equal lengths (/ — a) pro¬ 
jecting beyond the table. If a straight portion AB of the rod is in con¬ 
tact with the table, show that the bending moments at A and B are 
zero, and that Ija < 1 -f i\/2. (L.U., Pt. II) 

8. A uniform beam of length 21 and weight W is clamped horizontally at 

one end and supported at its mid-point so that the free end is at the 
same level as the clamp. Find the reactions at the supports and the 
deflexion and slope at the mid-point. (L.U., Pt. II) 

9. A uniform rod of weight W and flexural rigidity El has its ends 

constrained by smooth horizontal guides which are in the same 
horizontal line and at a distance 21 apart. If a weight W' is supported 
at the middle point, prove that the bending couples at the end are of 
magnitude Wl/Q + W'l \4 and calculate the deflexion at the middle 
point. (L.U., Pt. II) 
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10. A uniform beam of length 2/ and constant flexural rigidity El is 

clamped horizontally at one end and pinned to the same level at the 
other. The load intensity at any point is proportional to the product 
of the distances of the point from the ends. Show that the reaction at 
the clamp is 13/20 of the total load and find the deflexion at the mid¬ 
point. (L.U., Pt. II) 

11. A beam AB of constant flexural rigidity El and length 2a, clamped 
horizontally at both ends, has a concentrated load 4 wa at its mid¬ 
point C. The load intensity is w per unit length over AC and 2 w over 

23 

CB. Show that the bending moment at A is — zm 2 and find the de¬ 
flexion at C. (L.U., Pt. II) 

12. A uniform beam of weight W and length 6a is supported symmetric¬ 

ally at its centre C and at two points B, D at the same level, each at 
a distance 2 a from C. Express the bending moment at any point P in 
BC, distant x from the end A nearer to B, in terms of x, a, W and R, 
the reaction at B. By integration show that this reaction is 17W748 
and find the deflexion of A below B. (L.U., Pt. II) 

13. A fight beam of length (a + b) is clamped horizontally at one end and 
its other end is propped at the same level. It carries a concentrated 
load W at distance a from the clamped end. Find the reaction at the 
prop and the couple exerted by the clamp. If a — b, find the greatest 
deflexion, the flexural rigidity being EL 

14. Prove the theorem of three moments in the form 

w 

L x a + 2L 2 (a + b) +.L z b = -(a 3 + ft 3 ). 

A uniform beam of weight w per unit length and of length a -f- b is 
clamped horizontally at each end and is propped, level with the ends, 
at a point distant a from one end. Show that the bending moment at 
the prop is 

+ &- ob). 

Find also the thrust on the prop. (L.U., Pt. II) 

16. A uniform beam of length 4 a rests on five supports at the same level, 
so that there are four bays each of length a. It carries over its whole 
length a uniformly distributed load of intensity w. Find the reactions 
at the supports and the greatest bending moment. 


11.14 Columns and Struts 

A column or strut is a member of a structure which is in compression. 
A short strut may fail if the compressive stress along its length is too 
great. A longer strut may also fail by bending. If the member has or is 
given a small deflexion, the force along its length causes a bending 
moment which may be sufficient to hold or increase this deflexion. 
Thus there may be two kinds of compressive stress, one due to bending 
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and one due to direct compression, and failure may occur if their total 
exceeds the safe stress for the material. We shall assume that the struts 
considered bend in one plane; the condition for this is that the plane of 
bending contains one of the principal axes of the cross-section. 

The ends of a strut may be position-fixed or they may be fixed both 
in position and direction, or one end may be completely free. These 
differing end conditions determine the constants in the solution of the 
differential equation of the strut. 


i\ 


l 


+ n *y = 0. 


11.15 Strut with Position-fixed Ends 

Consider a strut of negligible weight, of uniform cross-section and 
of length /, supporting a load P (Fig. 305). Let OX be the vertical 
through 0 and OY perpendicular to it. If the strut is slightly deflected 
in the plane OXY, the bending moment at any point (x, y) caused by 
the thrust P is — Py (the sagging side of the strut being 
that which is farther along OY ). 

We have then E& _ -Py. 

dx 2 

Writing P — Eln 2 , this equation becomes 
d 2 y 
dx 2 

/ The complete solution is 

i -L_ y = A cos nx + B sin nx . 

Since y = 0 when x = 0, A =0, and we have 
y = B sin nx. 

But y = 0 when x = l, therefore 

0 = B sin til . 

Hence, if there is any deflexion we must have 

sin nl = 0, 
nl = n y 

2 n% 

* =F 


O Y 

Fig. 305 


P = 


n l EI 


If A be the area of the cross-section and 7 = Ak 2 , we have 

P = En 2 
A ~ (l/kf 

The value found for P is called Euler’s crippling load for the strut. P is 
the load which is sufficient to hold the strut in the deflected position, 
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11] STRUT WITH UPPER END FREE 

and if the load is greater than P the deflexion will increase rapidly. 
It is assumed in the calculation that the compressive stress P/A is less 
than the safe compressive stress /, that is. 


Eri 8 

m* 


<f> 


that is 



The quantity Ijk, where k is the least radius of gyration of the cross- 
section about an axis through the centroid, is called the slenderness 
ratio of the strut. Thus Euler's formula applies only to struts with a 
high slenderness ratio. 


11.16 Strut with Direction-fixed Ends 

In this case there must be a couple G at either end (Fig. 306) to hold 
the direction and the bending moment at (x, y) is —Py + G. 


Then E& = -Py + G, 

Q 

y = A cos nx + B sin nx + —. 

Since y — ^ = 0 for # = 0, B = 0 and A — and 
dx P 




cos nx). 


Also, y = 0 when x = /, therefore cos nl = 1 , 

nl = 2ji, 

_ 

* — 7Z » 




d 


Fig. 306 


P _ Aji 2 E 

A ^ (W 2 * 

Thus the crippling load is increased fourfold, and the effective safe 
length for a given load is doubled. The least slenderness ratio for which 
the formula holds is also doubled. 


11.17 Strut with Upper End Free 

In this case the lower end must be direction-fixed and the fixing 
couple G is Pa, where a is the deflexion of the free end (Fig. 307). We 
have 
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Fig. 307 


e<% + Py-P«. 

y = a + A cos nx + B sin nx 
= a( 1 — cos nx), 
dy 

since y = = 0 for x = 0. 

dx 


Since y = a when x — l, 
cos nl — 0, 

nl = gt, 


\n*EI 


[11 


P _ J; n*E 
A [Ijkf 

Thus the crippling load is £ of that for position-fixed ends and the 
effective safe length for a given load is halved. The least slenderness 
ratio for which the formula holds is also halved. 


11.18 Strut with One End Direction-fixed 

In this case there must be a force R at the position-fixed end (Fig. 
308) to balance the fixing couple G and Rl — G . The 
bending moment at (x, y) is 

-Py + R(l - x), 

and we have 

-|- Py = RQ — x), 

£ + *» =£,.«-»), 

y = —{l — x) + A cos nx + B sin nx . 

dy 

Since y = 0 when x = 0, A = —RljP, and since = 0 for # = 0, 

B — R/(nP) y and we have 

R/7 \ b, R . 

y = —(I — x ) — —l cos nx + sm n*. 

Since jy — 0 when x —l, we have 

n/ = tan «/. 
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The least positive solution of this equation is nl = 4*493 and hence 

_ (4-493) 2 £7 
" P 


2-05 n 2 EI 
. P 1 


P _ 2’05tPE 
A ~ {l/k)* ' 

Thus the crippling load is approximately doubled by fixing the direc¬ 
tion of one end. The effective safe length for a given load is increased by 
about 40 per cent and the least slenderness ratio by the same percent¬ 


age. 

It will be seen that the deflexion curves obtained in all the above 
four cases are sine curves, but in each case a different length of the 
curve must be chosen to fit the end conditions. The lengths in which the 
sine curve varies through half of a complete wave are in the four cases 
l f 21, 0*7 1 respectively, and these lengths are called the free lengths of 


the struts. The crippling load is 


n 2 EI 

w 


in each case, where V is the free 


length. 


11.19 Maximum Stress in a Strut 

If a compressive force P acts along the axis of a strut and A is the 
area of the cross-section the compressive stress at every point of the 
strut, which we suppose to be homogeneous and of uniform cross- 
section, is PjA. If, in addition, the force P sets up a bending moment 
in the strut and M 0 is the maximum bending moment there will be a 
compressive stress due to M 0 at the section where it acts. The greatest 
compressive stress due to bending will then be 

M 0 Y 

I 9 

where I is the second moment of area of the section about the neutral 
axis and Y the greatest distance of a layer which is in compression 
from the neutral axis. 

Then the greatest compressive stress in the strut is 

P , m 0 y 

A + “T"’ 

In tie-bars P is a tensile force and the greatest tensile stress will be 
given by a similar formula. 

We shall find the maximum bending moment in struts and tie-bars 
for various conditions of loading by finding first the deflexion curve of 
the member. 
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11.20 Strut with Initial Curvature—Direction-fixed Ends 

Some small initial curvature will usually be found in a strut before 
it takes any load and we shall suppose that the curve is a sine curve. 
Let OA (Fig. 309) be a strut of length l which initially has the shape 



y x = a sin 


nx 


r 


so that a is its greatest deflexion from the line joining 
its ends. 

Let y be the deflexion of a point (x, y) from the line 
OA when a load P is applied. Since the ends are direc¬ 
tion-fixed there must be a fixing couple G and the 
bending moment at (x, y) is — Py + G. 

We have then, 

EI jJy - yJ = - p y + G - 

Writing P — Eln 2 and substituting for we have 
d*y . 9 9 G an 8 . nx 

A particular integral is ^ H— 


7ZX 

sin —, and the complete solu- 


tion is 


* = f + 


an 1 


nx 


sin — + A cos nx + B sin nx. 
n 2 — n 2 l 2 l 


If y = 0 for x = 0 and x — l we have A — —G/P and 
D G 1 — cos nl 

= ——r.-:--- 

P sin nl 

G 1 . 

= -ptan -td. 


li— = 0 for x = 0, that is 
ax 


0 =?. 


cuv 


l n 2 — nH 2 


+ nB, 


then 


G 

P 


n 


an* 


nl n 2 


, cot \nl. 
n 2 l 2 2 


The greatest deflexion is at x = -/ and at this point we have 

G . an 2 , . 1 , , D . 1 , 

~ —-- + A cos -w/ + B sm -m, 

’ ro P^ n 2 - nH 2 2 2 
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STRUT WITH INITIAL CURVATURE 

G , an* G 1 , 

= —-- — — sec -nl, 

P n*- n*l* P 2 


306 


= l> + n* 

The greatest bending moment M 0 is 
M 0 = -Py 0 + G 


—— (1 — — cosec l nl\ 
—- n 2 l 2 \ nl 2 / 


Pan 2 /. 7i 1 A 

=--( 1-- cosec -nl 1. 

n 2 — nH 2 \ nl 2 / 


11.21 Strut with Initial Curvature and Eccentric Load 

Let a strut whose initial curve is given by y t = a sm — carry a 

load P which acts at distance e from the centroid of the end section 
(Fig. 310). We may suppose the ends to be position-fixed but direction 
free. If the ends were direction-fixed the eccentricity of loading would 
have no effect. 

The bending moment at (x, y) is P(y + e) and we have 


EI ~(y- y d = -P(y + e), 

d*y , . . n* . nx 

-Z+ ^ «n T . 


X 

A 


u 


an 


nx 


where Eln 2 = P. 

The particular integral is —e + sin y* 

and the complete solution is 
, an 2 . nx 

y = —e + 


hk, 


sm — + A cos nx + B sin nx . 
n 2 — n 2 l 2 l 


O Y 
Fig. 310 


Since y = 0 for x = 0 and x = /, A — e, and 

D 1 — cos nl 1 , 

B — e - = e tan -nl. 

sm nl 2 

The greatest deflexion at x = \l is 

an 2 1 » . . 1 , . 1 , 

— —e H-+ e cos nl + e tan -nl sm -nl 

70 n 2 ~ nH 2 2 2 2 

, an 2 . 1 , 

= —e H- r + e sec -nl. 

n 2 — n 2 l 2 2 

The greatest bending moment M 0 is 

M 0 = — P(y 0 + e) 

an 2 P 


n 2 


, — Pe sec -nl. 
n 2 l 2 2 
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It is clear that M 0 is the sum of the bending moments due to initial 
curvature and to eccentricity of loading. 

11.22 Strut with Uniform Lateral Load 

Consider a strut of length l under the action of a compressive 
force P at its ends and carrying a uniform lateral load of intensity w 
(Fig. 311). Let the axis OX be along the undeflected line of the strut 


2 wL 


iwl 




Fig. 311 


and OY perpendicular in the direction of deflexion. We shall suppose 
the ends to be position-fixed but direction free. 

Taking into account the end reaction \wl and the distributed load we 


have for the bending moment at (x, y), 

M = -Py 


\wlx + \wx*. 
2 2 


Then EIp + Py = —\wlx + \wx^, 

dx* J 2 2 

P + n*y = » (* - lx), 
dx* * 2 EP ' 


A particular integral is 


w 


,(*' - ,x - !■) 


2 n 2 EP 

= l(\ x * _ I,* - L) 

P \2 2 n z ) 

The complete solution is 

y — —( 2 — \lx -—| + A cos nx + B si: 

* 2 n z )^ 

Since y = 0 for x = 0 and x = l we have 


sin nx. 


A w _ w 1 
A = — B = —~ tan -nl, 
n z P n z P 2 


and 


y = ~ o 

J n z P [2 ' 


1 + cos nx + tan -nl sin nx 


}■ 
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The greatest deflexion at x = -l is 

2t 


Jo 


w ( nH 2 - 1 A 

= —-(-1 + sec -nl 1. 

n 2 P\ 8 2 / 


The greatest bending moment is 


M 0 = —Py Q — -wl 2 


_ w{ 

~ ~~n 2 \ 


sec -nl — 1 

2 


> 


11.23 Strut with Central Lateral Load 

Let a strut of length l under the action of a compressive force P at 
its ends carry a concentrated lateral load W at its centre (Fig. 312), 
and let the ends be position-fixed but direction free. 



With the axes as shown, the bending moment at ( x , y) is 

—Py — \w%, for# 

2 2 

Hen El g - -Py - \W,. 

*y , , IF 

1 w 

y —- x + A cos nx + B sin nx . 

2 P 


Using the conditions y = 0 when x = 0 and 
IF 1 

we have 4 = 0, B = - sec and 

2Pn 2 


dx 


0 when x — 1 


\W( 1 1 7 . \ 

=-( - sec -nl sm nx — x 1. 

2 P\n 2 ) 


U)l 
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This is the deflexion curve for 0 < x < -/ and gives the greatest 

2 


deflexion, 

1 W( i , 1 7 1A 

v 0 — - —( - tan -nl — -l ). 

- 70 2 P\n 2 2) 

The maximum bending moment is 

M 0 = -Py 0 - \wi 

4 

W 1 

= tan -nl. 

2 n 2 

11.24 Tie Bar with Eccentric Load 

The maximum bending moment in a tie bar is found in the same way 
as for a strut. The essential difference is that since the load P acts in 
the opposite direction the differential equation obtained is of the form 


E& 


dx 2 


- Py =/(*). 


that is 


§ — m™- 


The complete solution, therefore, involves hyperbolic functions instead 
of sines and cosines of nx and the bending moments can for the most 
part be deduced from the corresponding expressions for struts by 
substituting ny/{— 1) for n. 

As an example we shall consider the case of a tie bar with an eccen¬ 
tric load (Fig. 313). Let the tensile force P act at dis¬ 
tance e from the centroid of the end sections. We take 
the axis of x along the undeflected line of the tie bar 
and the axis of y in the opposite direction to the 
eccentricity and suppose the ends to be direction free. 

The bending moment at (x , y) is P(y + e) and we 
have 

E ^- p iy + .). 

where P — Eln*. 

Then y = —e + A cosh nx + B sinh nx. 

Since y = 0 for x ~ 0 and x = /, A = e and 0 = —e + e cosh nl + 
B sinh nl, 

„ cosh nl — 1 

sinh nl 

= —e tanh \nl. 

2 
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TIE BAR WITH ECCENTRIC LOAD 
The greatest deflexion at x = is 

y Q = —e + e cosh \nl — e tanh \nl sinh 
2 2 ** 

— — e^l — sech^y 

Since sech -nl < 1, this deflexion is negative and P(y Q + e) is less than 
2 

Pe the bending moment at the ends. Thus the maximum bending 
moment is Pe . 


Example 10. The lower end of a uniform light cantilever of length l and flexural 
rigidity El is clamped at an angle a to the vertical. A vertical load W is applied 
to the upper end. Obtain the differential equation for y, the deflexion (from the 
undeflected position) of a point on the strut distant x from the lower end in terms 
of the end deflexion a. Show that , at the free end, the 
value of dyjdx is tan a(sec nl — 1) where Eln 2 = W cos a. 

(L.U., Pt. II) 

Let the x-axis be along the undeflected line of the 
cantilever and the y-axis perpendicular (Fig. 314). 

The bending moment at a point of the beam whose co¬ 
ordinates are (x, y) is 

W sin a(l — x) 4- W cos a{a — y) t 
and this is a positive or hogging moment. 

We have therefore, 

£70 = W sin a(l - x) + W cos a(a - y), 

(Pv , F 'g- 314 

that is + »*y — n*a 4- ** tan a(l — x). 
dx 2 

A particular integral of this equation is a tan a(l — x), and the complete 
solution is 

y = a + tan a(l — x) + A cos nx + B sin nx. 

dy 

Now y = 0 when x 0, therefore A = — (a + / tan a). Also — = 0 when 
x = 0, therefore — tan a + Bn = 0. 



Therefore 


y = a + tan a(/ — x) —. (a 4- l tan a) cos nx + - tan a sin nx. 


We have also that y — a when x = l, 

therefore a ** a — (a 4- l tan a) cos nl 4- - tan a sin nl. 



—/ tan a 4- - tan a tan nl. 
n 

—tan a 4- n(a 4* l tan a) sin nl 4- tan a cos nl 


= —tan a + tan a sec nl. 
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EXERCISES II (d) 


1. 


2 . 


3. 


4. 


A uniform strut AB, whose length / is great compared with the 
dimensions of its cross-section, is set up vertically with A and B fixed 
so that the tangents to the shape of the strut at A and B are vertical. 
The strut supports a load W at B its upper end, W being large com¬ 
pared with the weight of the strut. If W is just great enough to cause 
the strut to bend, prove that, if y, supposed small, is the displacement 
of any point of the strut from the vertical line AB t y satisfies the 
equation 

d*y 

= -Wy + M 

where M is the fixing couple at B, and that W = kPEI/l 2 . 

(L.U., Pt. II) 

A wooden beam 3 in. by 6 in. in cross-section and 12 ft. long is used 
as a strut. Find its slenderness ratio. Find the load which it can sup¬ 
port with its lower end fixed in position and direction (a) if its upper 
end is free, (b) if its upper end is fixed in position only. E for the wood 
is 1-2 x 10 6 lb./in. 2 . 

A strut of length l and modulus of rigidity El has an initial curvature 
so that its shape is approximately that of a parabola with its centre 
at a distance a from the line joining its ends. If the strut is subjected 
to a compressive force P at its ends, which are fixed in position only, 
show that its deflexion is given by the equation 


d 2 y 

dx 2 


4 - n^y = 


8 a 

l 2 * 


where Eln 2 = P. Hence show that the greatest bending moment in 
the strut is 8a P (sec \nl — 1 )/(n 2 l 2 ). 

A strut of length l and modulus of rigidity El has an initial curvature 
so that its shape is approximately that of a parabola with its centre 
at a distance a from the fine joining its ends. The ends are fixed in 
position only and the strut is subjected to a compressive force P 
which acts at distance e from the centroid of its ends. Show that its 
deflexion is given by the equation 


(Py 

dx 2 


, 9 8a 

+ n 2 y = —n 2 e - y. 


5 . 


where Eln 2 = P. Hence show that the greatest bending moment in 
the strut is Pe sec \nl + 8aP(sec \nl — I )/n 2 l 2 . 

A uniform tie bar of length l and flexural rigidity El is subjected to a 
tensile force P at its ends and carries a uniform lateral load of in¬ 
tensity w. Show that the deflexion of the tie bar, is given by the 
equation 


dy 

dx 2 


— n 2 y = 


wn 2 
2 P 


{x 2 - /*), 


where Eln 2 = P. Hence show that the greatest bending moment in 
the bar is —w(l — sech \nl)jn 2 . 
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6 . 


7. 


8 . 


10. 


EXERCISES 


A uniform tie bar of length l and flexural rigidity El is subjected to 
a tensile force P at its ends and carries a concentrated lateral load W 
at its mid-point. Show that the deflexion of the tie bar is given by the 
equation 


d 2 y Wn 2 

— _ n *y = —x, 


where Eln 2 = P. Hence show that the greatest bending moment in 
the bar is — (Wfiri) tanh \nl. 

A uniform strut of length l and flexural rigidity El has an initial 
curvature so that its shape is that of a sine curve with its centre at 
distance a from the line joining its ends. The strut is subjected to a 
compressive force P at its ends, which are fixed in position only, and 
carries a uniform lateral load of intensity w. Show that its deflection 
is given by the equation 


<Py 

dx 2 


, . n 2 . nx , wn 2 

+ n*y = Sin — + -p-(** — **), 


where Eln 2 = P. Show that the greatest bending moment is 
- Pan 2 /(n 2 - n 2 l 2 ) - w(sec \rd - 1 )/n 2 . 

A uniform strut of length l and flexural rigidity El is subjected to a 
compressive force P which acts at a distance e from the centroid of its 
end. The strut carries a uniform lateral load of intensity w. Show that 
its deflexion is given by the differential equation 
d 2 v wn 2 

& + n *y = ~ n * e + i p {x * ~ lx) ‘ 


where Eln 2 = P. Show that the greatest bending moment is 
—Pe sec \nl — a;(sec \nl — l)/n 2 . 

A light uniform pole of length l and constant flexural rigidity El is 
fixed vertically in the ground at its lower end A , and its upper end B 
is acted upon by a force T which makes an angle a with the down¬ 
ward vertical. The consequent small horizontal deflexion of B is a . 
Taking the origin at A, measuring x vertically and y horizontally, 
state the bending moment at any point P(x, y) of the pole, and show 
that 

(D 2 + n 2 )y = n 2 a + n 2 (l — x) tan a, 
d 

where D = — and Eln 2 = T cos a. Solve this differential equation 
dx 

and show that na = tan a(tan nl — nl). (L.U., Pt. II) 

A uniform thin lath of length l and constant flexural rigidity El is 
clamped vertically at its lower end and at its upper end carries a small 
light bracket of length a fixed perpendicularly to the lath. When a 
load W is hung from the bracket it deflects a small horizontal distance 
b and negligible vertical distance. 

State the bending moment at a point on the lath distant x vertic¬ 
ally and y horizontally from the clamped end. Find b and the bending 
moment at the clamp in terms of the other quantities given. Evaluate 
W when b = a. (L.U., Pt. II) 




CHAPTER 12 


MOTION OF A FLUID 

12.1 Stability of Floating Bodies 

If a body is floating in a liquid its weight W acting vertically down¬ 
wards through the centre of gravity G must be balanced by the force of 
buoyancy acting vertically upwards through the centre of buoyancy H 
(Fig. 315), and hence GH must be a vertical line. A vertical displace¬ 
ment downwards increases the buoyancy and an upward displacement 
decreases it, so that in either case the body tends to return to its original 
position. Thus the equilibrium of a floating body is stable for vertical 
displacement, and it is clearly neutral for lateral displacements. 




We shall consider the stability of a floating body when given a small 
rotational displacement, which is such that the volume of liquid dis¬ 
placed by the body is unaltered by the rotation. 

Let H be the centre of buoyancy in the undisturbed position and H' 
the centre of buoyancy when the body has turned through a small angle 
0 (Fig. 316), the force of buoyancy being W in each case. Let the vertical 
through H' meet the line HG in a point M. 

Then if M is above G there is a restoring couple 

W x GM sin 0, 

= W x GM x 0 , approximately, 

tending to diminish 0 and restore the body to its equilibrium position. 
If M is below G the couple tends to increase 0, and thus the equilibrium 
is stable if M is above G and unstable if it is below G. The point M is 
called the metacentre and its height above G is called the metacentric 
height . 

We shall see how the position of the metacentre can be determined 
both theoretically and experimentally, and that M is in fact the centre 
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of curvature of the locus of H as the body rotates. We shall first find 
the position of the centre of buoyancy in the undisturbed and disturbed 
positions. 


12.2 Coordinates of the Centre of Buoyancy 

Let ABC (Fig. 317 (i)) be the section of the body by the free surface 
of the liquid in the equilibrium position. This section is called the plane 
of flotation. 

Let OY be the axis about which the plane of flotation turns, OX and 
OZ being perpendicular axes fixed in the body with OZ vertical before 
rotation. Let an element of area 8A of the plane of flotation be distant 
x from OY and let z be the height of a prism with base 8A, parallel to 
OZ and terminated by the surface of the body. 

Then the volume immersed is 


r= !‘ 


the integration being over the plane of flotation. 

When the plane of flotation turns through a small angle 0 about OY, 
the height of the prism increases by x tan 0 (Fig. 317 (ii)) = x0, ap¬ 
proximately, and the volume immersed is 


Since V = V', we have 


V = J(* + xO)dA. 

0 = djxdA, 


that is, the first moment of area of the plane of flotation about OY is 
zero. Therefore the centroid of the plane of flotation must lie on OY. 
Thus if the body turns without altering the volume immersed the axis 
of rotation must pass through the centroid of the plane of flotation. 
With reference to the axes OX, OY, OZ (Fig. 317), let (x, y, z) be the 



(i) 


Fig. 317 


(ii) 
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coordinates of the centre of buoyancy H in the undisturbed position 
and (x' f y\ z') its coordinates in the disturbed position. Since H is the 
centre of gravity of the volume (of liquid) cut off we have 

Vx = jxzdA, Vy = jyzdA, Vz = ~jz 2 dA, 

the integral in each case being taken over the plane of flotation. 

In the disturbed position z is increased by xQ and the centre of gravity 

of the element {z + x8)dA is at a depth -(z + x9) below its highest 

point, that is \z — x6) below the plane OXY. 

Then 

Vx' — J**(z + x9)dA, Vy’ = ^y(z + x6)dA, Vz! = (z 2 — x^dA. 

V(x' -x) = ejx’dA, 

V(y' — y) = ffjxydA, 

V{z! — z) = -)fr^xHA. 

Since 6 is a small quantity and z' — z is proportional to O 2 it is zero to 

the first order. jxydA is the product of inertia (of area) of the plane of 

flotation about the axes OX and OY. Hence, if OX and OY are principal 
axes of the plane of flotation we have y' — y. 

J xHA is the second moment of area of the plane of flotation about 

OY. Thus if A be the area of the plane of flotation and k its radius of 
gyration about 0Y t we have 



We shall assume then that the rotation is about a principal axis of the 
plane of flotation and hence that the only first-order displacement of 
the centre of buoyancy is parallel to OX . 

12.3 Metacentric Height 

For a small rotation 9 we have found that the displacement HR' of 
the centre of buoyancy is horizontal and equal to Ak 2 9/V. 

Therefore, since (Fig. 318) 

HH f = HM tan 9, 

= HM.9, approximately. 



we have 
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The metacentric height is then 

GM = (j? - GH^, 
and the condition for stability is 


Ak* 


— GH > 0. 


The restoring couple is 


In these formulae, 



= v e (~ -gh^b 


= Q0(Ak 2 — GH.V). 



Fig. 318 


A is the area of the plane of flotation, 

k is its radius of gyration about the axis of rotation, which is a 
principal axis, 

V is the volume immersed, 
q is the density of the liquid. 

Since a plane section has two principal axes through its centroid, it is 
the height of the metacentre for rotation about the principal axis with 
the lesser radius of gyration that will determine the stability. 

If I be the moment of inertia of the body about an axis through the 
centre of gravity parallel to the axis of rotation, we have 



and hence the period of the roll is 



Example 1. A uniform circular cylinder of specific gravity s, length h and radius r 
floats in water with its axis vertical. Find the condition that it should he stable 
for small rotational displacements. 





; 


t h 

sh 

_L: 


Fig. 319 


The plane of flotation is a circle of radius a 
(Fig. 319) and the second moment about a 
diameter is 

Ak 1 = \n r 4 . 

4 

The volume immersed is 

V - nrHh, 

Ak 1 r* 

T = iJh' 


A.M.E.-14 
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Example 3. A log of length l and specific gravity s whose cross-section is an isosceles 
triangle of base a and height h , floats in water with the surface containing the base 
horizontal . Find the condition that the equilibrium be stable. 


Let A be the height of the vertex above the free surface and x the width of 
the plane of flotation (Fig. 321). 


Then 


Also 


therefore 


kxl 


(1 - s)-ahl $ 


kx — (1 — s)ah. 


x 

A 


a 

h' 


A* ** (1 — S )h*. 


The depth of the centre of buoyancy H below the vertex is 


Therefore 


Also 


\ah x |h — \xk x §A 
\ah — \kx 
2 A 3 — A 8 
“ 3'A* - A 2 * 

2 A 2 (A - k) 

“ 3 A 2 — A 2 * 

L — A*** 

V \l(ah - xky 
la* k* 

" 6 A 2 * h* - A 2 * 



Fig. 321 


Therefore, for stability in the plane of the cross-section we must have 
la 2 A 3 2A 2 (A - A) 

0A*A‘ - A* > 3 A* - A‘ ' 


that is 


h 

4A* > A 


- 1 , 




1 - s' 


^ a*Ja 2 + 8A 2 ) 
< (a* + 4A 2 ) 8 ‘ 


For longitudinal stability we must have 

I, &xl> 1 l*k ^ 2 A*(A-A) 

V ~ il(ah - kx) “ 6 A* - A» > 3 A* - A* ' 

that is ~ > y^ 1 * * * V — 5) — (1 — s). 


12.4 Floating Body containing Liquid 

Let G be the centre of gravity and M the metacentre for rolling dis¬ 
placements of a body of weight W (Fig. 322). The force of buoyancy is 




408 APPLIED MATHEMATICS FOR ENGINEERS [12 

W and the restoring couple when 
the body tilts through a small 
angle 6 is 

W x GM x 0. 

If the body contains liquid of weight 
W' with a free surface in the body 
we have the weight W — W' of the 
body acting at the centre of gravity 
of the body and W' acting at the 
centre of gravity of the internal 
liquid. The line of action of W’ is 
found in the same way as if the 
body were displacing this liquid 
W'. When the body tilts through 
a small angle 0 the line of action passes through a point M' on GM; 
the point M' would be the metacentre if the body were floating so as 
to displace the internal liquid. 

Then the restoring couple is seen to be 

(IF x GM — W' X GM')0 , 
and this quantity must be positive for stability. 



Example 4. A uniform thin metal cylinder which has a bottom but no top floats in 
water with its axis vertical. The cylinder is 1 ft. high, 8 in. radius and would 
contain three times its weight of water. Show that if it floats with its axis vertical 
the equilibrium is stable. Show also that if water of weight equal to half that of 
the cylinder is put into it the equilibrium is unstable. 

The centre of gravity of the cylinder (Fig. 323) is at height h in. above the 
base where 

x 8 X 12 x 6 
h ~ 2^ x 8 x 12 + ji X 8* 

= 4-5 in. 

In the first case 4 in. of the side is immersed and 


GM 


n X 8 4 

n X 8 2 x 4 x 4 


- (4-5 - 2) 


= 4 _ 2-5 = 1-5 in. 


Thus the equilibrium is stable. 

Let W be the weight of the empty cylin¬ 
der. When the water is put into the 
cylinder it sinks 2 in. and we have 


___ n X 8 4 

GM — -—-—-- —( 4*5 

n X 8 2 x 6 X 4 



-W XGM = \w. 
2 4 



Fig. 323 
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Also 


GM' « 


n x 8 4 


71 X 8 2 x 2 x 4 
: 4-5 in. 


- (4-5 - 1) 


V x GM' = V- 
2 4 

3 1 

Then -W x GM — -W x GAT 
* 2 


— -PF, and the equilibrium is unstable. 


12.5 Experimental Determination 
of the Metacentric Height 

The position of the metacentre of a 
ship may be found by moving a weight 
across the deck. If the weight is w and 
is displaced a distance l (Fig. 324) a 
couple wl is applied and if the ship there¬ 
upon lists through a small angle 0, the 
couple wl balances the restoring couple 

W x GM x 0. 



Hence GM = —. 

W8 


Fig. 324 


Example 5. A ship whose displacement is 5000 tons lists 1 degree when a load of 
10 tons is moved 35 ft. across the deck. Find the metacentric height. 

0 = 1 degree 
= 0 0175 radians. 


GM 


10 x 35 
5000 x 0 0175 


= 4 ft. 


EXERCISES 12 (a) 

1. A uniform solid cylinder has height h, radius r, and specific gravity s. 

Find the limits between which hjr must lie in order that the cylinder 
may float in water with its axis vertical. (L.U., Pt. II) 

2. A uniform circular cylinder whose radius is two-thirds of its height 
floats in water with its axis vertical. Show that if its specific gravity 
lies between J and $ its equilibrium cannot be stable. (L.U., Pt. II) 

3. A uniform thin-walled tube, open at both ends, of length h and radius 

r floats in water with its axis vertical. If its specific gravity is 0*64, 
show that this position is stable if 12 h < 2 5r. (L.U., Pt. II) 

4. A cylindrical block of wood of radius r, length 2 r and weight W floats 

in water in unstable equilibrium with its axis vertical and one-quarter 
of its volume immersed. Show that the equilibrium may be rendered 
just stable by fastening to the base of the cylinder a metal plate of 
approximate weight 0*41 W. (The volume of the plate may be neg¬ 
lected.) (L.U., Pt. I) 
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6 . A uniform thin hollow circular cylinder without ends, made of material 
of specific gravity s floats in water with its axis vertical. Prove that 
the equilibrium will be stable if the ratio of the height to the radius 
of the base is less than {$(1 — s )} v *. (L.U., Pt. II) 

6 . A cube of side 2 ft. has a cylindrical hole of radius 6 in. drilled cen¬ 

trally through it at right-angles to one face. If it floats in water with 
the axis of the hole vertical, find the values between which its specific 
gravity must lie for stability. (L.U., Pt. II) 

7. A uniform right circular solid cylinder of radius r, length 21 and 

specific gravity £ floats in water with its axis horizontal. Find 
approximately the work done in rotating the cylinder through a small 
angle 6 about a horizontal axis through its centre perpendicular to 
the axis of symmetry. Deduce that the original position is stable for 
this type of displacement if / > r. (L.U., Pt. II) 

8 . A uniform wooden beam of square section floats in water with one 

face horizontal. Show that the equilibrium will be stable only if the 
specific gravity of the wood is either between 0*79 and 1-0 or less than 
0-21 approximately. (L.U., Pt. II) 

9. A uniform wooden rod whose cross-section is a right-angled isosceles 
triangle floats on water with the face containing the hypotenuse of 
each section horizontal and immersed. Show that, for the equilibrium 
to be stable, the specific gravity of the wood must be less than J. 

(L.U., Pt. I) 

10 Determine the condition of stability of equilibrium for a solid of 
revolution floating with its axis vertical. A cylindrical hole of radius 
y is drilled centrally through a cube at right-angles to a pair of 
faces. If the cube floats in a liquid of double its density with the axis 
of the hole vertical, prove that the equilibrium is stable provided the 
radius of the hole lies between the positive roots of the equation 
§nr* __ 3 -f a 4 = 0 , where a is the length of an edge of the cube. 

(L.U., Pt. II) 

11 . A homogeneous solid floating in equilibrium is removed from the liquid 
and placed in the inverted position in a second liquid of such density 
that the plane of flotation is the same as before. Show that the two 
positions are both stable or unstable. 

A uniform lamina in the form of a regular pentagon floats sym¬ 
metrically with its plane vertical, with three edges completely im¬ 
mersed. Prove that the equilibrium is stable for displacements in the 
vertical plane of the lamina if not more than one-quarter of each of 
the remaining edges is immersed. (L.U., Pt. II) 

12 . If a body be floating in equilibrium in a liquid of weight w per unit 
volume prove that the couple required to give it a small displacement 
6 about a horizontal axis is w6(I — V .HG), where I is the second 
moment of the section of flotation about the axis, V the volume of 
liquid displaced, H the centre of buoyancy and G the centre of gravity 
of the body. 

A rectangular block measuring 3 ft. X 2 ft. x 1 ft. floats in water 
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with its shortest edges vertical and one-third of its volume immersed. 
If the transference of a 1 lb. weight from one side to the other of the 
top face parallel to the 2 ft. edge tilts the block through 2$°, find the 
height of the centre of gravity of the block above its base. 

(L.U., Pt.II) 

13. A uniform thin rod, of length a, cross-section a and specific gravity 
5 (< 1), has one end freely hinged at a point at a height na above the 
surface of the water in a large vessel, and is partially immersed mak¬ 
ing an angle 0 with the vertical. Find the moment about the hinge 
which must be applied in order to maintain the rod in this position. 
Hence, show that, if V is the total potential energy of the system, 

dV 1 

— = ~a*ag sin 0(s — 1 + n* sec* 0). 

Prove that the vertical position is stable if n* > (1 — s), and find the 
stable positions if «*<(! — s). (L.U., Pt. II) 

14. A uniform solid cylinder, whose length is equal to 3/4 of its diameter 
and whose specific gravity is 1/2, floats in water. Show that there is a 
position of equilibrium in which the axis of the cylinder is inclined to 
the vertical, and that the equilibrium in this position is stable. 

(L.U., Pt. II) 

15. A cylindrical can, open at one end, is made of uniform thin metal. Its 

height is equal to its diameter, its weight is W, and it would hold a 
weight 2W of water when full. Show that if floated empty in water, 
with its axis vertical and the open end uppermost, the equilibrium 
would be unstable, and find the least weight of water which must be 
put into the can to make it stable. (L.U., Pt. II) 

12.6 The Quantity Equation 

We now consider the motion of a perfect fluid without viscosity, and 
we consider, in the first place, the motion of incompressible fluids. 
When a liquid, such as water, is flowing through a channel there is evi¬ 
dence of viscosity in a tendency of particles of the liquid to adhere to 
the sides of the channel and to each other, so that the rate of flow may 
be greater in the centre than at the sides. We can treat such motion as 
if it were uniform with the mean velocity of the stream allowing, if 
necessary, for loss of velocity due to friction. 

A streamline in a moving fluid is a line drawn in the fluid such that 
its direction at any point is the direction of motion of the particle at the 
point. If the motion of the fluid is steady, so that the velocity at any 
point is independent of the time, the streamlines are the paths of 
particles of the fluid and can be seen by introducing colouring matter 
in the fluid. If water is flowing along a channel at low velocity the 
streamlines will generally be parallel to the sides of the passage. If the 
velocity is large there may be cross-currents and eddies and the stream¬ 
lines curved in various ways; this is called turbulent flow. 

A stream filament is a tube bounded by streamlines and we shall 
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generally assume the cross-sectional area of a stream filament to be 
infinitesimal. No liquid can cross the streamline boundaries of a filament 
since the direction of motion is always tangential to the streamlines. 
Thus a stream filament resembles a material tube in that what goes in 

at one end must come out at the other end. 
It is assumed that there is no forming of 
cavities in the liquid such as may occur in 
water when the pressure (including atmo¬ 
spheric pressure) is below about 8 lb./in. 2 . 

Thus if A x and A 2 be the cross-sectional 
areas at two points P and Q on a stream 
filament, and v x and v 2 the velocities of 
the fluid at P and Q respectively (Fig. 325), the quantity of fluid 
passing the point P in unit time is A x v lt while the quantity passing 
Q in the same time is A 2 v 2 . 

Thus AjVj = A 2 v 2 . 

This is known as the quantity equation and applies not only to motion 
along a stream filament but to steady motion along a pipe or channel, 
Aj and A 2 being the cross-sectional area of the liquid at two points and 
v t and v 2 the corresponding velocities. The quantity of liquid Q which 
passes a point in unit time is therefore constant and the quantity equa¬ 
tion may be written 

Av = Q (a constant). 

Q is usually measured in cubic feet per second and is called the discharge. 
If q be the density of the liquid, we have 

qAv — qQ (a constant), 

and qQ is the mass discharged , usually in pounds per second. In this 
form the equation applies to the steady motion of a compressible fluid 
along a stream filament. 

Example 6 . An open horizontal channel of rectangular cross-section varies gradually 
in width, being 8 ft. wide at a point A and 10 ft. wide at a point B. If the depth 
of the water is 4 ft. at A and 2*2 ft. at B , and the velocity at A is 10 ft.jsec., 
find the velocity at B. 

The quantity passing the point A in 1 second is 
8 x 4 x 10 = 320 cu. ft. 

If v ft./sec. be the velocity at B, the quantity passing B in 1 second is 
10 x 2*2 x v ~ 22v cu. ft. 

320 

Therefore v — — = 14*5 ft./sec. 

zz 

12.7 The Head of a Liquid 

Consider a small mass w lb. of liquid which is under a pressure of 
p lb./sq. ft,, which is at a height h ft. above some standard position and 
which is moving with a velocity of v ft./sec. 
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(i) Pressure Head 

If q lb./ft. 8 be the density of the liquid, the pressure p could be due 
to the depth h x ft. of the mass below the free surface of the liquid, and 
p — qH v If the liquid is under pressure without having a free surface 
we may still think of the pressure as due to a head h x of liquid, where 
hi = PlQ' 

The quantity pjq ft. is called the pressure head of the mass of liquid. 
wpjq ft.lb. is called its pressure energy . 

(ii) Potential Head 

The potential energy of the mass of liquid referred to the standard 
position is wh ft.lb. The height h ft. is called the potential head of the 
mass of liquid. 

(iii) Velocity Head 

If the velocity v were due to falling freely under gravity through a 
height h 2 ft. we would have v 2 == 2gh 2 , and h 2 = v 2 /2g is called the 
velocity head of the mass of liquid. The kinetic energy is wh 2 — wv 2 /2g 
ft.lb. 

A mass of liquid has thus three kinds of head and its total head H is 

H = £ + — + hii. 

Q 2 g 

Bernoulli's theorem states that for a liquid of uniform density in steady 
motion the total head H is constant throughout the liquid. Alterna¬ 
tively, we may take Bernoulli's theorem as stating that the total 
energy, that is the sum of the kinetic, potential and pressure energy, 
is constant throughout the liquid. 


12.8 Proof of Bernoulli’s Theorem 

Consider a stream filament AC in fluid of density q between the cross- 
sections of the filament at A and C (Fig. 326). Let a x and a 2 be the areas 
of the cross-section at A and C respectively and let p v h v v x be the 
pressure, the height and the velocity at A and p 2t h 2 , v 2 the correspond¬ 
ing quantities at C. * 


After small time dt let the liquid 
in the filament have taken up the 
position between A' and C\ 

Then A A' = v x dt and CC — v 2 dt. 

In this displacement of the fluid 
the thrusts on the end-sections are 
p x a t and p 2 a 2 respectively and the 
work done by these forces is 

p x a x v x 6t — p 2 a 2 v 2 dt. 

The liquid has gained the 
potential energy of the mass be- 
a.m.e.— 14 * 



Fig. 326 
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tween C and C and lost the potential energy of the mass between A 
and A\ Hence the increase of potential energy is 

ga 2 v 2 dt X h 2 — Qa^dt x h x . 

It has also gained the kinetic energy of the mass between C and C f 
and lost that of the mass between A and A'. Hence the increase of 
kinetic energy is 

^(Qa 2 v 2 dt)v 2 * - 

Hence since the increase of energy is equal to the work done, we have 

p Y a x v x bt — p 2 a$) 2 bt 

= Qa t v 2 dt(h 2 + ^ - ga^St^ + '—J. 

Now from the quantity equation we have 


a i V l — a 2 V 2> 

therefore p x p 2 = n^h 2 + — o^h 1 + 

that is & b -■ + h , = ^ + h t . 

(t 2g Q 2g 

J) V 2 

Hence the total head - + -—h h is constant along the stream fila- 
Q H 

ment. 

If the liquid is in steady motion in a channel or pipe so that the 
velocity is uniform over a cross-section the velocity head is constant at 
all points of the cross-section. The total of the pressure head and 
potential head is also constant since the difference in potential head of 
two points of the cross-section is equal to their difference of pressure 
head. Thus the total head 


h=£ + £ + h 

Q 2 g 


is constant throughout the liquid. 


Example 7. (Toricelli’s theorem.) An aperture in the side of a tank is at a depth h 
below the free surface of the liquid in the tank. Show that the velocity of the liquid 
at the aperture is \/{2gh). 

Let A be a point on the free surface of the liquid 
and B the aperture (Fig. 327). We suppose that at 
A and B the atmospheric pressure is p a and that 
the level of liquid in the tank is maintained con- 
? - stant. 

-"£■ At A the velocity head is zero, the potential head 
is h with respect to the level at B and the pressure 
head is p a (g. 



Fig. 327 
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Thus 



At B, let v be the velocity, the potential head is zero and the pressure head 
is pjg , therefore 


H 


^ ,Pa 

2g e' 


Equating the two values of H we have 

i»* = 2 gh. 


Example 8. Water is flowing along a pipe 100 ft. long. The pipe has a diameter of 
8 in. at one end and tapers gradually to a diameter of 4 in. at the other. The end 
with the larger diameter is 10 ft. higher than the other. If the pipe discharges 
1000 gallons per minute, find the difference of pressure between the ends of the 
pipe. 


The quantity discharged per second 

1000 x 10 
“ 62-5 X 60 
8 


cu. ft. 


3 


cu. ft. 


Hence the velocities at the lower and upper ends are, respectively. 


8 36 , . 

: - X — — 30-56 ft./sec., 
3 71 


8 9 

=* - X — = 7-46 ft./sec. 


2g 


3 71 

(30-66)* 

64 

(7-46)* 


14-59 ft.. 


0-91 ft. 


2 g 64 

Taking the potential heads at the two ends as 0 and 10 ft. respectively and 
the pressures as p x and p % lb./ft.*, we have, from Bernoulli’s equation, 

^ + 0+ 14-69 * t* + 10 + 0*91, 

Q Q 


Pm -Pi 


3-68 ft.. 


Pt - Pi ~ 3*68 x 62*5 lb./ft.* 
- 1-60 lb./in.*. 


12.9 The Venturi Meter 

The Venturi meter for measuring 
the flow of a liquid consists essentially 
of a length of pipe tapering to a 
narrow throat (Fig. 328). The difference 
in the pressure at the throat and at 
another point is measured by tubes 
inserted in the pipe at these points. 



Fig. 328 
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Only the difference in pressure is required so that a U-tube containing 
mercury may be used. 

Let and a 2 be the area of the cross-sections at the two points A 
and B and let and v 2 be the velocities at the points. Let the differ¬ 
ence in the pressure heads at A and B be h . Then, assuming the pipe to 
be horizontal, we have from Bernoulli's equation. 

ti + Yl = t* 4- Hl 
Q %g Q 2g 

Pi — v * — v .l 

Q Q 2 g ’ 

From the quantity equation we have 
= a 2 v 2 = Q, 

therefore 2gh = v i 2 (^ l 2 — 1^, 


Vl 


CL 2 

V(* 1 * - « 2 2 ) 


V( 2 e h )> 


U-tda 


V( a i - a i) 

= ch V2 , 


V(2 8 h )> 


where c is a constant for the meter. 

Due to frictional losses the total head at the throat is reduced and the 
observed value of h is too great. This is allowed for by introducing a 
coefficient k and taking the flow as Q = kch m . 

Values of k of about 0-97 are common. 


Example 9. A Venturi meter placed in a horizontal water pipe of 4 in. diameter re¬ 
duces to 1 in. diameter and the pressure difference recorded at the two diameters 
is 1-3 in. of mercury (S.G. 13*6). Find the flow , assuming that the constant of 
the meter is 0*97. 


Here 


h = 


1*3 X 13*6 
12 


= 1*473 ft. of water. 
V(2g) 

v« - «.•>* 

in 

a 1 = — s q.f t .. 




0-97 c 
h 111 

Q 


71 

4 x 144 


sq. ft., 


4ji X 8 
144 V( 255 ) 
0*042, 


0*0437. 


1*213, 

0*061 cu. ft./sec. 
3*1 cu. ft./min. 



FLOW IN A RECTANGULAR CHANNEL 


417 


12 ] 


L—L 


Pa 




1 


12.10 Flow in a Rectangular Channel 

If a liquid of density q flows in a channel with a rectangular cross- 
section and a horizontal bottom (Fig. 329), let b be the width of the 
channel, h the depth of the liquid and u the 
velocity assumed uniform over a cross-section. 

The pressure on the free surface being atmo¬ 
spheric and equal to p ai we have, from Bernoulli’s 
equation, 

-f h = constant. 

Q 2g 

The variation of atmospheric pressure being 
negligible as the depth varies we have 

u 2 + 2 gh = constant. 

If the width b varies gradually, the quantity equation gives 
ubh = constant. 

If we consider small variations of u t b and h we have 

udu + gdh — 0, 

du db dh __ n 

-r "7—I 7 — 

ubh 


Fig. 329 


hu 2 


Eliminating du we have — , 

6 db b(gh — u 2 ) 

Thus if u 2 < gh, h and b increase together and u decreases as b in¬ 
creases. 

To find the velocity u x at a point where b = b v we have 
w 2 + 2gh = u x 2 + 2 gh lt 
ubh = 


hence 


«1* — («* + 2gh)u t + 2 = 0. 

o, 


Exam ple 10. Water is flowing uniformly in a channel of rectangular cross-section 
with a horizontal bottom. If the channel is 8 ft. wide and the water 4 ft. deep at a 
point A, and the velocity at A is 10 ft.fsec., find the velocity at a point B where 
the channel has increased in width to 10 ft. 


Let h ft. be the depth of water at B and v ft./sec. the velocity there. If the 
total head is the same at A and B, omitting the head due to atmospheric 
pressure we have 


v* 
2 g 


+ h - 



4. 


From the quantity equation we have 

10 x h X v = 8 X 4 X 10. 
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Eliminating h we have 


32 100 

64 + 7 = 64 + 4 ’ 


whence 


v 8 - 356v + 2048 = 0, 

v = 6*54 ft./sec. 
h * 4-90 ft. 


12.11 The Pitot Tube 






v\ 


Fig. 330 


The Pitot tube is an instrument by which the velocity of a liquid 
may be measured. It consists essentially of a tube containing mercury 
with one limb open at the end and placed parallel to the streamlines of 

the liquid (Fig. 330). The other 

\ ^- - , _ v limb, also parallel to the 

__ streamlines, is sealed at the 

Q 1 end but has an opening in the 

side at B. 

Let p be the pressure of the 
liquid at A and v the velocity, 
and let p y be the pressure on 
the surface of the mercury at C. 
Then assuming Bernoulli's equation to hold inside the tube and the 
potential head to be constant we have, since the velocity is zero at C, 

£ + — = £±. 

Q 2 g q' 

Since the limb at B is parallel to the stream lines no liquid enters the 
opening and the pressure just inside the tube at B is equal to that out¬ 
side which is p. Thus the pressure on the mercury at D is the pressure 
p and the difference in the level of the mercury at D and C measures 
the difference p A — p . 

Thus if h be the difference of the levels at D and C, and 5 the specific 
gravity of the mercury, we have 




and hence 


- p = sgh , 
v 2 = 2 gsh. 


A simple form of Pitot tube consists of a 
glass tube with its lower end bent through a 
right-angle and open at both ends. The tube 
is placed in a stream with the bent open end 
facing the direction of flow (Fig. 331). The 
water enters the tube and rises above the 
free surface inside the tube. Thus the 
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velocity head of the flowing liquid is converted into a potential head. 
If v be the velocity and h the height of liquid in the tube above the free 
surface we have 



and thus the velocity is determined. 


12.12 Free Surface of a Rotating Liquid 

Let a circular cylinder containing liquid rotate about its axis, which 
is vertical, with angular velocity co (Fig. 332). Let an element of the 
liquid of mass w be distant r from the axis of rotation on the free surface 
at P and at a height z above the lowest point of the free surface 0 . 

• w , 

The centrifugal force on the mass due to rotation is -ofr acting hon- 

g 

zontally and its weight w acts vertically downwards. The components 
of these two forces along the tangent to the free surface must balance, 
therefore, if tp be the inclination to the horizontal of the tangent at P, 
we have 

w „ 


g 


that is 


tan tp = 

dz 
dr 



■I 


ru 


Since z = 0 when r = 0 the constant is zero and we have the equation 
of a parabola 

2 g ' 

For the surface as a whole, writing r a == x* + y*, we have the equation 
of a paraboloid. 

2 gz — co*(x 2 + y*). 

If a be the radius of the cylinder, the height h of the paraboloid is 

h = °^a 2 

% 

_ v 8 

”2 g' 

where v is the greatest fluid velocity. 
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The centrifugal thrust on a small radial element inside the liquid of 
length dr and volume Adr distant r from the axis is 


gAdr 


g 


<o*r. 


Thus the centrifugal pressure per unit area is ^-rdr. 

g 

Integrating this quantity from r to a, we have the centrifugal in¬ 
tensity of pressure at the boundary 


Pi 


= [ m e* 

Jr g 

=|V 


rdr 


*')> 


r being the radius to the inner surface. 

Thus the centrifugal head at the boundary is 


Q 2g 


r 2 ). 


2 g 2g 

where v, and v 2 are the velocities of the fluid at the inner and outer 
surfaces. 


12.13 Fluid-filled Rotating Cylinder 

Let a closed cylinder of radius R full of liquid of density q be turning 
about its axis, which is vertical, with angular velocity a>. 

The centrifugal intensity of pressure at distance r from the centre is, 
from § 12.12, 

. 

?Iff 

This pressure acts outwards from the centre, but as the pressure is the 
same in all directions, it acts on the top of the cylinder. 

The thrust on a small ring of the top of radius r and width dr is there¬ 
fore 

2nrdr.^r*. 

2g 

The total upward thrust on the top of the cylinder is 

g Jo 

__ 7lQCO*R* 

±g~' 
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Example 11. A closed cylinder of 6 in. internal diameter is filled with mercury and 
rotates about its axis, which is vertical, at 900 r.p.m. Find the liquid thrust on 
the top of the cylinder. 


Here 

and the thrust is 


co = 30 tt rad./sec., 
n X 62*5 x 13-6 x (3%)* X (l/4)« 
4 X 32 
= 724 lb. 


12.14 Time to Empty a Tank 

When a liquid flows through an orifice in the base or side of a tank 
there is a convergence of streamlines at the orifice with the result that 
the jet which issues has a cross-section 
appreciably less than that of the orifice. 

The section of the jet xx' at which the 
streamlines first become parallel (Fig. 333) 
is called the vena contracta and this is the 
effective cross-section of the orifice at which 
the discharge is to be calculated. 

Let A be the uniform cross-sectional 
area of a tank, h the height of the liquid 
in the tank at any instant, a the effective 
area of an orifice in the base and v the 
velocity of the emerging liquid. 

Since the potential head h is being converted to a velocity head 
v 2 /{2g), we have 

v = V( 2 g h )> 

The quantity emerging in time St is 

avdt = a{^2gh)8t. 

If the free surface falls through —Sh in this time the quantity emerging 
is — Adh. 


\ 



Fig. 333 


Therefore 


-Adh- 

dh 

it 


a\/(2gh)dt, 

a^/{2gh) 


If T be the time for the level to fall from H to 0, we have 

a r° 

T =- - h~ m dh 


“V{2g)J H 

2 A 


«VVg) 

2A 


H 


.. Hv 


ai/(2g) 

AH 

\aVVgHY 
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This is the volume of the liquid divided by one-half of the maximum 
rate of discharge. 

If the tank is discharging into another tank of uniform cross- 
sectional area A x let h x be the height of the free surface in the second 
tank, and let h — h x = H initially (Fig. 334). 


Then 



v 2 = 2 g(h — /q), and —A6h = A-fth^ 

Therefore a{2g(h — h^} m 8t — — Adh . 
Writing x = h — h v 

dx = dh — 8h x 


6 h = —dx. 


A + A t 


Then 


St 


T = 


AAy 


1 


A + A t ay'{2g) 


x~ m Sx, 


AA 1 


i_r 


+ A t a-\/(2g)j c 
AA X H 


x~ 1K dx 


A + A l 'ia^(2gH)' 


It is easily seen that AAJI^A + AJ is the volume of liquid eventually 
transferred to the second tank, and the time is this volume divided by 
one-half of the maximum rate of discharge. 


EXERCISES 12 (6) 

L Water at a pressure of 4 lb./in. 2 is pumped into a tank through an 
orifice 10 ft. below the free surface. Neglecting friction, find the 
velocity of flow through the orifice and the rate at which work is being 
done. 

2. Water flows through an orifice in the vertical side of a tank the dia¬ 
meter of the jet being 2 in. The jet moves 4 ft. horizontally while 
falling 2 ft. Find the rate of discharge of water in gallons per minute 
and the height of the free surface above the orifice. 

3. A water channel has a rectangular section and a horizontal bottom. 
The channel is 12 ft. wide and the water is 4 ft. deep, the flow being 
384 cu. ft./sec. The channel gradually widens to a point at which the 
velocity of the water is 6 ft./sec. Find the width of the section and the 
depth of the water at this point. 

4 . A water channel has a rectangular section and a horizontal bottom. 
At a point where the velocity is 6 ft./sec., the channel is 8 ft. wide and 
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the water is 3 ft. deep. The channel gradually widens to 9 ft. Find the 
new velocity and depth of the water. 

5. A channel has a horizontal bottom and vertical sides. At first the 
breadth is uniform and equal to b, then the bottom widens gradually 
and symmetrically until it is again of uniform breadth now equal to 
b v Water flows steadily along the channel. If u and h are the speed 
and depth where the breadth is 6, and if h x is the depth where the 
breadth is b v prove that h x < h if u 2 > 2 gh^l(h x -j- h). 

(L.U., Pt. II) 

6. A water tap of a diameter 1/4 in. is 60 ft. below the level of the 
reservoir which supplies water to a town. Find the maximum amount 
of water which would be delivered by the tap in gallons per hour. 

(L.U., Pt. II) 

7. A vertical water pipe reduces gradually from 9 in. diameter at a 
point A to & in. diameter at a point B, 20 ft. below A. The flow is 
6 cu. ft./sec. and the pressure at A is 10 lb./in. 2 . Find the pressure at B. 

8. Petrol is led steadily through a pipeline which passes over a hill into 

a valley. If the crest of the hill is at a height h above the level of the 
pipe in the valley show that by properly adjusting the ratio of the 
cross-sections of the pipe at the crest and in the valley the pressure 
may be equalised at these two places. (L.U., Pt. II) 

9. A horizontal pipe running full of water tapers from 8 in. diameter at a 
point A to 1J in. diameter at a point B. The difference of the pressures 
at A and B is that due to a head of 10 ft. of water. Find the velocity 
of the water at the larger section and the flow in gallons per minute. 

10. Liquid of density q is flowing along a horizontal pipe of variable cross- 
section, and is connected with a differential pressure gauge at two 
points A and B. Show that, if p x — p 2 is the pressure indicated by 
the gauge, the mass of liquid flowing through the pipe per second is 

where a v a 2 are the areas of the cross-sections at A and B respectively. 

(L.U., Pt. II) 

11. Water flows steadily through a horizontal pipe at the rate of 2 cubic 
feet per second. At a point A the sectional area of the pipe is 0*26 
sq. ft. and the pressure at the centre of this section is 3000 lb. per 
sq. ft. At a point B, down-stream from A, the sectional area is 0T25 
sq. ft. and the pressure at the centre of this section is 1200 lb. per 
sq. ft. Find the loss of energy per cubic foot of water between A and B. 

(L.U., Pt. II) 

12. A vertical water pipe is 2 in. in diameter at a point A and 1 in. in 
diameter at a point B, 6 ft. below A. Pressure gauges at A and B 
record a pressure difference of 4*5 lb./in. 2 . Neglecting frictional losses, 
find the quantity of water flowing through the pipe. 

13. A Venturi meter tapers from 12 in. diameter to 4 in. diameter at the 
throat and the recorded pressure difference at the two points is 2 in. 
of mercury (S.G. 13*6). If the coefficient for the meter is 0*97, calculate 
the discharge in gallons per minute. 
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14. A Pitot tube placed in a water pipe 9 in. in diameter parallel to the 
flow records a difference of pressure of 3 in. of water at its two 
orifices. Find the discharge through the pipe. 

15. Water is flowing from a tank A in which the water level is 20 ft. above 
the orifice into a tank B in which the water level is 10 ft. above the 
orifice. Find the velocity of the water. If the tanks are of the same 
uniform cross-section of 8 sq. ft. and the effective cross-section of the 
orifice is 1 in. 2 , find how long it will take before the levels in the two 
tanks are equal. 

16. A hemispherical bowl with its axis vertical is filled with water and 
discharges through an orifice at its lowest point. Show that time of 
discharge is the volume of water divided by fths of the maximum 
rate of discharge. 

17. A boiler is a cylinder of 4 ft. diameter with its axis horizontal and 
10 ft. long. If it is half full, find the time to empty the boiler through 
an orifice of effective diameter 2 in. 

18. A cylinder 8 in. in diameter containing liquid is placed centrally on a 
circular disc rotating in a horizontal plane. The paraboloid formed by 
the rotating liquid is 8 in. in height. Find the rate at which the disc 
is rotating. 

19. A closed cylinder of 4 in. radius is filled with water and placed 
centrally on a disc rotating in a horizontal plane. When the thrust of 
the liquid on the top of the cylinder is 50 lb., find the speed of rotation 
of the disc. 

20. Water flows up a vertical pipe and then flows radially between two 
horizontal circular plates of radius R a small distance d apart. Show 
that if p 0 is the pressure, v 0 the velocity in the pipe and r its radius, 
the pressure on the plates at distance x from the centre is 



Hence, show that the total pressure on one of the plates is 


qtz(R 2 - r 2 ) 



7tQY 2 V 0 2 

4 gd 2 



12.15 Stream Functions 

Two-dimensional flow of a fluid is completely defined by the flow in 
one plane, the flow in any parallel plane being exactly the same. Thus 
streamlines drawn in the plane represent the flow in all parallel planes. 
An obstacle bounded by surfaces perpendicular to the plane will be 
represented by a curve in the plane, and the streamlines will give the 
pattern of the flow round the obstacle. If the flow is steady the condi¬ 
tion of continuity must hold everywhere in the plane and we may 
apply the continuity equation to a unit depth of fluid moving parallel 
to the plane. 






Fig. 335 
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Consider a point P in the plane whose coordinates with reference to 
a fixed origin 0 are (x, y) and let OCP be any curve in the plane joining 
the points 0 and P (Fig. 335). The flux y) across the line OCP is defined 
as the volume of fluid per unit depth crossing the boundary OCP in 
unit time, the flux being positive if to an ob¬ 
server at 0 looking along OP the flow is from 
left to right. 

Let yf be the flux across any other curve 
OCP in the plane. From the condition of con¬ 
tinuity we have y>' — yj, and hence the flux 
across any curve joining 0 to P depends only 
on the coordinates of P and we may write it 
as rp(x t y). 

The function of position y>{x , y) is called the stream function of the 
flow. The stream function is defined with reference to a particular 
origin 0, but a change of origin to O' merely adds to the flux across OP 
the constant flux across O'O and increases the stream function by a 
constant. The stream function may also be written as y)(r, 6) in terms 
o # of polar coordinates r and 0. 

It is evident that if (x' t y f ) be the co¬ 
ordinates of another point P' in the plane 
(Fig. 336) the flux across PP' is 

y>(x’, /) - y>{x, y). 

If P and P' be two points on a streamline 
there is no flux across PP' and hence 

¥>(*'>/) =H>(x,y). 

Thus the stream function has a constant value along a streamline and 
the equations of the streamlines are therefore 



y>(x,y) = C v 
y>(x, y) = C 2 , etc. 

where C v C 2 , etc., are constants. The flux across any line joining the 
streamlines y) = C x and rp — C 2 is C x — C 2 , and streamlines are usually 
drawn with equal differences C 1 — C 2 , C 2 — C 3 , etc., so that equal 
quantities of fluid pass between the streamlines. 


12,16 Differentiation of a Stream Function 

Let rp(x , y) be the stream function at a point P whose coordinates are 
(x, y) in a steady two-dimensional flow, and let u and v be the com¬ 
ponents of the velocity of flow at P parallel to the axes of x and y 
respectively. Let P' be the point (x + dx, y + fy) and P'NP a right- 
angled triangle with sides parallel to the sixes (Fig. 337). 

The flow across NP' is udy, and across PN it is —vdx. Hence, from 
the condition of continuity, the flow across PP' is —vdx + udy. 
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Now the flow across PP' is the increase of the stream function f, 
and, dx and 8y being infinitesmal, we have 

Therefore u = 

dy 


If the components of velocity are known at any point in the flow, the 
stream function may be found by integrating the equation 

dip — — vdx + udy. 

Thus if the flow has everywhere constant velocity u 0 parallel to the 
tf-axis we have 






tp = u Q y + constant, 

and the streamlines are parallel to the %-axis. 




If the flow has everywhere a velocity with components u Q and v 0 
parallel to the x- and y-axes respectively, we have 

dw dtp 

dy ^ U °’ dx “ 


yj — u 0 y — VqX + constant, 

and the streamlines are parallel to the straight line u 0 y — VqX = 0. 

In polar coordinates, let the coordinates of the points P and P r be 
(r, 8) and (r + Sr, 8 + 88) respectively, and let the velocity of flow at 
P have components u along the radius vector and v perpendicular to 
it in the direction of 8 increasing (Fig. 338). Considering the flow across 
the sides of the triangle PNP' whose lengths are r88 and 8r, we find 
that the flow across PN and NP' is 


ur88 — vdr. 
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The flow across PP' is dw = ~Sr + ^~d0. 

or dO 

1 dy> 

Hence U== ?W 


12.17 Sources and Sinks 

A source is a point in the plane of a two-dimensional flow at which 
liquid appears, and the strength of the source is the quantity of liquid 
(per unit depth) which appears in unit time. If m be the strength of the 
source a quantity m must cross the circumference of a circle of radius r 
about the source in unit time, and hence the velocity of flow at a dis- 

m 

tance r from the source is — along the radius from the source. 

2 nr 

Thus in polar coordinates, the origin being at the source, we have 

\chp m _ q 

r dO 2 nr dr 

and hence w = + constant. 

2 n 

Thus the streamlines are straight lines radiating from the source. The 
quantity \p is rendered single valued and the source itself is excluded by 
erecting an imaginary barrier along the positive *-axis. Thus we write 

y> = ^-6, for 0 < 6 < 2tz. 

2 71 

In Cartesian coordinates we have 


m . j 
w = — tan -1 - 
r 2n 


for 0 < tan -1 - < 2n. 
x x 


If the source is at a point (a, b) we have 


y, 


m , v — b 

i-i-i_ 


2 n 


tan - 


A sink is a point at which liquid disappears, that is a negative source, 
and for a sink of strength m at the point {a, b) the stream function is 

m , — b 

w — —— tan -1 -. 

2n x — a 


12.18 Superposition of Stream Functions 

Stream functions for more complicated patterns of flow may be ob¬ 
tained by adding the stream functions for linear flow and those for 
sources and sinks. 
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Example 12. The stream function for a source and an equal sink. 


Let the source and the sink each be of strength m and lie on the *-axis at 
distances c and —c respectively from the origin. 

m y 

The stream function due to the source is —- tan' 1 —-—, and that due to the 

2n x — c 

• i • ™ y 

smk is — — tan 1 -. 

2n x + c 

Hence, for the source and sink together we have 


¥»(*. y) 


rn , y m , y 

— tan -1 —-—-tan -1 —-— 

2n x — c 2n x c 

m 2 cy 

*5 — tan 1 ---. 

2 n x 2 + y 2 — c 2 

The streamlines are given by tp{x, y) — constant, that is 

x 2 + y 2 — c 2 

2cy ~ * 

where h is a constant, 
that is + (y - be) 2 = c 2 { 1 + b *). 

Thus the streamlines are circles with 
centres at (0, be) on the y-axis and 
passing through both the source and the 
sink (Fig. 339). Each circle is divided 
into two parts by the line PQ joining the 
source to the sink and each arc is a 
different streamline. This is evident since 
the flow pattern must be the same above 
and below the #-axis. The discontinuity 
on the line PQ arises from the fact that 
tan -1 (1 /b) may have one of two values 
which differ by n, and thus there are two 
values of the stream function for any 
value of 6. The line PQ therefore forms 
an imaginary barrier and the flow pattern 
is as shown in Fig. 339. 

Example 13. The stream function for a doublet. 

If the source and the sink of Example 
12 approach each other until they coin¬ 
cide, and at the same time their strengths increase so that cm remains con¬ 
stant, we obtain an imaginary flow pattern known as doublet flow. 

The expression obtained for the stream function in Example 12 was 



m _ 
w — tan 


2 cy 


2n x 2 + y z — c 2 

In this expression let c approach zero, while 2cm = fi, a constant- 






12] 


c* 


STREAM FUNCTIONS 429 

u , 2cy 

Then tp = lim f— tan -1 -r—■—-- 

* + y % - c ‘ 

I* 2 cy 

*= lim -7— . —-—T— 

,_►<> ^ * + y * 

= ^. y 
2^’** + y*’ 

Thus the streamlines are given by 

#9 _ 1 _ yt 

-— = b, a constant, 

2y 

** + (y - 5)9 = b\ 

The streamlines are therefore circles with centres at 
(0, 6) and radius b (Fig. 340), fi is called the moment 
of the doublet and the line joining the original source 
and sink is called the axis of the doublet. The direction 
of flow along the axis of the doublet is in the positive 
direction of the #-axis, and this flow would be reversed by changing the sign 
of /I. 



Example 14. The stream function for a source in an infinite stream . 

Let the stream have velocity U in the direction of the negative *-axis and 
let the source of strength m be at the origin. 


Then 


v(x.y) - -Vy + tan_1 7 


and we may take — n < tan -1 yfx < 71 , which is equivalent to taking a 
barrier along the negative #-axis. 

The streamline tp = 0 is 


'^+£ tan_ 1 = 0 - 

y — x tan 


2 nUy 


This is satisfied by the straight line y = 0, and by the curve y — x tan 


2 nUy 


for 


2nUy 


< n. that is \y{ < ^. 


If y 


is small we 


have approximately 

y = *• 


2nUy 

» 

m 


And hence the curve crosses the x-axis at I 01. The shape of this curve 
is seen in Fig. 341. X2nU 1 

For other values of tp lying between — $m and \m there are two branches of 
each streamline, one lying inside the curve ip — 0 and the other outside in 
the opposite half plane. The flow pattern shows the flow due to the source 
contained within the streamline tp — 0 and the uniform stream divided by 
this curve and passing outside it. 

If we consider the streamline ip = 0 as the boundary of a solid placed in the 
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Fig. 341 



infinite stream the outside pattern of flow is unchanged and we thus have the 
flow around a body of this shape placed in the infinite stream. 

For the velocity of flow in directions parallel to the axes we have 

dip TT m x 

u = — = —17 -I-.- 

dy 2n x 2 -f y 2 ’ 


Thus at the point 


dtp m y 
V “ ~"dx = 2h'x* + y 2 ' 

0^ we have u *= v = 0. This point is called the 


stagnation point for the flow round the body. 


Example 15. A doublet in an infinite stream . 


Let the stream have velocity U in the direction of the negative *-axis and 
let the x-axis be the axis of a doublet at the origin and fi its moment. 


Then 

The streamline ip 
or 


V (x,y) = -Uy + 


0 gives. 


0 , 


x* + y* 


2nU' 


Thus we have the x-axis and a circle of radius {fj,l(2nU)y /2 about the origin. 
Denoting this radius by a we have 

V(x,y) 

Since there is no flow across the streamline ip = 0, ip is the stream function 
for the flow round a circular cylinder of radius a placed in the stream and 
the flow pattern is as shown in Fig. 342. 

In polar coordinates we have 

V> - Ur sin 0^1 - ~), 
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Thus on the circumference where r = a, the radial velocity is zero and the 
tangential velocity is 2 U sin 0. 

If p 0 be the pressure in the stream at a great distance from the cylinder 
where the velocity is U, and p the pressure on the cylinder at the point 
(a, 0), we have, from Bernoulli's equation, 

/ p 4U*sin*0 _ U* 

q + 2g “ q + 2g 

P -po “^J (1 - 4sin ’ 0 )- 

We thus have an expression for the pressure at any point of a cylinder 
placed in an infinite stream of an ideal fluid. It will be noticed that the same 
pressure is ob ta i n ed for 0 and n — 0, and hence that the total pressure on the 
cylinder is zero. 


EXERCISES 12 (c) 

1. Given the stream function for a two-dimensional field of flow, show 
how to obtain the x and y velocity components at a point in the field. 

If u = 2x, v = — 2y are respectively the x and y components of a 
possible fluid motion, determine the stream function and plot the 
streamlines xp = 1, 2 and 3. (L.U., Pt. I) 

2. Explain the meaning of the term “stream function" and state the 
conditions of flow for which it can be used. Derive from your defini¬ 
tion the stream function in polar coordinates, for the following cases: 

(a) Uniform velocity in a straight line inclined at an angle a to the 
*-axis. 

(b) Flow from a source. 

(c) Flow in a doublet. 

Use a sketch to show in reasonable proportions the result of adding 
cases (a) and ( b ). (L.U., Pt. I) 

3. A line source of strength 50n ft./sec. units is situated in a uniform 

stream flowing at 40 ft./sec. At a point 2 ft. downstream of the source 
there is an equal sink. Locate the two points of zero velocity in the 
resultant field of flow and show how to trace the streamlines passing 
through these two points. (L.U., Pt. I) 
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4. Considering two-dimensional flow of an incompressible fluid deter¬ 
mine the stream function for a doublet of strength 50 ft. sec. units 
situated in a uniform stream whose undisturbed velocity is 30 ft./sec., 
in a direction parallel to the axis of the doublet and opposite to the 
doublet flow along this axis. (L.U., Pt. I) 

12.19 Properties of Compressible Fluids 

The pressure p, the volume V and the temperature T of a given mass 
of gas are linked by the characteristic equation 

p.V = K.T, 

where K is a constant. The equation is usually applied to a unit mass 
of gas and the volume of the unit mass is denoted by v. Thus if p lb. 
per sq. ft. be the pressure, v the volume of 1 lb. of gas in cu. ft., T the 
absolute temperature in degrees centigrade, we have 

pv = RT , 

and the gas constant R is in ft.lb. per degree centigrade. For the air of 
the atmosphere R = 96 approximately. 

If q be the density of the gas in lb. per cu. ft. we have qv = 1, and 
the characteristic equation may be written as 

^ = RT. 

Q 

When heat is absorbed by a gas it may expand and at the same time 
its temperature may increase. The work done in expanding may be 
measured in mechanical units such as foot pounds and the heat may be 
measured in calories. To measure the effect of heat we equate the heat 
to its equivalent mechanical energy according to the formula 
1 calorie — 3-08 ft.lb., approximately. 

We thus have an equation of conservation of energy for a unit mass 
of gas. 

Let H be the heat absorbed by the gas, 

W the work done by the gas, 

E x the internal energy of the gas, that is the heat that it con¬ 
tains, before the heat is absorbed, 

E % the internal energy after the heat has been absorbed, 
then H = W + (E M - E x ). 

Thus part of the heat absorbed goes to expand the gas and part to 
warm the gas. 

If the temperature of the gas remains constant there is no increase 
in its internal energy and the heat is entirely absorbed in expansion. 
The expansion is then called isothermal and we have H = W. 

If the gas is contained in a vessel through which no heat can per¬ 
meate and allowed to expand, we have H = 0, 

and w+(E z - E x ) = 0. 
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Thus the work done in expanding reduces the internal energy of the 
gas. In this case the expansion is called adiabatic . 

The assumption that the expansion is isothermal or adiabatic 
simplifies the equation of energy and shows exactly how the energy is 
transferred. 

12.20 Specific Heats 

The specific heat of a gas is the amount of heat required to raise the 
temperature of a unit mass by one degree. 

The specific heat k Vi at constant volume, relates to a gas in a closed 
vessel so that its volume cannot change. 

The specific heat k p , at constant pressure, relates to a gas which is 
open to the air or is otherwise kept at a constant pressure. 

Either quantity may be measured in heat units or in energy units 
per degree. 

The ratio of the specific heats is denoted by the symbol y, and we 
have 



For air at atmospheric pressure y = 1*404 approximately. Although 
the specific heats vary for different initial temperatures, their difference 
k p — k v remains constant. 

If the volume of a unit mass of gas remains constant the change in 
pressure dp due to a small increase of temperature ST is found from the 
characteristic equation to be 

dp = dT 

P 

The heat required to raise the temperature by dT at constant volume 
is therefore 

kj>T = k v A 

P 

If the pressure remains constant the change in volume dv due to a 
rise dT in temperature is, from the characteristic equation, 

dv dT 
v T' 

Thus the heat required to raise the temperature by dT at constant 
pressure is 

k v 6T = k p A 

The heat absorbed when the volume changes by dv and the pressure by 
dp is therefore 
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If the expansion of the gas is isothermal , so that its temperature remains 
constant, we have 

P V 

and the heat absorbed is 

T ( k *i + kv j) = T(k » ~ K) v 

The total heat absorbed, that is the work done, in an expansion from 
volume to volume v 2 is then 



= T(k v - k v ) log - 2 . (1) 

V 1 

If the expansion is adiabatic, then no heat is absorbed and we have 

that is — + y— — 0, 

p v 

Integrating this equation we have 

pv Y = constant, (2) 

and this gives the relation between pressure and volume in adiabatic 
expansion. Thus if p v v 1 and p 2 , v 2 be the pressure and volume respec¬ 
tively of a unit mass of gas at different times and no heat is absorbed 
or given off by the gas meanwhile, we have 

M v = M y . 

It is clear that the equation will apply to any mass of gas under these 
conditions, and if V 1 and V 2 be the volumes of the same mass, 

PiV / = P 2 V% • 

12.21 Work Done in Expansion 

Let 5 and S' be the bounding surfaces of a unit mass of gas before 
and after a small expansion against pressure p which is constant over 
the surface (Fig. 343). 

Let the normal displacement of an element 8S of S be Sn. The conse¬ 
quent increase of volume is 6S x Sn, and the total increase of volume is 
the sum of this quantity over the surface. 
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Assuming the expansion to be slow, so 
that no kinetic energy is developed we have, 
for the work done, 

W = ZpdS X dn 
= pZ(8S X dn) 

= p X increase of volume 
— pdv. 



(i) Isothermal Expansion Fig. 343 

If a unit mass of gas expands isothermally 
from volume % to volume v % while the pressure changes from p x to p lt 
we have 


pi* i = p» v »- 


Then the work done is 



= Pi*i log J 
V 1 


= RT log 


*2 

i 

*>1 


where T is the temperature at which the expansion takes place. We 
have already found (§ 12.20 (1)) an expression for W, namely 


W = (k v — k v )T log —. 

V 1 

Thus R — k p — k v 

= K(y — i)- 


(ii) Adiabatic Expansion 

If the expansion from volume v t to volume v % is adiabatic we have 

(§ 12.20 ( 2 )), 

Pi*i v = P&2* 

C v • 

W = I pdv 

J 

s= p x v^ f v~ Y dv 
J v x 

- - v-n 

l — y 

_Pfi~P^i 

l-y * 
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If T x and T 2 be the temperatures at volumes v x and v 2 respectively, 
p x v x = RT V p 2 v 2 = RT 2 , and we have, 

W' - - r *> 

= k v (T x T 2 ). 

This work is done at the expense of internal energy, and therefore W 
represents the loss of internal energy due to the fall in temperature. 
Thus k v T represents the internal energy when the temperature is T. 

Example 16. An air compressor takes in 4 cu. ft. of air at each stroke and compresses 
it so that its pressure is 60 lb. jin A If the process is adiabatic with y — 1-41 and 
the air was initially at a pressure of 14-7 lb. jin. 2 , find the work done in each 
stroke. 


We first require the volume of the compressed air from the formula 
14-7 x 4 V = 60 X V, 


V 


4 X 


/14*7\*fr 

vw) 


= 4(0*245) 1/1,41 
= 4(0*245)°* 709 
- 1*475 cu. ft. 

The work done in one stroke is 


W - A—r(P,V t - PjV,) 
y — l 

“ ^Vr(60 x 1-475 - 4 x 14-7) X 144 ft. lb. 
0*41 

- 10,430 ft.lb. 


12.22 Bulk Modulus of a Fluid 

The bulk modulus of a fluid is defined as a quantity K such that 


increase in pressure 
volumetric strain 


If —dv be the increase of the volume v of a fluid due to an increase dp 
in pressure, the volumetric strain 

v * 


K=: 



dp 

— —v-f, as i 
dv 


tends to zero. 


Thus 
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d'b 

Since the volume decreases as p increases, is negative and K is 

dv 


positive. 

For water K = 300,000 lb./in.*, approximately. 

If the change of pressure and volume of a gas is isothermal we have 


pv — constant, 

dp p 

dv v 


K — p. 

If the change of pressure and volume of a gas is adiabatic, 
pv Y — constant, 

^ = 

dv ' v 
K = yp. 


12.23 Velocity of Pressure Waves in a Fluid 

We shall assume that a pressure wave is travelling through a tube of 
uniform cross-section of the fluid causing a series of condensations and 
rarefactions which move through the 
fluid with a certain velocity u. It is 
convenient to analyse the problem by 
imposing a velocity u on the fluid in the 
opposite direction so that we have in 
the moving fluid a static pressure wave 
which causes local variations of velocity 
(Fig. 344). 

Let %%’ andyy' be two cross-sections 
of the tube a small distance apart. Let 
P\> Q\> u i ^d v 1 be the pressure, density, 
velocity and volume per unit mass re- 
pectively at xx' and p 2 , q 2 , « 2 and v 2 
the corresponding quantities at yy\ 

In steady flow the mass of fluid w between the sections is constant 
and hence if A be the cross-sectional area of the tube we have, 

w = (« - ui) q x A = (u - u 2 )q 2 A. (1) 

The change in the momentum of the mass w in 1 second is 

( 2 ) 

o o 

15 



Fig. 344 
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and since this is caused by the differences of the thrusts on the sections 
we have 


w. 

Wj — « 

w J w 

w 


Aq 2 

W* / 1 

_I\ 



w*, 

- 

-» a )- 


Therefore 


_ g(p2 - Pi) 

A 2 


v l -v % 

Now the increase in pressure between %%' and yy' is p 1 — p 2 and the 
volumetric strain is (v x — v 2 )Jv v hence 

(Pi Pi) v i 

— v 2 


K 


_ w*v x 


( 3 ) 


If there were no wave, the mass passing through the tube per second 
would be 

- Au 
w = pAu = —, 
v 

where q is the density and v the volume per unit mass, and 


w __ u 
A v 


( 4 ) 


Thus assuming that the changes in density due to the wave motion are 
small we can take Vj = v and from (3) and (4) we have 

u\ = gK 


(“) 


u' = gKv = g -j, 
u = V(gKv) = J(^. 
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12] VELOCITY OF SOUND IN AIR 

Example 17. Find the velocity of sound in water which has a bulk modulus of 
3 X 10® lb./in.* and density 62*5 Ib.jcu. ft. 


The velocity is 




32 x 3 x 10® x 144 
621 


) 


« 1920 V6 
- 4702 ft./sec. 


12.24 Velocity of Sound in Air 

Sound is propagated in air with the velocity of a longitudinal wave 
and the process is approximately adiabatic. 

Then K = yp, 

where y — 1-41 approximately. The speed of sound is 

c = y/{ypgv), 

and pv = RT, where R = 96 ft.lb. approximately. At a temperature 
of 15° Centigrade, T = 273 + 15 = 288, 

c = ^/(1.41 X 96 X 288 X 32-2) 

= 1120 ft./sec. 

If the process were isothermal we would have K = p and 
c = ^(96 X 288 X 32-2) 

= 944 ft./sec. 

which is not in agreement with the observed velocity. 

The velocity of sound is thus seen to be proportional to the square 
root of the absolute temperature of the air, and since the temperature 
decreases with altitude so does the velocity of sound. 

12.25 Bernoulli’s Equation for Gas 

Bernoulli's equation for the flow of a liquid along a stream filament 
is proved (§ 12.8) by showing how the difference of the thrusts on two 
cross-sections of the filament increases the kinetic and potential energy 
of the liquid between them. When the same argument is applied to the 
flow of a gas it must be remembered that some of the work done may be 
taken up in increasing the internal energy of the gas. Thus Bernoulli’s 
equation applied to a unit mass of gas moving along a stream filament 
takes the form 

- + + T- + £ i = “ + + % + E «• 

Qi 2 g Q t 2g 

Here, p v q v k u u lt are the pressure, density, height, velocity and 
internal energy, respectively, at a point A and p s , q 2 , E t the 
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same quantities at a point B. This assumes that no heat is absorbed by 
the gas between A and B. If a quantity H of heat is absorbed we have 

H + t + + 5* + E, = ts + h, + £ + E t . 

ei % Q a 2g 

The equation holds for steady flow of gas in a pipe. 

If v be the volume of a unit mass at density q we have qv = 1, so 
that 

- = pv. 

Q 


Also, 


therefore 


E = k v T , 
pv = RT 

= K(y ■ 

pv 


1 )T t 


E = 


^ + E = 


y-r 




_ y P 

y-iY 

Thus if no heat is absorbed between -4 and £, so that the flow is adia¬ 
batic, and h x = we have H = 0 and 

m - % - v 


We have also 


/PlV 

v 2 — v i[ ) * 

W 




Therefore 




If the flow is isothermal and a quantity of heat H is absorbed be¬ 
tween A and B, we have 

p 1 v 1 = pflz* 


and, from § 12.21, 

Thus for level flow h x = h 2 and we have 


H = p l v l log A 
Pi 


^l-^ = p lVl log* 

2g 2g 
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FLOW IN CONVERGING PIPE 


Example 18, A stream of air flows past a body. The velocity of the undisturbed air 
is 250 ft. I sec., the pressure is 18 lb./in.* and the density is 0*072 lb. per cu. ft. 
Find the pressure at a point of the body where the velocity of the air stream is 
zero. Find also the velocity of flow at a point near the body where the pressure is 
17*5 lb.fin. 1 . Assume adiabatic flow with y — 1*4. 

We have in the first case u t =■ 0 in Bernoulli's equation and 

pi 18 X 144 „„_ 

— - - ■ ■ n . = 36000, 
e, 0072 

/M" 7 , . (250) a X 0-4 


£)’ 


1 + 


64 x 1*4 x 36000 
- 1*0078. 

^ « (l*0078) 7/# 

Pi 

» 1*027, 

p t * 18*49 lb./in.*. 

In the second case we have 

P, 17-6 
Pt ~ 18 
{Pi\ V1 


■ 0 0722, 


tr 


• 0*9919. 
64 X 1*4 


1 0*4 

- 65320. 

«!* = 62,600, 

= 127,800, 
u 2 = 358 ft./sec. 


X 36000 x 0*0081 


12.26 Flow in Converging Pipe 

Let q be the density and u the velocity of a gas at a point where the 
cross-section of the pipe is a . If x be the distance measured along the 

pipe, a varies with x and ~ is negative. 

ax 

Now from the quantity equation, 

gau — constant, 

therefore, by logarithmic differentiation. 


1 dq 1 du __ Ida 
qdx udx a dx 


(i) 


Assuming that the flow is adiabatic we have from Bernoulli’s equation, 


f? + _L 

2 g V- 


p 

.- — constant. 


i e 



442 APPLIED MATHEMATICS FOR ENGINEERS 
that is, since p = Cg v , where C is constant, 
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u* 

—+ 
a _ 1 


-Cq y ~ 1 = constant. 


2 g Y ~ 1 

Differentiating this equation with respect to x we have 


1 ~ v .do 

u — + yCq y ~ 8 * 


g <2* 


lip 

p<fo 


0, 


u 


du 


gyCq v ~ 1 dx 
uq du 
gypdx 
udu 
c 2 dx 


where c is the velocity of sound. 

Therefore from (1) ^(~ — = — - 

dx\u c 3 / a 


da 

dx 


du . 


The right-hand side in this equation is positive, therefore —- is positive 

dx 

if - > —, that is if u < c. Thus the velocity increases along the pipe if 
u c 2 

u is less than the velocity of sound. 


12.27 Venturi Meter for Gas 

The flow of a gas through a Venturi meter may be taken as adiabatic. 
Let a x be the cross-sectional area of the pipe and a 2 that of the throat. 
Let p x , p v v v u lt refer to the pipe and p 2 , p 2t v 2t u 2t to the throat. 

We have the quantity equation. 


Qi a i U l — Q2 a 2 U 2» 
and Bernoulli's equation gives 

SrK^4-(fT}- 

Hence, eliminating u 2 , we have 


Since 


Qi 

Q2 


_ y 



Y ~ 

i eil V 

pj j 

= ^ = 

(Pi\ w 


Vi 

W ’ 


%gy 



_y “ 

i pi 1 \i 

»j j 


(pi\ ,v V _ 
\P%/ '*2 


we have 
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The quantity flowing per second through the pipe is then 

Q = a iQi u v 

It will be seen that a knowledge of the ratio of the pressures at the inlet 
and the throat is required to determine the flow as well as a knowledge 
of the initial state Pi/q v 


Example 19. A Venturi meter which is horizontal has diameter 9 in. at the inlet and 
3 in. at the throat. A ir flows through the pipe and the pressure at the inlet is 
140 lb. fin.*, and 125 lb. fin* at the throat. If the temperature of the air at the 
inlet is 27° C., find the velocity of the air at the inlet and the mass of air passing 
through the pipe per second, taking y — T4 and R = 96 ft.lb. per degree C. 


We have 


(?:) -(«) - 0 ' 868 - 
(fi) "(a) - 1 '™- 



Also 


64 X 14 


X 96 x 300(1 - 0-968) 


1 81 X 1-176 - 1 

u x ■* 46-8 ft./sec. 

140 X 144 


0i 


96 x 300 

Q - *101*1 


0-7. 


- fr x O' 7 X *6-8 

64 


14-5 lb. per sec. 


12.28 The Pitot Tube for Gas 
We found (§ 12.11) for a Pitot tube in a liquid the formula 


«* = - p). 

Q 


where is the pressure where the velocity is zero and p is the pressure 
at velocity u. 

For a Pitot tube in a gas, assuming adiabatic expansion, we have 
from Bernoulli's equation, 
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The velocity of sound at pressure p 0 is c 0 where 



= yPo v og> 


therefore t = _J_/i - ^V^l, 

v y-u W J 

P _ ( l _ y — 1 m 4 Y' 0 '- 1 > 
V/ * 

Using the binomial expansion we have 


£-1 


1 , 1 /«Y , 

Po - 2^ + 8 y W + **" 

Therefore, if ujc Q is small we have, approximately. 


[12 


p_ = i 1 w 2 

A. “ 2^ 

_ i 1 “ a go 
2^’ 

that is «* = ^(p Q - p). ( 1 ) 

Qo 

Thus by neglecting the third and higher terms of the binomial ex¬ 
pansion we have the same expression for the velocity from the Pitot 
tube in air as in liquid. The ratio of the third term to the second is 
i(u/c Q ) a , and hence for velocities below about half of the speed of sound 
the formula (1) gives a good approximation to the velocity. 


12.29 Flow through an Orifice 


Let gas in a tank be at pressure p v density q r and at rest. Let it 
discharge with velocity u through an orifice of effective cross-sectional 
area a and let p 2 and g 2 be the pressure and density outside the tank 
(Fig. 345). 

Assuming the flow to be adiabatic we have, from Bernoulli's equation. 


u 

a 

p 



fell 
y - 1 Qi. 



The mass discharged in unit time is 
W = Q 2 au 
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Since piQi~ y = p£ 2 ' y » 



For a given initial state the mass discharged in unit time is a maximum 
when 



is a maximum, that is 



If y = 1*4, the maximum occurs when pjpi = 0*528. 


12.30 Pressure Altitude Equation for Atmosphere 

Consider a vertical column of air of unit cross-sectional area in 
equilibrium. Let p be the pressure at height h and p + dp the pressure 
at height h + Sh (Fig. 346). Then p exceeds p + dp by the weight of 
the column of air between the two levels. That is, if q be the density, 


Therefore, in the limit. 


—dp — qS h. 
dp q 


— —V, 


where v is the volume per unit mass. Hence, since 
pv = RT t 


dh _ RT 
dp p 


(1) 


This equation may be solved to find the values of 
the pressure and density at different heights, but in 
A.me.—15* 





Fig. 346 
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order to obtain a solution some assumption must be made as to the 
relation between temperature and pressure. 

It is found by meteorologists that the temperature of the atmosphere 
decreases by about 1*98 degrees centigrade for every 1000 ft. above sea 
level up to a height of about 35,000 ft. Above this height is an iso¬ 
thermal layer of air known as the stratosphere. Thus neither an iso¬ 
thermal nor an adiabatic solution is in agreement with observation, but 
we shall consider both of these solutions and in the following section 
we shall show how the standard atmosphere is based on a combination 
of them. 

(i) Isothermal Assumption 

In this case T is constant, and if p Q be the pressure for h == 0 we have 

K-r» 

= -RT log t, 

Po 

P = Ptf- h K RT \ 


(ii) Adiabatic Assumption 
In this case 

pv y = p 0 v 0 v , 

v = v 0 (p Q Y”{py™ 9 


h 


vdp 


—r- 

= -Vo(Po) 1/v [ P (p)- (1/y >dp 

Jp. 

- v —,v Q (p 0 )^{{py-yy - (p 0 y^), 

y — 1 

,_xf, v-l A 

M y ’M»J 

/ S\W 
Q = Pol j- ) 

\Po/ 

f. y — 1 h }»-» 

=5 f tm) • 
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12.31 The Standard Atmosphere 

The standard atmosphere assumes a sea-level temperature of 15° C. 
falling by 1*98° C. for every 1000 ft. above sea level. This is called the 
temperature lapse rate . The temperature lapse continues up to the 
stratosphere at a height of 35,300 ft. at which level the temperature has 
fallen to about —55° C. Above this level the temperature is taken to 
be constant. The gas constant for the atmosphere is taken as 

R = 95*9 ft.lb. per degree centigrade. 

We have for the temperature at height h ft., for h < 35,300, 

T = T 0 — ah, 

where a = 0*00198 and T 0 = 288°. 

From Equation (1) (§ 12.30) we have 

dh _ R{T 0 - ah) 
dp p 

-f***-«*['£ 

J o T o — ah J P ,p 

log T - ~ — = aR log 
*o Po 


Also 


P = A,(l 

-%) 

1 JaR 

II 

e 

K— » 

aR , 
-RT? 

y w 

= A>( l 

_ aR H 


Po v a , 

) ’ 

|_ R( r 0 

-ah). 


P ( 

ah' 


6 RT 0 \ 

1 ~ T 


_ Po / 

' ah' 

<llaR- 

RT 0 \ 

} ~ 

) 


It will be seen that this is in agreement with the adiabatic solution 
of the previous section if 

a R =?— 

V 

aR = 0-00198 X 95-9 
= 0-190. 


Now 
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If Llll = 0190, 

y 

- = 0-81, 

V 

y = 1*235, approximately. 

Thus the pressure and density are as given by the adiabatic formula 
with y = 1-235. 

In the stratosphere, that is at height h + 35,300 ft. above sea level, 
we have the isothermal solution 

p = p 0 e ~ hlRT • 

where p Q and T 0 are the pressure and temperature respectively at 
35,300 ft. The figures given in this section relate to the standard atmo¬ 
sphere known as NACA (National Advisory Committee for Aero¬ 
nautics). The British ICAN (International Commission on Air Naviga¬ 
tion) atmosphere is almost identical except that it assumes a tempera¬ 
ture of —56-5° C. at the stratosphere. 


Example 20. Find the density and pressure in the atmosphere at 10,000 ft. above sea 
level if the temperature and pressure at sea level are 15° C. and 14*7 lb./in.* and 
R = 96 ft.lb. per 1° C., 

(a) assuming a temperature lapse rate of 2° C. per 1000 ft. rise , 

(b) assuming an isothermal atmosphere . 


In case (a) we have 


In case (5) we have 


a - 0*002, 
T = 288, 
ah 20 


T 

JL 

aR 


' 288’ 

1 

(H92 


» 5-208, 


h 

RT 

- 0-8616 , 


G?o 


i 20 V’ 808 

14 'T - 28 8 ) 

* 14-7 X 0*688 
*10-11 lb./in. 8 , 

10-11 X 144 
96 X 268 

= 0*057 lb. per cu. ft. 

10,000 

= -1- =* 0*3616, 

96 x 288 

= 0-6966, 

* 14-7 x 0-6966 

* 10-24 lb./in. 2 , 

14-7 X 144 
14 X 144 _ 0 076? 


96 X 288 
q = 0-0767 X 0-6966 
*= 0-063 lb. per cu. ft. 
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EXERCISES 12 (d) 


1. A mass of 1 lb. of air at a pressure of 30 lb./in. a and temperature 
45° C. is allowed to expand isothermally until the pressure is 20 lb./in. 2 . 
Find the work done in the expansion. 


2. Four cubic feet of gas has absolute temperature 396° C. and is at a 
pressure of 80 lb./in. 2 . If the gas is allowed to expand until its tempera¬ 
ture falls to 288° C. and its pressure to 20 lb./in. 2 , find its new volume. 
If the process is adiabatic, find the work done by the gas in expanding. 


4. 

5 . 


6 . 


7. 


8 . 


Show that the work done by a gas in expanding from volume v x and 
pressure p x to volume v 2 and pressure p 2 according to the law pv lm * 
— constant is 2-5 (p x v x — p 2 v 2 )- An air compressor takes in 3 cu. ft. 
of air per stroke at 15 lb.wt./sq. in. and compresses it to 50 lb.wt./ 
sq. in. according to the above law. Find the net h.p. required at 60 
strokes per minute. (L.U., Pt. II) 


The velocity of a pressure wave in a liquid whose specific gravity is 
0*8 is 4988 ft./sec. Find the bulk modulus of the liquid. 

Calculate the velocity of sound in air when the temperature is 
— 15° C., taking R = 96 ft.lb. and y = 1*4. 

A stream of air flowing past a body has a velocity of 200 ft./sec. in the 
undisturbed portion of the fluid, the pressure there is 15*0 lb./in. 2 and 
the temperature 15° C. Assuming adiabatic flow with y = 1*4 and 
R = 96 ft.lb. per degree C., find the velocity at a point near the body 
at which the pressure is 14*5 lb./in. 2 . 

At a point A in a stream of air the velocity is 200 ft./sec., the pressure 
is 15 lb./in. 2 and the density is 0*078 lb./cu. ft. At a point B farther 
along the stream the pressure is 14*5 lb./in. 2 . Assuming adiabatic flow 
(y = 1-4), find the velocity at B and express the velocities at A and B 
as multiples of the speed of sound at the points. 

In the steady motion of a gas under no external forces, prove that 


q Fs + \ts-°’ 


where p, q, g are corresponding values of pressure, speed and density 
and d/ds refers to differentiation along a streamline. Deduce Ber¬ 
noulli’s theorem. 

If the pressure and density are connected by the adiabatic law, 

prove that - —--j- -q 2 is constant along a streamline, where y is 

Q(Y— 1) 2 

the ratio of the specific heats. (L.U., Pt. II) 

9. A gas in which the pressure p and density g are connected by the 
adiabatic relation p = kg* flows steadily along a pipe. Prove the 
velocity q satisfies the relation 


? 2 + 


- = constant, 
y — l g 


external forces being neglected. 
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If the pipe diverges slightly in the direction of flow, show that the 
speed of any particle of the gas is increasing if q > c and decreasing if 
q <c, where c 2 = ypjg. (L.U., Pt. II) 

10. A Venturi meter has a diameter of 6 in. reducing to 2 in. at the throat. 
At the larger section the pressure of air flowing through the pipe is 
150 lb./in. 2 and its temperature is 15° C. At the throat the pressure is 
135 lb./in. 2 . Find the mass of air per second flowing through the pipe 
taking R = 96 and y — 1*4. 

11. A horizontal Venturi meter has inlet diameter 6 in. and throat dia¬ 
meter 3 in. As air flows through the pipe the ratio of the pressures at 
the inlet and at the throat is 5/3. If the temperature at the inlet is 
15° C., find the flow at the inlet in cu. ft. per sec. (R = 96, y = 1*4). 

12. A horizontal Venturi meter has throat diameter 3 in. and inlet dia¬ 
meter 6 in. The pressures at the inlet and at the throat are 90 lb./in. 2 
and 75 lb./in. 2 respectively, and the temperature of air at the inlet is 
20° C. Taking y = 1*4 and R = 96 ft.lb. per degree Centigrade, calcu¬ 
late the mass of air flowing through the pipe per second. 

13. In air in which the mercury barometer reads 30 in. and the tempera¬ 
ture is 15° C. a Pitot tube on an aircraft records a pressure difference 
of 0*60 in. of mercury. Find the air speed of the aircraft. (R = 96 
ft.lb.) 

14. A large vessel contains air at a pressure of 60 lb./in. 2 and temperature 
15° C. An orifice in the side of the tank has an effective cross-sectional 
area of 1 sq. in. Find the mass of air discharged per second into the 
atmosphere in which the pressure is 15 lb./in. 2 (R — 96, y — 1*4). 

15. Assuming a constant temperature of 15° C. up to a height of 1000 ft., 
find the pressure and density of the air at this height taking ground- 
level pressure as 14*7 lb./in. 2 and R = 96 ft.lb. per degree C. 

16. In the standard atmosphere find the temperature, pressure and 
density at a height of 20,000 ft. 

17. Find the velocity of sound at a height of 20,000 ft. in the standard 
atmosphere. 

18. Assuming a temperature gradient of 2° C. per 1000 ft., find the density 
and pressure at 12,000 ft. height when the pressure at the ground level 
is 14*7 lb./in. 2 and the temperature is 15° C. R for air = 96 ft.lb. per 
degree C. 

19. Find the pressure and density at a height of 35,000 ft., assuming a 
temperature lapse rate of 2° C. per 1000 ft. from a temperature of 
15° C. at the ground. The ground-level pressure is 14*7 lb./in. 2 and 
i? = 96 ft.lb. per degree C. Find the speed of sound at this level. 

20. Find the pressure and density of the atmosphere at a height of 
40,000 ft., assuming a temperature lapse rate of 2° C. per 1000 ft. up to 
35,000 ft. and a constant temperature above this level. The ground 
level temperature is 15° C. and the pressure 14*7 lb./in. 2 , R = 96 ft.lb. 
per degree C. 



CHAPTER 13 


LEGENDRE FUNCTIONS, BESSEL FUNCTIONS, WAVE 
EQUATION, HEAT-FLOW EQUATION 

13.1 Solution of Differential Equations in Series 

When it is not possible to obtain a solution of a differential equation 
in terms of elementary functions, a solution may often be obtained 
which is an infinite series of powers of x , the independent variable. 
Certain well-known functions, such as Legendre and Bessel functions, 
are defined by such series and although the series cannot be summed 
the values of the functions are computed from the series for different 
values of x and tabulated in much the same way as sines and cosines. 
Consider an ordinary linear differential equation of the second order: 

p d?y + Q<ty + Ry== 0 

dx 2 Y dx 

where P, Q and R are functions of #. We assume a solution of the form 
y = a 0 x p + a x x p + x + a^ 2 + .. 

which is assumed to be convergent and differentiable term by term if 
x is sufficiently small. 

This series is substituted in the differential equation and the result 
is itself a series of powers of x . This series must be identically zero and 
hence the coefficient of each power of x must be zero, and from this the 
coefficients in the original series may be deduced. 

Example 1. Find a solution as an infinite series of the differential equation 


Let us assume in this case that the solution is 

y = a 0 + a^x + + • • • + a n* n + • • • 00 • 

Then ^ - o, + 2 a# + 3a s *« + . . . + na„x*~i + .. . oo. 
dx 

— — my — {a l — ma 0 ) + (2a, — maj)x + (3a, — ma,)#* + • • • 
dx . 

+ {(« + !)««+! ~ wa »}* n + • • • 00 
Since y is a solution this last series is identically zero and we have 

a x — ma 0 = 0, 

2 a, — Wflj = 0, 

3a s — ma, = 0, 


{n + - wa n « 0. 
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Therefore a 1 = tna Q , 




m 2 a 0 
2 ' 
m 3 a 0 
2.3 ' 
m*a 0 
2.3.4' 
m n a 0 

~»r* 


lienee 


nPx* 


fl0 ^i + WM; + _r + _r + ... + 

= a 0 e mx . 


m n x n 


•••) 


thus have obtained a solution with an arbitrary constant a 0 . 
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13.2 The Indicial Equation 

In the previous example we assumed that the solution started with 
a constant term a 0 . The series solution must in general be taken as 
starting with some power of x and the first term taken as a Q x p , where q 
may be a positive or negative integer or some fraction. The first step 
in finding a series solution is then to find possible values of q . 

Consider the differential equation 

2x *(x - 1)^ + 3*(3* - 1)^ + (ex + 1)^ = o. 

We may rewrite the equation in two parts as 

{"S++ **} - {"S + s/ £ -*}-»• 

The terms are so arranged that if y = x p is substituted in the first 
bracket each term is a multiple of x p+1 , while if it is substituted in the 
second bracket each term is a multiple of x p . The terms of the equation 
are thus arranged according to weight in two brackets. It is clear that 
the lowest power of x in the series obtained by substituting 

y = a^x p + a ± x pJrl + a 2 x p+2 + . .. 

in the differential equation will be obtained by substituting in 
the second bracket. Since the coefficient of this power of x must be 
zero we have, 

-~ a o {%q(q — 1) + 3{? — 1} = 0, 
and since we suppose a 0 not to be zero, we have, 

% 2 + 0 — 1 = 0, 

(Ste-i)te + i) =o. 
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This equation is called the indicial equation since it determines the 
index of the lowest power of x . In this case we have o — or q = —1. 
Thus there are two series solutions possible, one for each value of q, and 
the complete solution of the differential equation will be the sum of the 
two solutions. For a linear differential equation of the nth order the 
indicial equation is, in general, of the nth degree, leading to n separate 
solutions. 

13.3 The Recurrence Relation for Coefficients 

The coefficients of the powers of x in the series solution are deter¬ 
mined by a recurrence relation as in Example 1. The recurrence rela¬ 
tion is obtained by substituting in each bracket of the differential 
equation the term of the solution which will yield a certain power of 
x and equating to zero the coefficient of this power of x in the resulting 
series. 

Example 2. Find the complete solution in series of the differential equation 
2 **(* - + 3*(3* - 1)^ + (6* + 1 )y - 0. 

ax* ax 

We rewrite the equation grouping terms of equal weight, and we have 

{-S++•*} -{ 2 * 2 S + Hi - ■ y } - °- 

If we substitute the term a n xP +n in the right-hand bracket we obtain a 
multiple of xP +n . In the left-hand bracket we must substitute a n _ 1 xP+ n ~ 1 to 
obtain a multiple of xP +n . 

From the right-hand bracket we obtain 

— a n xP +n {2(g + n)(g -f n - 1) + 3(e 4 n) — 1} 

** —a n xP+n{2(g 4 n ) 2 4 (g -f «) — 1} 

= — a n xp+»{2g 4 2n - I)(p 4 n 4 1). 

From the left-hand bracket we obtain 

a n _ x xP +n {2(g + n — l)(g 4 n — 2) + 9(g 4 n — 1) 4- 6} 

= <* n -i* p+n { 2 te + «) 2 + 3(0 + ») + !} 

= *»_i* p+n (2e 4 2» 4 1 ){g 4 « 4 1). 

Hence, since the coefficient of xP +n in the resulting series must be zero, we 
have 

a n _i(2g 4 2w 4 1)((? 4 n 4 I) — a n( 2 {? 4 2n — l)(g 4 n 4 1) ==0, 

2g 4 2n 4 1 
*" = 2 e + 2n 

This equation holds for n = 1, 2, 3, etc., and hence we have a recurrence 
relation between the coefficients. 

Since there is no term below a 0 in the series, putting n = 0 in the recur¬ 
rence relation gives 

-a 0 ( 2 e - i)(e + i) - o. 

and this is the indicial equation, giving g = ^ or — 1. 
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g = - we have the solution y x and the recurrence relations are 
Z 

n -f 1 

a — -a B _ lf 



[13 




fl n ® ( w + l) a o» 

y, - a 0 # 1/, {l + 2x + 3* 2 + 4*® + . .. -f- (n + 1)*» + ...}. 
— 1 we have the solution y 2 and the recurrence relations are 

2 n - 1 

* — la 0 » 

3 

a t *= —3a 0 , 

5 

*= “ “ 6a o» 


«n - ~(2» - l)a 0 , 

y, — Oo«->{1 — a — 3ar 2 — 5** — .. . — (2* — l)x n + ...}. 

The complete solution is then 

y - Ay t + By t , 

that is, absorbing the constant a 0 , 

y = Ax**( 1 + 2* + &r* + . ..) + Bx~'( 1 - x - 3x* - 5x» ...) 

- A £ (n + 1)*» +1 '* - B Z (2m - 
»—0 »«0 

13.4 Gamma Functions 

A convenient extension of the factorial notation is provided by 
gamma functions. 

If n is a positive integer we write 
r(n + 1) = nl 

= n(n — l)(n — 2) ... 1. 

Thus r(n + 1) = nr(n). 

When n is not an integer we define r(a) for 0 < a < 1 by the integral 

i» = J°° e-tp-'dt, 

r(a + 1) = ctT(a), 
r{a + 2) = (a + l)oT(a), etc., 
and hence the value of f{n) can be found. 





Thus 
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Values of r(a) are tabulated for different values of a, and from the 

integral it can be shown that jT( 1) — 1 and = y'jr. 

'O-WJKi'* 
'■©-K0-K1* 

r (-*0-SSi 


Similarly, T^) -SjX^xD-'x^xl^xix 


- 4H4) 

= _6 3 l r /_5\ 

2'22 \ 2 /’ 


o- 


y/n. 


Thus the gamma function is defined for any real number which is not a 
negative integer or zero. 


Example 3. Find the complete solution of the differential equation 

0. 


2*<* -1>8+ <** - i) Z - 24y 


Arranging the terms according to their weights we have 

(*>•£> *4+£)-«• 

Let y = a^cP -f a x xP+ x -f . .. + a n xP+ n -f- . . .. 

When the series is substituted for y in the differential equation the coefficient 
of xP +n is obtained by substituting a n xP +n in the first bracket and 
a n+i xP+n+1 hi the second bracket. 

From the first bracket we obtain 

a n {2( e + n)(Q + » - 1) + 4( e + u) - 24}*<>+» 

- a n {2(e + n)> + 2( e + n) - 24}*p + » 

- 2o„(e + n + 4)(e + n - 3)*>+». 

From the second bracket we obtain 

-«» + i{2(e + « + i) (e + * +(e + n + i)}*>+» 

- -2a» + ,te + n + l)fe + » + i)*o +n . 
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Hence we have the recurrence relation 


(q -f n + 4) (q -f n - 3) 

°»+» + „ + i)( e + „ + j) a »- 

When a^P is substituted in the second bracket we obtain 
—a 0 xP~ 1 Q(2Q — 1 ), 
hence the indicial equation is 

q{2q - 1 ) * 0 , 

and q — 0 or J. 


When q 


0 we have 
a n +i 

*i 






(n -f 4 ){n - 3) 
(n + !)(* + 1)' 


±lll a 

l(i) 

5 (- 2 ) 

2(t) 


5.4 3.2 

1.2-i.t ao ‘ 


6(— 1) _ 4.5.6 3.2.1 

~ rX3'iXf' 


a 4 =» 0. 

It is clear that all the coefficients after a 3 are zero and hence we have the 
solution 

y 1 « a 0 (l — 24# + 80# a — 64* 3 ). 


When q 


J we have 
a n +1 


a x 




_ (n + t)(» - $) 
(n + t)(w + 1) 


«(-« ). 

f.i 


-» 0 . 


V.(-f) 

4.2 


o, 


t v (—#){—#)_ 

If 1.2 ( 


<*a 

<*4 


t.¥.¥(-4)(-4)(-i) 

f.f.f.l.2.3 

§.¥.¥.¥(-t)(-t)(-4)(t) 

t-t-t-t. 1.2.3.4 a °' 


Hence, it may be seen that 


r<« + f) r(n - i) rd) 1 
r(f) ’ T(-f) '/> + t)'»l“ 0 ' 


Absorbing the gamma functions independent of n into the first term we have 

J>. 


/t 


» /> + I) /> 


° n-0 A* + « r(n + 1 ) 

The complete solution is then 


xii+il * # 


y = yi + y«- 
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13.5 Convergence of Solutions 

The existence of convergent solutions in series of linear differential 
equations is proved in works on differential equations. The range of 
values of the variable for which any particular series solution is con¬ 
vergent may be found by applying some test of convergence, such as 
the ratio test, to the series. 

If y = v* + a t x p+l + * 2 * p+a + • • • 

be the solution, the ratio of the (n + l)th term to the nth term is 
a n+ i*f +n+1 _ a n+ i x 
a n x?+ n a n 

The series is convergent if 

lim < 1, 

n—>-oo a n 

that is if |*| < lim 

n—>-ao a n +1 

For Example 2 we found the recurrence relation 
a n -1 ^ 2g + 2n — 1 
a n 2^ + 2n + 1 

Therefore lim = lim 

n—>-oo a n +1 «->co 

— lim 

n->oo 

-l, 

and hence the series is convergent if \x\ <1, that is —1 < x < 1. 
For Example 3 we found 

a n __ {Q + n + *)(g + n + j) 

a n+ 1 ~~ (Q + n + + *-*)’ 

and lim = 1, 

n—>-oo a n +1 

and the solution y 2 is convergent for \x\ <1, that is —1 < x <1. 

13.6 Relation between Solutions 

Let y x and y % be two distinct solutions of the differential equation 

^ -f Ry = 0, where Q and R are functions of x. This is a 

dx 2 dx 
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general form for the second order linear differential equation when the 

(py 

expression multiplying has been cleared by division. 

Lety 2 = uy v where u is a function of x . 

fy? = v — 4- u- 
dx ™ x dx dx * 

^? = V — + 2^1— 4- 
dx 2 1 dx 2 dx dx dx 2 * 


*y% | (Art 

dx s V dx 




+ “(S + q t , + **)• 

Hence, since and y 2 are both solutions of the differential equation, 
we have 

. (Jy x , ^ 

y w* + yi + = °- 

This is a first-order differential equation for — and is solved by multi- 

dx 

plying by the integrating factor y-^ Qix to make the expression a 
perfect differential. 

We have y^g + (zyfjl + = 0, 

and on integrating, y^e-f 0 ' 2 * ~ = c (a constant). 


Therefore — = 

u — c f— e-f Qd *dx, 

Jyi 2 

y 2 = cvi 

)y\ 

Thus if one solution^ has been found a second solution^ can be found 
by integration. 


Example 4. Verify that y x = (x — 1) is a solution of the differential equation 
d?y dy 

x(x — 1)—- + (x — 1)~- — y “ 0, and find a second solution, 
ax* ax 
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We have 
solution. 


d*y 1 dy 
dx 2 x dx 


1 

x(x - 1) 


y = 0 and it is easily seen that y 1 is a 



jQdx = log x, 
-\Qdx = 1 


1 -Jg<fcr _ 1 

yi* “ *(* - 1)*' 

1 1 . 1 

888 i “ 1TT\ + 



EXERCISES 13 (a) 

1. Find a solution in ascending powers of x of the differential equation 

2x(x — 1)— — (2x — 1 )y = 0, and state the range of values of * for 
dx 

which the series converges. 

2. Express in series of ascending powers of x the general solution of 

«^ + <* + ' 1 >S+<*-»»'-»• 

and show that one series terminates. (L.U., Pt. II) 

3. Obtain the general solution, in series of ascending powers of x t of the 
equation 

d*y dy 


(1 - *’) 


dx* 


2x~- + 6y = 0. 
dx 


(L.U., Pt. II) 


d?y dy ... 

Show that the equation 4x~ + -b y = 0 has a solution m senes 
n dx 2 dx 

00 

of the form S a n x n where 2n(2n -f 1)«» = —« n -i( w > !)• 

»—0 

Obtain a second solution in series and state the general solution. 

(L.U., Pt. II) 

Obtain the general solution in series of the differential equation 

2 * (i - *>S + (1 - 6x) % -= °- 


5. 
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By applying the ratio test show that the series obtained are con¬ 
vergent if — 1 < x < 1. (L.U., Pt. II) 

6. Obtain the general solution in series of the differential equation 

(4 * + S) ^ +y==0 - 

Give the ranges of values of x for which each series is valid. 

7. Find the general solution of the differential equation 

(1 - - Ix^- - 9y = 0 

' 'dx 2 dx 

in series of ascending powers of x. By applying the ratio test, or 
otherwise, prove that the series converges for — 1 < x < 1. 

(L.U., Pt. II) 

8. Find a complete solution in series of the differential equation 

+ ( * 1 - 2)y = °- 

9. Find a complete solution in series of the differential equation 




10. Find a complete solution in series of the differential equation 

2*(* - 1)§ - ( 2 *+ 1)^ - 16y = 0. 




11. Find a complete solution in series of the differential equation 

ay = 0, 

Uv* 

where b is not an integer. 

12. Verify that y = {x — 1)“ 2 is a solution of the differential equation 

*(* - 1) 2 § +(*- + (2 - 6 x)y = 0. 

and find a second solution. 


13.7 Legendre Polynomials 

The differential equation 

( * s_i) S + 2 A: l _M(M+l)y==0 

is known as Legendre's equation. We shall show that when n is an 
integer this equation has a solution which is a polynomial of degree n 
in x . 
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Let y 1 = (x* - 1)", 

then = 2nx(x* — l)*” 1 , 

ax 

(*' - V& - 2 nxy 1 = 0. 
dx 

We shall differentiate this last equation n + 1 times using Leibnitz's 

d r 

theorem for the differentiation of a product. Writing D r for —, 

dX 

we have 

D n+1 {(x 2 — I )Dy 1 } = ( x 2 — 1 )D n+2 y 1 + (n -f 1 ).2xD n+l y 1 

+ 2D .,,. 


D n+1 {—2nxy J = — 2nxD n + 1 y 1 — 2n{n + l)D n y v 
Therefore 

(x 2 — l)D w+ *y 1 + 2xD n+1 y 1 — n(n + l)<D n ,y 1 = 0. 
Writing y = D w ^ x , we have 

( * , ‘ i) S + 2 ^l“ w(n+i)> ' =0 - 


Thus jy = —— (* 2 — l) n is a solution of Legendre's equation and it is 
dx n 

evident that y is a polynomial of degree «. 


We write 


Pn(x) = 


d n 


(X* - 1 )» 


2"(n)! dx n 

and P n (x) is called the Legendre polynomial of the nth degree. The 

multiplying factor ——— is introduced to ensure that for all values of 
v * 6 2»(n)! 

n, P„(l) = 1. 

The polynomials for n = 0, 1, 2, 3, 4 , 


. are easily found. 


Po(x) — 1 , 


Pi{x) = x, 

P»(x) = *(3*’ - 1), 

P*(x) = \(5x* - 3x), 

P t (x) = g(35^ - 30** + 3), 
P f (x) = g(63*« - 70** + 15x). 
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To obtain a general expression for the polynomial P n (x) we write 
down the binomial expansion of (x % — l) n and differentiate n times. 
We have 

(x* - l) n = - »**•-• + n ( n ~ + • • • • 

Z Z . o 

Now if r < n, D¥ = 0, 

\ir>n, D»x r = r(r - l)(r - 2)... (r - n + l)* r ~» 

_ « ! ~r-n 


(r — »)! 
(»)!' 


D n x 2n = 


r)n x tn-i _ (2w 2) L n-a 

(« — 2 )! ’ 

DV-‘ = ( 2 n -V x»-*. 

(n — 4)! 

1 ffnfoa _ — __J_ J _ n ^ n ~~ ^)A x n- a 

2»(»)l V / 2*(n)![(»)! (»— 2)! 


+ 


«(w — l)(2n — 4) 


(2 n)\ 


2 n (n )! (n) 


ip- 


2 (n - 4)! 

”(» ~ !) -«-i 


'* n -‘.. .j 


+ 


2(2» - 1) 

n(n — l)(n — 2 ){n 


that is 


P n (x) = Z 


2A{2n - 1)(2» 
(- l) r (2w - 2r )! x n ~ 2r 


' - 3 )*»-4 1 

-3)" •••/ 


r 2 n (r )! (n — r )! (n — 2r) I 1 


where r = 0, 1, 2, . . the last term corresponding to r — -n if n is 

even and r = -(n — 1) if n is odd. 

2 V 7 

Values of for « = 2 to n = 12 are tabulated for different values 
of x in the British Association Mathematical Tables, Part-Volume A, 
1946. 


13.8 Alternative Form for Legendre Polynomials 

An alternative form for Legendre polynomials is obtained by writing 
x = 1 — 2z. 
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Then 

(*• - 1)» = 2 tn z n (z - 1)», 
d_ = _ld_ 
dx ~ 2dz 



(n)l{ 


(„) | _ + W(W ~1> . (W + 2)! Z » 
W (1)! ^ 2! 2! 

«(» — l)(n — 2) (n+■3)1 . 


= 1 — n(ji “4“ I)# H~ 


n(n — 1) (n + l)(w + 2)^ 


' 1 ' ' 2 ! 2 ! 

n(n — l)(w — 2) (w + l)( w ~4~ 2)(w + 3) ^ 

(3)1 ' 31 " ‘ 


- (w + r)! (— z) r 
r-o (» — r)! (H) a 


- (» + r)l(fr-t)' 
r-o (« — r)! (H) a 


13.9 Recurrence Formulae 

The following recurrence formulae exist between Legendre poly¬ 
nomials of degree n + 1, n and « — 1 and their derivatives (denoted 
by primes). 

(« + 1)P„ +1 (*) - (2 n + 1 )xP n (x) + «P„-i(*) = 0 (1) 

P' n+1 (x) - xP’ n (x) - (n + l)P„(x) = 0 (2) 

xP' n [x) — P' n -i( x ) — nP n (x) = 0 (3) 

P'» +I (*) - (2 n + 1 )P n (x) - P'n-M) = 0 (4) 

(x‘ - 1 )P' n (x) - nxP n (x) + nP n ^(x) = 0 (5) 

These formulae are proved by manipulation of the fundamental form¬ 
ula for P n {x). For example, we have 

£)»+«(** — l)»+i = D“ +a (* a — l) B .(* a — 1), 
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and hence using Leibnitz’s theorem 

£>#+»(*• _ i)»+i = (*« _ l)D n+ *(x* - 1)» + 2(n + 2 )xD n+1 (x* - 1)» 

+ (» + 2)(n + l)D n (x' - 1)», 

_ i).« = (*. _ I )P\( X ) + 2 (n + 2 )xP' n (x) 

+ (• + 2 ){n + 1)P,(*). 

The left-hand side is 2(n + 1 )P' n+1 (x) and since 

(* a - 1 )P\(x) + 2 xP' n (x) - n(n + 1 )P n (x) = 0, 

we have 

2(n + 1 )P' n+1 (x) = 2 (n + 1 )xP' n (x) + 2 (n + 1 ) 2 P n (x), 
P' n+1 (x) = xP’ n {x) + (n + 1 )P n (x). 

This is the formula (2). The other formulae are proved by similar 
methods and their proof is left as an exercise for the student. 


13.10 Expression for Potential at a Point 

If a source of attraction is situated at a point A distant a from a point 
0 (Fig. 347) and P is a point distant r from O with the angle POA = 0, 
p the potential at P is proportional to I /(PA). 

1 



PA 


■ = (a 2 — 2 at cos 0 + r 2 )- m , 

= ^(1 — 2 h cos 0 + h*)- V2 t where h == r/a. 

This quantity may be expanded as a power series 
in h for | h\ <1 and we have 

(I - 2 h cos0 + h*)-™ = 1 + cos 0.A + ^(3 cos»0 - 1)A* + ... 


= P 0 (cos 0) + hP x (cos 0) + h*P 2 (cos 0) + .... 

We shall show that the coefficient of h n in this expansion is P n (cos0). 
Let y = (1 — 2h cos 0 + h 2 )~ V2 f 

then (1 — 2 h cos 0 + + (h — cos 0)y = 0, 

(*‘I + i>y) - •=“«( 24 S+») + S - »• 

Let y = « 0 + a ih + + ... + +- 

The coefficient of h n when y is substituted in the differential equation 
is 

- 1 + 1) - cos 0 a n (2n + 1) + a n+1 (n + 1). 
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Since this quantity is zero, the successive coefficients of the expansion 
are obtained from the recurrence formula 

(n + 1 )a n+1 — (2 n + 1) cos 6 a n + na n . x = 0, 
and a Q = P 0 (cos 0), a x = P^cos 0). 

Therefore since the coefficients are obtained by the recurrence formula 
(1) for Legendre polynomials we have 

= -P»(cos0), 

and (1 - 2A cos 0 + A*)- 1 "* = E A n P„(cos 0). 

»<—0 

If 0 = 0, we have cos 0 = 1 and 

(I - 2A + A*)-"* = (1 - A)-» 

= 1 + A + A* + ..., 

and hence P„(l) =* 1. 

If 0 = iTi, we have 

(1 + 2A + A')-« = (1 + A)- 1 

= 1 — A + A* — A*.. 

and hence P n (— 1) = (— l) n . 


13.11 Integral Properties of Legendre Polynomials 

We shall now show that if P n (x) and P m (x) are Legendre polynomials 

| Pn{x) Pm(x)dx — 0, iim ¥= n. 


» + i 


, if m — n. 


Legendre’s differential equation may be written as 


U x ' ~ l)^*) “ «(« + *)*•(*) = 0 . 


Therefore 

n(n + 1) j P n (x)P m (x)dx 
= ^_P m [x).j x (x* - 1 )P' n (x).dx 
= [(** - i)P' B w.P m w]^ - Jj** - i)P' B (*)P' ro (%)<** 

= - Jj** - 1 )P' m (x)P'n(x)dx 

- - l)P'^lP a wJ 1 _ i + “ l ) p 'm{x)dx 

= m(m + 1) [ Pn{x) p m(x)dx 
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Hence if m ^ n we must have J P n (x)P m (x)dx = 0. If m = n, we 
have from the above 

n(n + 1) J 1 P n ix)P n {x)dx = - Jj** - l)P' n (*)P'„(*)^. 

Now, from the recurrence formula (5) 

(x 2 - 1 )P' n (x) = nxP n (x) - nP n ^(x) t 

therefore 

(n + 1) j* P n 2 (x)dx = j* Pn-\ M P n{ x )dx j* xP n (x)P n (x)dx 

= ^_P n -i(x)P' n (x)dx - [IxP^ + \\\PAx)dx. 

(« + ^ J Pn % (x)dx = j P n . 1 (x)P' n (x)dx - 1. 

From recurrence formula (2) 

P 'n( x ) = xP 'n-l( x ) nP n-i( x )» 

Therefore 

(n + l ^_P* n (x)dx = -I + J" xP n ^x)P' n ^{x)dx 

+ »j P t n-l{x)dx 

= —1 + ^ P i n -i{x)dx 

+ «J P*n-i(x)dx 

-1 + 1 + (n- ^P a n ^ 1 (x)dx 

— ^ J P 2 n -i(x)dx. 

Now J P 0 2 (x)dx — 2, 

therefore writing n = 1 in the above formula 

L PMi * -1 - rrv 
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13.12 Expansions in Terms of Legendre Polynomials 

If f(x) be a polynomial of degree n in x we may express f(x) in terms 
of Legendre polynomials P 0 (x) to P w (*). 

We write f(x) = a 0 P 0 (x) + a x P x {x) + ... + a n P n (x), 
where a 0 , a v . . ., a n are constants. Equating coefficients of x n on both 
sides of the equation gives a n , and the other constants a n - v a n ~ 2 > • • ■> 
a 0 are evaluated successively, there being » + 1 equations to deter¬ 
mine the n + 1 constants. 

Then J f(x)P r (x)dx = a r J P r *(x)dx t 

for 0 < r < n, the integrals of products of P r (x) with the other poly¬ 
nomials being zero. 

Therefore J f(x)P r (x)dx == ^ 

«r = (r + l ^J{x)P r {x)dx. 

Thus a polynomial of degree n can be uniquely represented as a series 
of the Legendre polynomials P Q {x) to P n (*). Now any function of x, 
f(x) t which has a Maclaurin expansion in powers of x can be approxi¬ 
mated to by taking n terms of the expansion. The approximation may 
be made as close as we desire by taking a large number of terms, and 
these terms may be expressed in terms of Legendre polynomials. Thus 
an infinite series of Legendre polynomials can represent the function, 
and we have 

/(*) = Z a r P T (x) 

r=0 

where a r = (r + f{x)P r (x)dx. 

This expansion is analogous to a Fourier series expansion in terms of 
sines and cosines of multiples of x. 

13.13 Complete Solution of Legendre’s Equation 

The second solution of Legendre's equation is denoted by Q n (x). 
As this solution is usually required for values of x greater than unity 
we shall obtain the solution in a series of descending powers of x, valid 
when \x\ > 1. 

Let y = a#? + a 1 x p '~ 1 + ... + a m x p ~ m + ... 

be a solution of the equation 
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The highest powers of x when y is substituted in the equation is 
obtained by substituting a^x" in the left-hand bracket. Thus the 
indicial equation is 

e(e — !) + 2 g — »(» + i) = o, 

(e - «)(e + n +1) = o, 

and q — n or —m — 1, 

Substituting a m x' , ~ m in the left-hand bracket and a m - 2 x“~ m+t in the 
right-hand bracket we have 


«m{(e — ™)(e — m — 1) + 2 (q — m) — n(n -(- 1} 

*- a TO _ 2 (g — tn + 2)(g — m + 1) = 0, 

(g — tn + 2)(g — tn + 1) 


a m — a m-z 
If q = n we have 

a m = a m-2‘ 


(q — m — h)(q — m + n + 1) 

(ft — m + 2 )(n — m + 1) 

(— tn)(2n + 1 — m) 


*2 


„ «(« - 1) 
°2.(2n — 1)' 


#4 


- (” - 2)(» - 3) 

2 4 (2m - 3) ' 


The series terminates and with the appropriate value of a 0 this gives 
the solution 


Pn(x) 

If g = —n — 1, 


(2 »)! 

2 b (m)! (»)! 



m(m — 1) _ 
2(2m - 1)* 


»-2 


+ 


a m 


(n + tn — I)(m + tn) 
m2 (2m + m + l)m 





. (» + 1)(» + 2) 

0 2 (2n + 3) ’ 


_ (m + 3)(m + 4) 


• “ 4 (2m + 5) 

v _ a r _B_1 11 | ( w + 1 )( M + 2 ) r -» 
y **. 1 + 2(2m + 3) * 


(m 4- 1)(m + 2)(m + 3)(m + 4) 

2.4(2m + 3) (2m + 5) ^ 


The second solution Q n {x) is defined by this series with a particular 
value of a 0 . 
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We have 


Q*(x) = 


mr(n + 1 ) n-* 

2 n+i r(n + f) 


1 + 


(n + l)(n + 2) 

2(2 n + 3) " r 


— 1 + l + r ) r -n-i-2f 

2 r *o r(n + i + r)(r)\ 

The ratio of the (r + l)th term to the rth 


_ (i» + £ + r)(j« + 1 + r) j_ 

(» + t + r)(r + 1) ’**' 

the limit of this ratio as r tends to infinity is — 2 and hence the series is 
convergent if \x\ > 1. 

The complete solution of Legendre’s equation is then 


AP n (x) + BQ n (x). 

It should be noted that the functions P n {x) and Q n {x) may be defined 
by these series if n is not an integer, but in this case P n (x) is also an 
infinite series. It can be shown that the functions Q n {x) satisfy the five 
recurrence formulae given in § 13.9. 


13.14 Associated Legendre Functions 

Legendre’s differential equation is 

(x 2 — 1 )y" + 2xy' — n(n -f- 1 )y = 0. 

Differentiating this equation m times, where m < n, by Leibnitz’s 

d r 

theorem and writing D r for —, we have 

{x 2 — I )D m+2 y -f m.2xD m * x y + m{m — 1 )D m y 

+ 2 xD m+1 y + 2 mD m y — n(n + 1 )D m y = 0. 

Hence writing u = D m y we have 

(x 2 — 1)^ + (m + 1)2*^ — (n — m){n + 1 + m)u — 0. 
ax 2 ax 

Now let u = (x 2 — l)~ mi2 v. 

du d v 

l p= (x*- - mx(x* - 

ax ax' 

S = 

+ m(m + 2)x 2 (x 2 — l)~ m/2 ~ 2 v — m(x 2 — l) -m/a- iv. 


A.M.E.-16 
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We then have 

(*» - - 2 mx{x* - + m(m + 2)x 1 {x i - 

ctx* &X 

— tn(x 8 — l)~ m/2 r + 2(w + 1)#(* 2 — l)~ m/2 ~ 

dX 

— 2m(m + l)* 2 (* a - 

— (n — m)[n + 1 + m)(x 8 — = 0, 

that is (*• - l)g + - {»(* + 1) + = 0. (1) 

This equation is known as the Associated Legendre equation. Its solu¬ 
tions are called Associated Legendre functions and denoted by the 
symbols P„ m (x) and Q n m {x). From the method by which the differential 
equation (1) is formed we have that v = {x 2 — l) mi2 D m y, and hence 
P n m (x) = (** - l) mi2 D m P n (x), 

Qu m (x) = (* a - l) mi *D™Q n (x). 


EXERCISES 13 ( b) 


1. Show that for \x\ < 1 a second solution of Legendre’s equation is 
+ i + r)r(jn + 1 + r) 


y= Z- 


(f + r)(r)l 


-x sr+1 if n is even. 


“T(-*n + r)r(\n + i + r) . JJ 

= Z —-—-— — ■ ———-* , if n is odd. 


2. Prove that 


F(i + r)(r)l 

„{x)dx 


r —^ 

J -l (1 - 2* 


h n 


2xh + A*)"* n + f 


3. Prove that if \h\ <1, 


h( 1 -2xh + A*)-*/* = 27 P' r (x).h r . 

1 


Hence prove that P' n (l) = 


n(n + 1) 


PV- 1) = (-D 




4. Prove that 


L 
I 


P* n (x)dx = -n(n + 1) (1 — cos wjt), 
2 


xP f n (x)dx = 1 + cos nn. 


6. Show that for r < n. 




+ r)l 


r) 12 r (r) 1 
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6 . Show that y = P n (cos 0) is a solution of the differential equation 

^ + cot ^ + «(» + l)y = 0 . 

Show that 

P*(cos 0) = 1 — n(n + 1) sin 8 ^0 

2t 

+ _ !)„(„ + i)( n + 2) sin* -^6 + .... 

7. Prove that if P n {x) is the Legendre polynomial of degree n, 

(n + l)P n+1 W - (2n + 1 )xP n (x) + nP n ^(x) - 0. 

8 . Prove that for n < m t and m + n even 

J 1 P\{x)P’ n {x)dx = m(tn + 1). 

fi 2 (n + 1) 

9. Prove that I xP n {x) P n +i{x)dx _j_ l)(2« -j- 3)* 


10. Show that 


0.W=iiog^. 

“ log F^I - L 


11 . From the values of 0 O W and 6 iM given in Exercise 10 with the aid 
of the recurrence formulae prove that 

i *4-13 

0 i(*) = j(3^* ~ 1 ) log ~T\ 2 *' 

1 *4-15 2 

QM = ^( 6 ** - 3*) log —j - + 3 - 

J * _L 1 

12. Show that if u = -P n (*) log- 

A - i 

(* s — 1)^ + 2 *^ — m(m + l)u = — 2P' n (x). 

1 * 4- 1 

Hence show that if y = -P„(*) log - —— + v(*) is a solution of 

Legendre’s equation of degree n 
dh) dv 

Show that this equation has a solution which is a polynomial of degree 
n —- 1 in *. 

13. Show that for |at| > 1 a second solution of Legendre's equation is 

y ~p n ( X) r —*— 


*(« + l)v = 2P' n (x). 


(1 - J^[P.WP‘ 
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Verify the formula 

f 00 dx 

Qn(X) = P ” W J, (1 - **)[P„(*)]* 

for n — 1. 

14. Show that if m < n the solution of the differential equation 

(x 2 — 1 )^ + 2(m + l);r^ - (« - w)(w + 1 + m)y = 0 
cix* ax 

isy = AD m P n (x) + BD m Q n (x), where A and B are constants. 

15. Use the recurrence formulae to show that 

(« + i){P„+i(*)6 n (*) - 0»+i(*)-P»(*)} 

= - O.WP^W}. 

Hence show that P„(x)Q n - i(*) - Qn(*) p »- i(*) = 

n 


13.15 Bessel’s Differential Equation 


The differential equation 


dx 2 xdx' 



is known as Bessel’s equation of order 
To obtain a solution in series of this equation we group the terms 
according to weight and write 

(*'S+ *t - -*)+^ - *• 

Setting y — a^x p + ape** 1 + .. ., the lowest power of x is obtained by 
substituting a$x p in the left-hand bracket, giving the indicial equation 


<*o{q(q — 1) + Q — = 0 , 


that is 


q 2 — n 2 = 0, 


q = ± n. 

Substituting a r x p + r in the left-hand bracket and a r _ 2 # p+r “* in the 
right-hand bracket we have 

{(Q + r) 2 - n 2 }a r + *r- 2 = 0, 


_ a r-2 _ 

(Q + r — n)(g + r + n)' 
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If ^ — n we have 
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a r- 2 

r(2n + r)* 


— 


*0 

2 *(» + 1 )' 


a 4 


«2 

2 a .2(» + 2)’ 

a « 

2 a .3(» + 3)’ 


_ (—l) r ^o _ 

2 2r (r)! (n + l)(n + 2) ...(« + r)’ 

J\» + 1)(—l) r 

Vw^ + f + i)' 


The ratio of successive terms tends to zero as n tends to infinity, and 
hence the series is convergent for all finite values of x. 

Therefore we have a solution 


f » *' 

y = a a -! x n - 

y °\ 2 2 . 1 .| 

Writing a 0 = 


+ 


1 


2»7> + 1) 


(n + 1) 2 4 .2!(» + 1)(m + 2) 

we have the standard solution, 



I (X) - 1 Uxl2)* {xl2)n+2 1 {x/2)n+i — 

J "r(n + l)t W l.(n + 1) + 1.2. (n + 1 )(n + 2) 

« (— l) r (x/2) n+2f 

r . 0 (r)\r(n + r + iy 


J n (x) is called the Bessel function of the first kind of order n, and is 
given by this formula for integer and fractional values of n. Values of 
Jn(x) for different values of x and n have been extensively tabulated; for 
example, in British Association Mathematical Tables, Vol. 5 (1937), 
values of J 0 (x) and J x (x) are given to ten decimal places. 

If we put q — —n in the recurrence relations, we have 


r(-2n + r)' 

If n is not an integer we can find a set of values of a 2 , a 4 , etc., in 
terms of a 0 as before, but if n is an integer the recurrence relations 
break down when r — 2n and the second solution of the differential 
equation must be found by other methods. 
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If n is not an integer we have 

_(-1 m-n + 1) 

“ a °2 ar (r)!/ 1 (—» + 7+1)’ 

and we define the second solution of the differential equation as 


/-«(*) - Z 


(~-l) r (x/2)~ n+tr 


r-0 W LT(— + r + 1) 

Thus if n is not an integer the complete solution of the differential 
equation is 

y = A Jn(x) + 

where A and B are constants. 

Example 5. Find the complete solution of Bessel*s differential equation when n — J. 
We have 

/l,,( ) "rim) l< i.t + OT i.2.3.*.*.t•' J 

{•/*)•»(■, _ (*/2)* (*/2)« _ (*/2)« 1 
“ *P(i) l l.* + 1.2.*.* 1.2.3.*.*.* J 

- V(2*/w)|l - + 12.3.4.6 ~ 1.2.3.4.6.6.7 + ' ’ J 

- y/W7tx) {* - (3jl+(5)] _ (7)T + -- -} 

** (2 /tix) sin x. 

1 f (xl2)*~w* ) (x!2)*- (lli) 1 

/-<w*> - F ^{(,/2 ) —-^i r -+...} 

(*/2)- (1 '»> f | »» , «* , \ 

l 1 1.2 + 1.2.3.4 + 'J 


's/n 

= (2/tix) cos *. 

Hence a complete solution is 

y =* x~ {ll2) (A cos x -f B sin x). 

13.16 Bessel Functions of Order Zero 

If n = 0 we have one solution of Bessel's equation 

*y + ± d -y +y = o, 

dx* J 

, r/N ?(-l ) r W2)* r 

namely /,(*) = £ (y)i(y) ," 

, _ , ** _ 

2.2 2.2.4.4 2.2.4.4.6.6 


+ • • •• 
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The second solution is defined as Y 0 (x), where 

Y 0 (x) = 2 -(lo S X - + y y o (x)-V 0 (x), 

V ° {X) = (r)! WI A + 2 + 3 + • • • + f} 

The number y is known as Euler's constant and its value is 0*5772 
approximately. 

y = trX 1 + 1 + § + • • • + 1 - logw )- 

We shall show that Y 0 (x) is in fact a solution of Bessel's equation. 

Let y = ^log l -x + y^J 0 (x) — V 0 (x). 

Then f = -(log \x + y]j\(x) + ~ J«{x) - V' 0 (x), 
dx n\ 2 / nx 

g - f(k* + y)n W + |/.W - - •"„(*). 

S+ + > - K 108 +r ){ 7 '" w + i r " M+ "*’} 


+ -/ 
nx 


'„(*) - 


.(*) + ^ 


o(*)j- 


Hence, if y is to be a solution of Bessel's equation we must have 

^E? + i^lo + F l /oW 

dx* x dx nx 

2 g (—l) r (y/2)* f ~ 1 
?r,=i (r)!(r — 1)1 * 

Let F,= ? £ bJuptf. 

# 7T r=l 2 

/fsF o 00 

yJ= ^- l/ 2 )b r (x/ 2 r-, 

dx 2 n r=i 

/72P 1 O CO 

^V°+ ^-0+ F 0 = ^ r (r 2 6 r + 6 r _x) (*/2)^-. 

a* 8 * a* jtr.i 


Hence we have 

r*b r + = 


(-l) r 


Wi(r-i)« 


, for r — 1, 2,.. 
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Since 1 0 = 0 we have 

= - 1 , 


^2 + b \ = 


= —(l 

(2<n 


+ 2 


S> 


9 b 3 + b 2 = — 


16 \ + b 3 = 


2!3? 6s “ + l + §)* 




3!4I 

V-<=*£/ 

(r!) 2 \ 


Thus Y 0 (x) is a solution of Bessel’s equation of order zero. Tables of 
Y 0 (x) are given in British Association Mathematical Tables, Vol. 6 
(1937). The complete solution of Bessel’s equation is then 


y = A Ja(x) + BY 0 (x), 


where A and B are constants. Both J 0 (x) and Y 0 (x) are oscillatory 
functions and their graphs are as shown in Fig. 348. 

It is evident that as x tends to zero Y 0 (x) tends to — oo and for small 


values of x is approximately 


l( l0 4 x+ y) 



Fig. 348 
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13.17 Bessel Functions of Integer Order 

If the parameter n in Bessel’s equation is an integer we have the 


solution 


/»(*) 


_ srwt 


,=o {r) !(« + *■)! 

The second solution is denoted by Y n (x) and is the rather complicated 
expression 

Y n (x) = ?(log he + y^Jn(x) 

1 » (-l)'(*/2) «•+»/, 
nrto (r)l(» + r)! V ^2^3^ 


_! s Miwr/i , 1 , } + 

7Z r=0 W ! (w + y) ! \ 2 3 

_1 “- 1 (n -r- 1 )! (a . /2)ar -» 

Jt r-o (r)! 


+ 

+ 


0 

n + r/ 


This expression may be obtained as in the previous section by substitut¬ 
ing in the differential equation 

y = j|(log + y^J nix) — F„(*), 

and it will be found that V n (x) must satisfy the differential equation 

?+ !f= + (i_^y._±/.w. 

dx 2 x Ax \ x 2 ) nx 

This equation can only be satisfied if an expression for V n {x) is taken to 
be of the form 

(*/2)-»{c 0 + Cl (*/2)3 + c a (*/2)‘ + ...}, 
and by substitution the expression for V n {x) can be deduced. 

The recurrence relations for the coefficients c r are 
r(r — n)c r + c r = 0, for 0 < r < n 

_ a <-l)"' (2r I^L, lor r>n. 

n (r)\(r — n)\ 

With c 0 = -(n — I)!, these recurrence relations lead to the above 

7C 

expression for Y n (x). 

The function Y n (x) is defined for non-integer values of n as 
y ( x ) = 7nW cos nn - J- n (%) 
n sin nn 

It is evident that this is a solution of Bessel's equation. It can be shown 
that the limiting value of this quantity as n tends to some integer value 

A.M.E.— 16 * 
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is identical with the expression we have found for Y n (x) when n is an 
integer. 

Thus we may write the complete solution of Bessel’s equation in the 
form 

y = A Jn{x) + BY n (x), 

for all values of n. 


13.18 Recurrence Formulae for Bessel Functions 

The following recurrence formulae exist between Bessel functions of 
order n + 1, n, n — 1, and their derivatives. 


7-i(*)+/•«(*) = ?/.(*) 

X 

(i) 

Jn-Ax) - J n+1 (x) = 2J' n (x) 

(2) 

-Jn(x)~J'n(x) -/,„(*) 

% 

(3) 

-/.(*) + /»(*) = A-iW 

(4) 


We shall prove the formulae (3) and (4); formulae (1) and (2) follow 
directly. 


JnW 


= 2~ n E 


(-!)'(**)*• 


d_ 

dx 


[ A MI = 2~ n E 

l *” J 


r-o (r) \r(r + « + 1)’ 

(-i)Mi*)”- 1 


Hence 


(r)\r(r + n+ 1) 

= _2-» E (~ 1 ) r (^) ar+1 

,-o W ' r ( r + » + 2) 

= —X~ n Jn+i{x). 

J n(x) nj„(x) _ l T t„\ 

-isn— ~zaJ n+ iW’ 


and formulae (3) follows. 


*"/»(*) = 2 "E 


(-mix)™** 


r=o (r)'.r(n + r + 1)’ 

2 »+ar-i 


l {x n r ,*n = 2 n E (-!)> + r)m 
dx- Jn{ )} r . 0 (r)\r(n + r+l) 


,-o (r)\r(n + r) 

— X n J n -i(x). 

Hence x n J’ n (x) + nx n ~'J n (x) = *“/»-i(*)» and (4) follows. 
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A useful result follows if we put n — 0 in (3), namely 

/.(*> = -AW- 

It can be shown that the functions Y n (x) satisfy the same recurrence 
formulae as the functions J n {x). 


Example 6. Express / 5/ »(*) in finite form. 

We have (Example 5) 

7!/«(*) = V( 2 M*) sin *- 
Jn+i(*) = -* n J^{ x ~ n Jn( x )}- 

= — * 1/ *-^-{'v/( 2 / 5, )*~ lsin *} 
dx 

= — <v /(2/yi)^ 1/a (^" 1 cos # — *~ 2 sin *). 

/.„(*) = 

= cosx - x ~* sin *) 

_ y/(2ln)x**{ —2x~ z cos * - x~ z cos x — * _a sin x + 3*~ 4 sin *) 

- {(^ - i) sin * - J cos *} • 


13.19 Bessel’s Integral 

When n is an integer. 




cos (n0 — # sin d)dd. 


If n = 0, - f cos (x sin 0)<Z0 =Z, 

n J 0 r-0 W 




= z 


(-l) r 


\r r ar fit 

!-1 sin^iS 

I rcJo 

(2r)\ 


Z 0 (*)! 

= /*(*)• 


2 3f (r)!(r)I 


Assume that 


/*(%) = - f cos (»0 — # sin 0)i0. 
*0 o 

Now — f cos (w0 — x sin 0). (n — x cos d)dd 
nJ o 

= if sin (nd — x sin 0)1 = 0, 
7ti Jo 


therefore 


cos (nd — x sin 0) cos 0i0. 
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1 f 71 

Also J'n{%) = -1 sin (n6 — x sin 0) sin Odd, 

71J o 

therefore - J n (x ) — J’ n (x) — - f cos {(n + 1)0 — x sin 6}d6 

X 71J o 

= Jn+ii x )> 

Therefore, on the assumption that the formula is true for J n (x) we have 
proved it true for J n +ii x )> and hence, since it is true for n = 0, the 
formula is established. 

Since the function in the integrand is less or equal to unity, it is clear 
that \J n ( x ) | <1# and it can be proved that this is so for all values of 
n. The functions Y n (x) tend to — oo as x tends to zero because of the 
factor log x , but if x is greater than a certain value Y n {x) also lies 
between —1 and 1. 


13.20 Asymptotic Values 

The series defining the Bessel functions J n {x) and Y n {x) converge 
very slowly when x is large. Approximate values of these functions 
may however be obtained for large values of x. 

In the differential equation 

* 2 + + <*■ - - *• 


let y = e ix u. Substituting we have 

( jd 2 u . du . \ . ./ rt jlu . \ . 

dx 2 dx / \ dx J 

Let u = x p (a 0 + a x x~ x + + ...). 


The highest power of x when u is substituted in the differential equation 
is 


ia 0 (2g + I)* p+1 . 

We must therefore take g = — and we obtain the relations between 


the coefficients 


{{r + i) 2 - n 2 }a r + i{-2(r + l)}a r+1 = 0, 
An 2 - (2 r + 1)* 


a r+i — t ~ 


2 *(r + I) 


The resulting series is not convergent but may nevertheless be used for 
computing values of the solutions. 

As a first approximation we have a solution a 0 e ix x~ W2) , and similarly 
a solution b 0 e~ ix x~ W2) . 
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J n (x) and Y n (x) are identified with combinations of these approximate 
solutions by writing 

( 71 7l\ 


COSI 


/„(*) 


Y n (x) 


V(W 2 ) 

( 71 7t\ 

X ~JZ^V 


VM 2 ) 


It will be seen that if n = these give the accurate solutions 


t / v sin x v , \ _ —cos x 

Jw[x) ~ s/{nxm’ wW - V(^/2)' 

Closer approximation may be obtained by taking further terms of the 
series of descending powers of x. 


13.21 Hankel Functions 

For some purposes it is convenient to take the fundamental solutions 
of Bessel’s equation in a different form. 

Hankel functions, which are sometimes called Bessel functions of the 
third kind, are defined as 

H n ™(*) = Jn(x) + iY n (x), 

H n <2) (x) = Jn(x) - *Yn(x)- 

These functions are complex quantities and are evidently solutions of 
Bessel’s equation. It is also clear that the functions H n a) (x) and H n (2) (x) 
satisfy the recurrence formulae of § 13.18. 


13.22 Modified Bessel Functions 

If we substitute ix for x in Bessel’s equation it becomes 

d 2 y 


dx* 


+ 


l - d 2-(l + *)y = 0. 
xdx v *7 


(i) 


This equation, therefore, has the solution 

y — AJ n (ix) + BY n (ix). 

Writing I n (x) = (i)~ n J n (ix) 

_ y (i*) w + 2r 
r-u (r) ! r(n + r + 1)’ 

it is clear that I n (x) is a real solution of the equation (1). I n (x) is called 
a modified Bessel function of the first kind. 
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The modified Bessel function of the second kind is denoted by K n (x) 
and defined by the equation 

K«(x) = - /„(*)}. 

sm nn 

or by the limit of this quantity if n is an integer. 

The complete solution of the equation (1) is therefore 

y = AI n (x) + BK n (x). 

The functions I n {x) and K n (x) have been extensively tabulated. 


13.23 Transformations of Bessel’s Equation 

If we make the substitution y = x n .u in Bessel's equation, we have 
dy 
dx 


„/du , n \ 

- *v« + *-“)■ 

d 2 y n [d 2 u 2 ndu n(n ~ l)u'\ 
~ x i H —I--- 


dx 2 x dx 


V 


d*y \dy / n*\ _ f d*u (2» + 1) du J 

dx' + xdx + y x*) y - x \d* + —r~Tx + u )- 

Hence the differential equation 

d°u , (2 n + 1) du , A 

w + ——Tx + U ~° 

has the solution u = x~ n {AJ n (x) + BY n (x)}. 

Similarly, the equation 

d 2 u (1 — 2 n) du . _ 

+ i- J +u== o 

dx 2 x dx 

has the solution u = x n {AJ n (x) + BY n (x)}. 

If x is replaced by ax in Bessel's equation, we have 


^y + ld y + ( a * _ «\y = o 

dx 2 ^xdx^\ x*) y 9 


of which the solution is y — AJ n (ax) + BY n (ax). 

If x is replaced by ax in equation (2) above, we have 

d 2 u 1 — 2 ndu t 

dx* + ~~x Tx + UU=0 ' 

Thus the complete solution of the differential equation 
d 2 u , mdu , „ 

d* + -xTx + a ' U = ° 

is M = ^- m ^{AJ n _ m)l2 (ax) + BY n _ m)f2 (ax)}. 


( 1 ) 


( 2 ) 


(3) 


( 4 ) 
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13.24 Vibration of a Tapering Beam 
In § 6.9 we found the equation of vibration of a uniform beam as 

F r fry _™<?y 

dx* g dt*' 


If the beam is not of uniform cross-section this becomes 


0 * FT &y _ m &y 

CX 2 dx 2 g dt 2 


Here E is Young’s modulus, I is the moment of inertia of the section 
about the neutral axis, and m the mass per unit length. Also y is the 
deflexion at time t of a point distant * from one end. 

If the beam tapers to a point, at distance * from the point I will be 
proportional to x* and tn to x 2 . Let I = ox i , m — bx 2 . 


Then 


Eag d* d*y = 
b dx* dx* dt*' 


Let y = u cos cot, where « depends on x alone and is 
maximum deflexion. 


Then 


— —co 2 u cos cot, 
dt 2 


therefore the 


and we have 


8 ® JPu bco 2 

— *4 — _ __— x *u. 
dx 2 dx 2 Eag 


Let k* = —. Since u is a function of x only we may write the differ- 
Eag 

ential coefficients as ordinary coefficients and we have the differential 
equation 

_ 

dx\ dx*) 


k*x*u = 0, 




that is 

This equation may be written in the form 


( 1 ) 


(x*L + 3 - - xf - + 3 -^- + k*\u = 0 . 

\ dx* dx )\ dx* dx ) 

This may be verified by differentiating out this expression, and it is 
clear that the order of the brackets can be changed. Hence if « is a 
solution of the equation (1) we have 


d*u , JLu , ,, n 

x- -b d— + k*u = 0, 

dx* dx 


either 


( 2 ) 
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To solve the equation (2) let t = 2kx 112 . 


Then 


dx t 


du 
dx 
dHi 
dx 2 


2 k 2 du 
~Tdt’ 

2&d2k*du 
t dt~Tdt 
4& 4 d 2 u 4& 4 du 
~F~dt 2 ~~FTt' 


Substituting in (2) and dividing by k 2 we have 


d 2 u 5 du 
dP + tdi + U 


0 . 


[13 


Putting u = 


this becomes the Bessel equation. 


dh) 

~dt 2 


Hence 


+ ut + ( l -i) v = 0 - 


u = t-^AJS) + BYM 
= x~ x {AJ 2 {2kx m ) + BY 2 ( 2kx* 2 )}. 


The equation (3) is identical with (2) if k is replaced by ik. Thus the 
solution involves modified Bessel functions of argument 2kx m and we 
have 


u = x~ x {CI 2 (2kx V2 ) + DK 2 { 2kx x/2 )}. 

Thus the complete solution is 
y = cos cot . x~ x {AJ 2 (2kx V2 ) + BY 2 (2kx 1/2 ) + CI 2 (2kx™) 

+ DK 2 ( 2kx™)}. 


I. Show that 


EXERCISES 13 (c) 




i + (i*)t + + 


-}{■ 


+ 


M 21 

2! t 2 


— Jo( x ) “I" Ji( x ) 


>-•} 

2 . Show that y =/„(.*) f is a solution of Bessel’s equation of 

J x \Jo\ x )i 

zero order. 

3. Given that / 0 (J) = 0-9385, /,(*) = 0-2423, find the values of 

J' 3 ( i)- 
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Given that / 0 (1) = 0-765, / x (l) = 0-440, Y 0 (l) = 0-088, find the 

solution of the differential equation x-,— + -f xy = 0, such that 

dx 2 dx 

dy 

y = 2 and — = 1 when # = 1. 
dx 

5. Given that J ll2 {x) — ^/(2/nx) sin use the recurrence formulae to find 
the values of J- yt (x) and J- m {x). 


6 . Prove that 


~ /,«(*) = y/.(*). 

Vi(*) + J. +1 « = 2/'„W. 


7. 


Prove that /,(*) - - {£ + - *£ }/•(*>• 


8. Write down the differential equation one of whose solutions is 
7oW + Jz( x )> an d find the other solution. 

9. Prove that 

*{Jn(*) Y ' '»(*) - y*(*)/«(*)} = constant = 

71 

10. Prove that J n +i(*)Y n (x) - Y n+1 (x)J n (x) = 1. 

71X 

11. Show that the solution y of Bessel’s equation of order n, which is such 

dy 

that y = A and ~ when x = a, is 

y = ina{XY' n [a) - nY n (a)}J n {x) - Jti a{XJ\(a) — fiJ,{a)}Y„(x). 
rb c 

12. Prove that J 0 (x cos 0) cos Odd = 


sin * 


13. Prove that 


14. Prove that 


^x n+1 J n (x)dx = x n+1 J n+1 (x), 
x l ~ n Jn(x)dx = -* 1 n J»-i(x). 
\- x JS(x)dx = -!{/.«(*) +J X *(X)}. 


I 


15. Find the values of / 1/2 (i^) and 

16. Write down the complete solution of the differential equation 

x % + Tx + ** y = °- 

17. Solve the differential equation 

d 2 y 3 dy 
dx 2 x dx ^ y 
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18. 


19. 

20 . 


21 . 

22 . 
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Solve the differential equation 

d 2 y 2 dy 

—-_ -U 9y = 0. 

dx 8 xdx T y 

Show that the complete solution of the differential equation 


+ Zx~ + (a 2 * 8 + % = 0 is y = x~ 1 {AJ 0 (ax) + BY 0 (ax)}. 
dx l dx 

Show that the substitution x = t m reduces the differential equation 

d*y 
dx* 

solution. 


dy 


-f- \ ^L _}_ 4 / x 2 -- )y = 0 to Bessel’s equation, and find its 

xdx \ x 2 ) 

ution. 

d 2 y 7 dy / 7 \ 

Solve the equation — H—--I l -- )y = 0. 

d* 2 y x 2 J 

d 2 y 4 

Solve the differential equation — + ^ = 0 by substitutmg t 2 = 

a # 58 y 


13.25 The Wave Equation 

Consider a wave which is propagated along the *-axis with velocity 
c , so that at any point x there is at time t a disturbance measured by 
V . V may be, for example the height of a wave in a liquid, and its 
magnitude depends on the values of the two variables x and t, so that 
we may write 

V=f{x,t). 

When t = 0, V = f{x, 0). 

If the wave moves along the %-axis without change of shape, the value 
of V at x at time t, will be the same as that at x 1 at time t = 0 where 
x x = x —■ ct (Fig. 349). 

That is f(x, t) — f(x v 0) 


Therefore V is a function of x - 

V 


c 



:/(* - Ct , 0). 

ct and we may write 
: — ct). 

It follows that V must be a solution 
of the partial differential equation, 
d 2 V 1 d 2 V _ 

dx 2 c* dt 2 

This is the one-dimensional form of 
the wave equation. 

If the wave is a harmonic wave 
which at time t = 0 has the form 
V = a cos nx, then at time t it must 
be of the form, 

V = a cos n(x — ct). 
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For a given value of t, V has the same value at x = 0 and x = 2n/n, 
and the length 2 njn is called the wavelength A. 


Thus 


V = a cos ~^( x ~~ 


Also, for a given value of x , V has the same value when ct — 0 and 
c/ = A. The time X/c is called the period of the wave and c/X its fre¬ 
quency. 

Now consider the motion in three dimensions of a plane wave, that 
is, one in which V has a constant value at all points of any plane which 
is perpendicular to the direction of propagation of the wave. 

In Cartesian coordinates, if l, m, n be the direction cosines of the 
direction of propagation, the equation of any such plane is 

lx + my + nz — p, 

and p is the distance of the plane from the origin. If the disturbance on 
this plane at time t was at time t = 0 on the plane lx + my + nz = p v 
then p — p\ is the distance between the planes and p — p x = ct. 
Thus it follows that V is a function of lx + my + nz — ct, and we 
may write 

V = <f>(lx + my + nz — ct). 

Therefore 

&V &V 

— + — + — =(/* + w 2 + n*)<f>"{lx + my + nz- ct), 
dx 2 cy 2 dz 2 


dt* 


= c 2 P”{lx + my + nz — ct). 


where p”{X) is the second derivative of <f>(X), X being any variable. 
Therefore, since l 2 + m 2 + n % = 1, we have 

&V 9V _ 1 d*V = 

dx 2 dy 2 dz 2 c 2 dt 2 

This is the three-dimensional form of the wave equation. The equation 
is linear, and if V x and V 2 be two solutions, then AV t + BV 2 is also a 
solution, A and B being any constants. 

The most general solution of the wave equation is 

V = f(lx -f my + nz — ct) + g(lx + my + nz + ct), 

where / and g are arbitrary functions. 

The wave equation applies to waves other than plane waves. Thus 
we may have waves with spherical symmetry due to propagation in 
all directions from a point source. From the transformation of the 
wave equation into spherical polar coordinates (§ 13.28) we shall see 
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that if V is independent of the angles 0 and </>, the wave equation 
becomes 

W , 20F_ 1 W = 0 

dr 2 + r dr c 2 dt 2 


that is 


d 2 1 d 2 

—(rV) - ~^-(rV) = 0. 
dr 2 ' J c 2 dt 2 ' * 


Thus rV — f(r — ct) + g(r + ct), where / and g are arbitrary functions. 
The motion is therefore similar to that of a plane wave but the magni¬ 
tude diminishes as the distance increases. 


13.26 Stationary Waves 

If we add two harmonic waves of the same amplitude and wave 
length moving along the *-axis in opposite directions with the same 
velocity c , we have the solution of the wave equation, 

d 2 V 1 d 2 V __ q 
dx 2 c 2 dt 2 ~ * 

V = a cos ^(.x — ct) + a cos x + ct) 

A A 

n 2n 2 n . 

= 2 a cos — x cos — ct. 

A A 

This value of V represents what is called a stationary wave . It is clear 

1 3 

from the expression for V that V = 0 for x = -A, -A,.. ., for all values 


2 7ZX 


of t and V — 2a cos —- represents the maximum amplitude for any 

A 

value of x. The general picture is therefore that of a succession of waves 
each similar to a mode of vibration of a taut string (§ 6.7) separated by 
the zeros of V which are called the nodes. 

In what follows we shall deal with solutions of the wave equation 

which represent stationary waves pos¬ 
sessing axial or spherical symmetry. 
These solutions can be applied to many 
types of electrical and mechanical vibra¬ 
tions. 


13.27 Cylindrical Coordinates 

Cylindrical coordinates are obtained 
from Cartesian coordinates (x, y, z) by 
writing x = r cos 0, y — r sin 0, and de¬ 
scribing the point by the coordinates 
(r, 0, z) (Fig. 350). 



Fig. 350 
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To express the wave equation in cylindrical coordinates, we have 


dV JV f . JV 

- = cos 0— + sin 0—, 

jy 0 a; 0y 

0 2 F 02F 0 2 F 02F 

— = cos 2 0— + 2 cos 0 sin 0—— + sin 2 0—, 
or 2 Sx 2 dxcy dy* 

dV . 0 dV a dV 


e*v 2 . 2 /f 

—- = r 2 sin 2 0 —— 
00 a 0* 2 


2 r 2 cos 0 sin 0 


02F 


02F 


^ ^ + r a cos 2 0 
0*0y 0y 2 

fl 0F • a 

— r cos 0-- r sm 0 

dx 


0F 

$y' 


Therefore 
The wave equation then becomes 


0 2 F 1 0F 1 0 2 F _ 02F 02F 
0r 2 r 07 + r 2 002 “ 0^ + 0y 2# 


0 2 F 10F 1 0 2 F 0 2 F 1 0 2 F _ 

0r 2 r 0r r 2 00 2 02 2 c 2 dt 2 


13.28 Spherical Polar Coordinates 

Spherical polar coordinates (r, 0, </>) are 
connected with Cartesian coordinates (x,y, z) 
by the relations (Fig. 351), 

x = r sin 0 cos <£, 
y — t sin 0 sin <£, 

* = r cos 0. 

To transform the wave equation into these coordinates we have 

dV ■ A , ’A • jflV , fl dF 

— = sm 0 cos rf>L- -f sm 0 sm + cos 0—, 
or ox oy oz 

0 2 F 02 f 0 2 F 02 F 

—— = sin 2 0 cos 2 6- -1- sin 2 0 sin 2 <fy- -|- cos 2 0—— 

dr 2 Y dx* ^0>7 02 2 

02 f &V 

+ 2 sin 0 cos 0 sin <b^~— + 2 sin 0 cos 0 cos <i- 

^dydz ^dzdx 



+ 2 sin 2 0 sin <f> cos <f> 


0 2 F 


0#0y 


1 0F .0F . . .0F . *0F 

- — — cos 0 cos d>~ —f- cos 0 sm 6- -sin 0—, 

r 00 r 0* r 0y 0z 
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1 2217 22p 2217 2217 

- —- = cos* 0 cos 2 <£—- + cos 2 0 sin 2 + sin 2 0 —— 
r 2 dd 2 r dx 2 dy 2 dz 2 


d*V d 2 V 

— 2 sin 0 cos 0 sin (f> -2 sin 0 cos 0 cos <f>- 


dydz 

&V 1 . dV 

+ 2 cos 2 0 sin (f> cos <f>—- -sin 0 cos 

~ fix 


dzdx 


dxdy 

i . * . .dv i jv 

r dy r dz 


1 dv . . . jdV , . . ,dV 

-- = —sm 0 sm 6-—\- sm 0 cos 6—, 

rdj> ^dx dy 

1 2217 rfiV d 2 V d 2 V 

-= sin® 0 sin® <£-|- sin 2 0 cos 2 <j>- -2 sin 2 6 sin <f> cos 4>ir^r 

r 2 d<f> 2 dx 2 dy 2 r dxdy 

1 . . ,dV 1 . fl . ,dV 

-sm 0 cos 0—-sm 0 sm 0——. 

r 3# f cjy 

Hence 

d 2 v i d 2 V i d 2 v 2 dv cos e dv _d 2 v d 2 V d 2 V 

dr 2 r 2 30 2 r 2 sin 2 0 d<f> 2 r dr r 2 sin 0 30 3 a; 2 dy 2 dz 2 

The wave equation is therefore 

1 


d 2 V , 237 ,_ 

3r 2 r dr r 2 sin030 


8 . * 37 , 1 

sin 0— + 


0 2 F _ 13®F _ 


30 r 2 sin 2 0 30* c 2 3<* 


13.29 Separation of Variables 

Solutions of the wave equation are obtained by finding differential 
equations satisfied by each of the variables separately. 

Thus for the one-dimensional equation, 

3 2 7 __ 1 3 2 7 _ 

~dx? c 2 dt 2 


we assume that 
that is, 


Then 


therefore 


V is the product of a function of x and a function of t, 




V = X.T 

\ 


&v 

T d?X 

Vd‘X 


dx 2 " 

dx 2 

X lx 2 ’ 

1 

3 2 F _ 

_ Xd 2 T _ 

V d 2 T 

c 2 

dt 2 

~ c 2 dt 2 ~ 

c 2 T dt 2 ' 

1 

d 2 X _ 

1 


X 

dx l 

~&T dt 2 ' 



The left-hand side of this equation is independent of t and the right- 
hand side is independent of x , therefore each side must be equal to a 
constant — m 2 (say). 
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Then 


dt 2 


X — a cos (mx + e), 


— = — m * c *T, T = b cos (met -f t}). 

Thus typical solutions are 

V ± = A cos mx cos met, 

V 2 = B cos mx sin met , 

F 3 = C sin wx cos 
F 4 = D sin w* sin me», 

and the sum of these solutions is also a solution. 

Taking different values of m, usually integer values, a solution may 
be obtained which is the sum of any number of terms of this type. 

The constant used in the separation of the variables might have been 
taken as positive, = -\-m 2 (say). This would lead to exponential solu¬ 
tions of the type 

V — A cosh mx cosh met . 


The same method may be applied to the three-dimensional form of 
the wave equation, 

d*V d*V &V 1&V 
dx % + ay* + dz* c* dt 2 “ 

Writing V = X.Y .Z. T, 

where each quantity is a function of one variable only, we have 

1 ld * Z _ 1 d * T -Q 

Xl& + Y~df 4 ~Z~dz* c*T~dF ~~ * 

Then each of these quantities must be a constant and we write 


1 d*X 
Xdx 2 


—Wj 2 , 


1 d % Y 
Y dy 2 

1 d*Z 
Z dz 2 


- w a 2 , 

-w 3 2 , 


1 d*T 
c*T dt 2 


—n*. 


where « 2 = mf 4* #n 2 2 + m 3 2 . 

We therefore have an infinite number of solutions of the type 
V — A cos m t x cos m%y cos m^z cos net. 
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13.30 Solution in Cylindrical Coordinates 

We now obtain a solution by applying the method of separation of 
variables to the wave equation, 

gy 187 1 d 2 V d 2 V 1 d 2 V _ 

dr 2 + r dr + r 2 dd 2 + dz 2 d 2 & 2 


Let F = R.&.Z.T be a solution, where the functions R, 0, Z and T 
are functions of r, 0, 2 and £ respectively. 

We have 


Let 


If d 2 R 1 dR\ 1_ 1 d*Z 

R[dr 2 r dr J r z Q dd 2 Z dz 2 


Z 


1 d 2 T 
c 2 T~dt 2 


then 
that is 


\d*Q 
0 d6 2 


= — m 2 . 


I— = -C 2 /) 2 , 

r y 


iii?) 


IJ^ + 

2? [ <fr 2 r j 


<•-r =n 2 —p 2 = —a 2 (say). 


dr 2 r dr 


(»-?) = «• 


This last equation is Bessel's equation of order m with argument ar, 
therefore 

R = AJmip) + BY m {ar). 

We thus have an infinite number of solutions of the type 


V = J m (ar) cos w0 cos w* cos cpt, 

where a 2 = —n 2 + P 2 , Other solutions may take the Bessel functions 
of the second kind and may take sines instead of cosines. 

A solution which has axial symmetry and is independent of 0 is 
found by putting m — 0, and we have 

V = 7o(ar) cos nz cos cpt , 

where a 2 = — n 2 + p 2 . 

If the wave is also independent of z we have 

V = / 0 (^) cos c P t - 


13.31 Vibration of a Membrane 

Consider the vibration of a thin membrane stretched tightly over a 
circular ring of unit radius. We shall suppose the tension to be uni¬ 
formly equal to T over the area of the circle, so that a small rectangular 
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element of sides dx and dy (Fig. 352) is sub¬ 
jected to forces T8x and Tdy perpendicular 
to its edges. 

We have seen (§ 6.7) that if y is the dis¬ 
placement of an element dx of a taut string, 

the restoring force is ( Tdx )^, where T is 

dx 2 

the tension in the string. 

Here we shall take z to be the displace¬ 
ment of an element of the membrane. Then the restoring force due to 

02 2 

the tension Tdy is Tdydx —, and that due to the tension Tdx is Tdydx—. 

dx 2 dy 2 

If q be the surface density of the membrane the effective force on the 
element is 

dydx c 2 z 





g 


dt 2 ’ 


and we have 


Tdydx i 


. d 2 z\ dydx d*z 


a ? 


that is 


where c 2 = 


0 2 2 , d*Z 


Tg 


dx* + 


dy* 


1 d*z 
c* W 


Thus the equation of motion to be solved is the two-dimensional form 
of the wave equation, with the boundary condition z = 0 on the 
bounding circle. 

To obtain a solution with symmetry about the centre of the circle 
we find the solution in cylindrical coordinates which is independent of 
6 (§ 13.30) and we write 

z = Jo(P r ) cos cpt. 

Since z — 0 when r = 1, we must have J 0 (p) = 0. The least root of the 
equation J 0 (p) = 0 is p = 2*405, and hence the fundamental mode of 
oscillation is 

* = J o (2-405r). 

This represents the maximum displacement corresponding to any value 
of r. We can obtain other modes of vibration by considering the further 
zeros of J 0 (p), the next in order of magnitude being p = 5*52, and the 
corresponding mode 

s = /o(5*52r). 

The frequency of the fundamental mode is 

cp _ 2-405c 
2 n 2 n 

and higher modes have correspondingly greater frequencies. 
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13.32 Solution in Spherical Polar Coordinates 

Let V = R.0.0.T be a solution of the wave equation 

1 d*V 1 d*V 


2 37 

dr 2 + r dr + 


_1_ — sin 0— 4-_ 

r J sin0S0 Sm dd r 2 sin 2 0 ccA 2 


= 0 , 


c* dt* 

where R, 0, 0 and T are functions of r, 6, <f> and t respectively. 
We have 

1 d?0 


r dr \ 


_ d gin Q d0 ,_ 

r ' 8 sin 9.0 dd S n dd r 2 sin 2 6.0 dp 2 


1 d * T _n 


Let 


1 d2T - a* 
c?T dt* ^ ’ 

1 d*0 

0 d 4 ? m ' 

1 d . JL0 m 2 . 


then 

We have, therefore, 

The equation for 0 is 

1 


1 f d*R 2 dR] _ n(n + 1) 
R[ dr 2 ^ r dr] r 2 

T = cos cpt or sin cpt, 

0 = cos or sin w<£. 


-**• 


d . J0. 

-- — sm 6—r + 

sin 9 dd dd 


n(n + 1) 


sin 2 0 


j<9 = 0 . 


Writing x = cos 0, we have 


1 d 
sin 9 dd 


d_ 

~dx 


^(1 — + j «(« + 1 ) + 


m z 


dx 

J 2 0 


0 = 0 , 


d0 


x 2 — 1 

10 = 0. 


This is the Associated Legendre equation, § 13.14, of which the solution 
is 

0 = AP n m (x) + BQ™{x), 

— AP n m (C0Sd) + BQn m ( COS0). 

The equation for R is 

dr‘ rir V * 
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The substitution R = r V2 y(r), reduces this equation to Bessel's 
equation. 


We have 


dR 
dr 
d 2 R 
dr 2 


— r 


d?R , 2dR , 
dr 2 r dr 


dr 

-a £y 

dr 2 

w(n + 1) 


— 


dr 


_ r -(3/2) ^ _y~WV)y f 


3 

4^ 




jy = AJ n + 1/2 (pr) + BY n+ll2 (pr). 

Hence R = r-™>K/ n+1/2 (£r) + BY n+ll2 (pr)}. 

Hence we have solutions of the wave equation of the form 
V &/ 2 ) J n+ll2 (pr) . P n w (cos 0) . cos nuf>. cos cpt. 

A solution which has spherical symmetry and is independent of 0 
and <f> is found by putting m = n — 0, and we have 

V = r~ (m) J ll2 {pr) cos cpt , 

= - sin cos cpt. 
r 

A solution which has axial symmetry and is independent of <f> is 
found by putting w = 0 and we have 

V = r-^ 2) J n+ll2 (pr)P n { cos 0) cos cpt. 


13.33 Laplace’s Equation 

Laplace's equation in Cartesian coordinates is 
d 2 V d 2 V d*V _ 0 

fo* + 0y2 + 0^2 

This equation has many applications which include a fluid in motion, 
gravitational or electrostatic potential, thermal equilibrium in soUds 
and stresses in solids. 

Its solutions may be considered as solutions of the wave equation 
independent of the time and may be obtained by the separation of the 
variables. Thus we have solutions obtained by separating x, y and z 
of the type 

V = cos lx . cos my. cos nz , 

where l 2 + m 2 + n 2 = 0. This implies that one or two of the quantities 
l, m } n must be imaginary and the corresponding cosine replaced by a 
hyperbolic function. 
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In cylindrical coordinates the equation is 


d*V 1 8F 1 8 2 F d 2 V _ 

dr 2 + r dr + r 2 00 2 + dz 2 “ ' 
and we have the solutions obtained in § 13.30 with p = 0, 

V = J m {nr) cos mO cosh nz. 

In spherical polar coordinates Laplace's equation is 

8 2 F 2 8F 1 8 dn Q dV 1 p 

8r 2 r 8r r 2 sin 0 80 S 80 r 2 sin 2 0 8<£ 2 

Writing F = R.0.& and separating the variables as in § 13 . 32 , we 
have 


that is 


\d 2 R __ n(n + 1) 

dr 2 r dr J r 2 

dR 


1 ^ 

R 

r 2 ^J^ + 2r^p — n(n + 1 )R = 0. 
dr 2 dr 


It is easily verified that a solution of this equation is R = r n or 
R = r ~n-i q'jjg other equations are as in § 13.32 and we have solutions 
of the type 

F = r n P n m (cos 0) cos nu/>, 
or V — r~ n_1 P n m (cos 0) cos mf>. 


13.34 The Equation of Telegraphy 

The equation of telegraphy is 

0 2 F_ 1J0 2 F 0F1 
0% 2 “ c 2 \ dt 2 + dt] 9 

and represents the flow of a wave along the %-axis with damping 
proportional to the velocity of vibration. 

Writing V — X. T, and separating the variables we have 


d 2 X 
dx 2 


— — m 2 X, 


d 2 T dT _ 
dt 2 +k dt “ 


—m 2 c 2 T. 


The second equation is that of damped simple harmonic motion and 
has the solution 


where p 2 = m 2 c 2 — 


T — e~ W2)kt cos (pt + e)> 

-& 2 . Thus we have solutions of the type 
4 


F = e~ W2)kt cos mx cos pt. 
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13.35 The Heat Flow Equation 

The heat flow equation applies to the conduction of heat in bodies. 
Let v be the temperature at any point of a body. Then v will, in general, 
be a function of the coordinates x, y, z, of the point and of the time t. 
At any instant there will be surfaces in the body along which the 
temperature is constant and these isothermal surfaces have equations 
v(x, y, z) = constant. 

The direction of flow of heat at any point is normal to the isothermal 
surface through the point in the direction in which v decreases. The 

direction ratios of the normal are ^ ~ and if K be the thermal 

dx dy dz 

conductivity of the substance the flow per unit area across the surface 
has components f x , f y , f z parallel to the axes of coordinates, where 

dv dv . „0v 

fx = ~ K Vx fv = ~ K Vy fz ~ K Tz 

The flow is therefore a vector with these components, and is called the 
current vector . The flow across a small area about a point is therefore 
the product of the area and the current vector at the point. 

Consider an element of volume which is a rectangular parallelepiped 
with edges 2dx, 2dy, 2dz, parallel to the axes ? 
of coordinates, and with centre at the point 
P(x, y, z) (Fig. 353). The flow into the element 
parallel to the %-axis is 


4dydz\ 


( fx ~ 


and the flow out of the element through the 
opposite face is 

«). 





dx 

Thus the increase of heat in the element due to the flow through these 
two faces is 

- 8 dxdydz^. 

OX 

By considering the flow parallel to the axes of y and z we find increases 
of heat 

—8dxdydz~^, 

dy 

—8 dxdydz-^, respectively. 
dz 


and 
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Hence, the total gain of heat by the element is 

-8dxdydz(^ + %£ + g y 

If q be the density and c the specific heat of the substance, the rate 
at which the element is gaining heat is 


(8dxdy8zQ)c-~. 


Therefore qc^ + — + —^+^ = 0 , 

dt dx dy dz 


that is 

Tjr /d 2 v . d 2 v . 9 2 i>\ dv 

K \d # + w + = QC Jt‘ 



d 2 v d 2 v d 2 v 1 dv 

dx 2 dy 2 dz 2 h 2 dt* 

(i) 

where h 8 = K/(qc) is 
stance. 

If the temperature 

called the thermometric conductivity of the sub¬ 
does not vary with the time we have 


d 2 v d 2 v d 2 v 

dx 2 dy 2 dz 2 

(2) 


so that v satisfies Laplace's equation. 

Solutions of the equations ( 1 ) and ( 2 ) can be found by separation of 
the variables as in § 13 . 29 . Thus, if the flow of heat is parallel to the 
#**axis throughout the body, we have 

d 2 v 1 dv 

dx 2 h 2 dt 

Let v = X.T, where X depends on x only, and T on t only. 

„ r , 1 d 2 X 1 dT , , 

Weha ™ xlP - WS - amatant ’ 

= —« 2 (say). 

We then have solutions X = A cos (nx + e), 

T = Be- n ' hH , 
v = Ce~ n ' hH cos {nx + e). 

The sum of any number of such solutions with different values of n ; s, 
of course, itself a solution of the equation. 

d'h) d 2 v dh) . , . , , 

The expression — H-+ — may be expressed in cyhndncal and 

r dx 2 cy 2 dx 2 

spherical polar coordinates as in § 13.27 and § 13 . 28 . 
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Thus in cylindrical coordinates (1) becomes 

d 2 v 1 dv 1 d 2 v d*v _ 1 dv . . 

dr 2 r dr r 2 dd 2 dz 2 h 2 dt 

In spherical polar coordinates (1) becomes 

d 2 v 2 dv 1 0 . ndv 1 dh) __ l dv . .. 

dr 2 rdr r 2 sin 0 00 S ° dd r 2 sin 2 6 d<f> 2 h 2 dt 

13.36 Boundary Conditions 

Problems of conductivity of heat involve finding solutions of the 
heat flow equation which satisfy certain boundary conditions. 

A bounding surface of a body may be maintained at zero temperature, 
in which case the solution found must be zero on this surface for all 
values of t . 

If a bounding surface is maintained at a constant temperature other 
than zero it is often necessary to express this constant temperature as 
a Fourier series and to compare the Fourier series with the value of the 
solution obtained on the boundary. 

A bounding surface may also be insulated so that there is no flow of 
heat across it. In this case it is necessary that the current vector 
derived from the solution obtained for v shall be zero on the surface. 


Example 7. A large sheet of metal of thickness a and thermometric conductivity h * 
has initially a uniform temperature of T degrees centigrade. If its hounding 
surfaces are kept at a constant temperature of 
zero degrees centigrade , find the temperature 
distribution at time t. 

Taking the *-axis normal to the plate (Fig. 

354) we have for the flow of heat, 

dh) 1 dv 

a * 1 “ h*Jt 

and we have found solutions of this equation 
of the type 

v «= Ce-n'M S i n ( nx + e ). 



Since v = 0 when x = 0, we have e — 0, and since v — 0 when % — a we 
have na = kn , where k is an integer. 

The flow across the surfaces is 


—K— «* —nKCe~ n hH cos-. 

dx a 

This must have the same value with opposite sign when x 0 and when 
x = a, therefore k must be an odd integer, and hence n =» (2r + 1 )nja, 
where r is an integer. 

v -= Ce~ (ir+1)t K ihH/ai sin {(2r + 1 )nx/a}. 


Therefore 
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This cannot give a uniform temperature T when / — 0 unless we take a 
combination of solutions of this type and write 


v - E S in{(2r + 1 )nx/a}, 

r —0 

so that when t =* 0 we have 

00 

— £ C r sin {(2 r -f- \)nx/a}. 

r =0 

We can express the constant T as a Fourier series of sines of odd multiples 
of 0. 


Thus if 


T = 2 b r sin (2r-hl)0, 

o 

4 

I o 

1 


Thus 


- -f*" Tsin (2r + l)0de 

0 

_ 4r 

rc * (2r -f 1)* 

4 T 00 sin (2* + 1)0 _ 

T -£ 7 > for 0 < 6 < 


4 T 00 sin {(2r + \)7ixfa} 
n fL (2r + 1) ' 


for 0 < x < a. 


Therefore the solution obtained for v satisfies the condition 
Wf-0 - T. 

4 T 1 

lfCr “ T (2r + 1)' 

Hence, we have the solution 

V-— r ,-ar+M.*w sin {( 2 ' + »>”/«}• 

» f _o ( 2 ' + « 


Example 8. square thin metal plate of side a has two adjacent sides kept at a 
temperature of zero degrees and one side kept at a temperature of T degrees, the 
remaining side being insulated. Find the temperature distribution over the plate 
in the steady state. 


Let the edges of the plate be the lines * = 0, # * a, y ~ 0, y — a (Fig. 
366), and let the edge y = 0 be insulated and x = a be at a temperature T. 
The equation to be solved is, since there is no flow of heat. 



d*v d*v 
dx 2 + dy* 


0. 


Solutions of the type 

v *■ C sinh nx cos ny 

will satisfy the equation and the boundary 
condition at x — 0. They will also satisfy the 

dv 

boundary condition for y — 0 since — must be 

oy 

zero on this edge. 


Fig. 365 
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To satisfy the boundary condition on the edge y a we must have 
cos na «= 0, 

that is na =» (2 r + l)-tt, where r is an integer. 

£ 

To satisfy the remaining boundary condition we write 
00 

v = S C r sinh {(2r + l)nx/(2a)} cos {(2 r + l)ny/(2a)} t 

r=0 

and we have 

oo 

( v )x=a = Z C r sinh {(2 r -f 1 )nj2} cos {(2 r + \)nyf(2a)\. 

r =0 

We can express T as a Fourier series, 

00 

T *= 27 a r cos (2r 4- 1)0, 
r« 0 


where Oy « — I cos (2r + l)6d0 
n J o 

_ 4r (—!)»• 

“ IT (2r + 1)’ 

4T “ I — l>f 1 

Thus T- 2 -± ' cos (2r + l)fl. 0 < 0 < 

51 r—0 \ 2r + 1) 2 

- ^ cos {(2r + l)^y/(2fl)}, 0 < y < a. 

Hence C r - —--, 

n (2r + 1) sinh (r + %)n 

^ £T “ ( —l) r sinh{(2rl)^/(2a)}cos{(2r + l)7cy/(2a)} 
" n r=o (2r + 1) sinh (r + £)ji 


Example 9. fto'n semicircular plate of radius a has its hounding diameter kept at 
temperature zero and its circumference at temperature T . Find the temperature 
distribution in the steady state. 


Taking the bounding diameter as the x-axis with the origin at the centre 
(Fig. 356), the. equation to be satisfied is 


d*v d*v 
8x* ' dy* 8=1 

or, in polar coordinates (r, 0), 
3% 1 dv 1 d*v 

dr 2 + rdr + r 2 dd 2 ~ 


Separating the variables by writing 
t; « R.Q, we have 

1^R\ 1 d*e 

R\dr 2 + r~fc) + W 2 ~ °‘ 

1 tf 2 ® 

Smce ^ ^ «= constant — —«* (say). 


Y 



we have 
and 


@ *= sin (nd + e), 

d*i? IrfI? 

~n ^—t* —5R ** 1 

dr* r r* 


A.M.E-17 
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This last equation is satisfied by r m , where m = +n, and hence we have 
solutions 

v = {Ar n + Br~ n ) sin (nd + e). 

We may take B = 0, since the solution must be finite at the origin, and if 
e = 0 the boundary condition is satisfied along the diameter if n is an 
integer. Also, for symmetry in the two quadrants n must be an odd integer. 
Therefore we have 

v = E C m r 2m+1 sin (2m + 1)0. 

m—0 

On the circumference we have 


(v) a = T = S C m a 2m+1 sin (2m + 1)0. 

tn =0 

Using the Fourier series for T obtained in Example 7, we have 


T = 


® 4T sin (2m + 1)0 
m=o n (2w + 1) 


, for 0 < 0 < n t 


and hence 


v 


4 T ® (rla) 2m+1 
Ji w =o(2 m + 1) 


sin (2m + 1)0. 


1. 


2 . 


3. 


4. 


EXERCISES 13 (d) 

d 2 V 1 d*V , 

Find a solution of the equation —- — — —— which is zero when 

c* (/i* 

x = 0 and when t = 0 and is never greater than unity. 

Find a solution of the equation 

d*V d 2 V _ 

W + W ~ °' 

which is zero when x is infinite and when y is zero. 

Assuming that 

u = -EW cos (<ot + a) 


is a solution of the partial differential equation 
d 2 u 2 du _ ^ 
dr 2 ^ r dr c 2 dt 2 

where o), a and c are constants, and F(r), is a function of r only, 
obtain the ordinary differential equation satisfied by F(r) and give 
the general solution for F(r). 

du 

Given that, for all values of t , (i) u is finite at r = 0, (ii) — = 0 

dr 

at r = a and that u is not identically zero, prove that (coa)/c = p 
must satisfy the equation jj = tan ft. (L.U., Pt. II) 

Show that u — Ae mx cos (cot + mx) + Be~ mx cos (cot — mx) is a solu¬ 
tion of — = 2~, where A, B, m and a> are constants, provided that 
dx % dt 

m 2 — co. 




18] EXERCISES 503 

Find values of the constants, given the conditions (i) m > 0, 
(ii) u remains finite as x -*oo, (iii) u = cos t when x — 0. 

(L.U., Pt. II) 

6 . Show that V = J 0 (nr) cos nz is a solution of Laplace's equation in 
cylindrical coordinates which is independent of 6 and finite at the 
origin. 

6 . Show that r”P n (cos 0) is a solution of Laplace's equation in terms of 
spherical polar coordinates (r, 0 , <j>), which is independent of <f>. 

7. Find a solution of the two-dimensional wave equation 

d*v d*v i d*v 

dx* ~~ c* 0 / 2 " “ such ^ = 0 along the lines * = 0 , 

y = 0 , x = a, y a. 

8 . Show that a solution of the wave equation in two dimensio ns which is 
symmetrical about the origin and finite there and is zero on a circle 
of radius a is 

, / ar\ cat 

J \a) COS T‘ 

where a is a zero of J 0 {x). 

9. Show that a solution of the wave equation which has spherical sym¬ 
metry about the origin and is finite there is of the form 

At" 1 sin pr cos (cpt -f e). 

10. A square metal plate of side a has edges represented by the lines 
x = a and y == a insulated. The edge x = 0 is kept at a temperature 
of zero degrees and the edge y = 0 at a temperature of T degrees. 
Show that the temperature distribution in the steady state is given by 

00 

V = r. Cf COSh ^ 2r + ~ 8111 {( 2r + I)**/(2a)}, 

and that C, = (»+!) »/2 

n(2r -f- 1 ) 

11. A thin metal strip is bounded by the lines x = 0, y = 0 and y — a 
and is of infinite length. If the temperature is T degrees along the 
edge * = 0 and is zero along the other edges and at infinity, show that 
the temperature distribution in the steady state is gwen by 

v = 2 CH?‘’ l2r+1)KX/a sin {(2 r -f- \)ny!a} t 

where C, =*-—- 

f n(2 r + 1)' 

12. A large sheet of metal of thickness a has initially a uniform tempera¬ 
ture of T degrees. The lower face is kept at a temperature of zero 
degrees and the other face is insulated. Show that the temperature 
after time t at distance * from the lower face is given by 

Vss r £ '<*«•' sin {(2r 4 - 1 )nx/(2a)} t 


A.M.E.-17 1 
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where C r ~ -, and h 2 is the thermometric conductivity of 

n(2r 1) 

the metal. 

13. Show that if f{x) = 0 for 0 < * < and /(*) = T for < x < a, 

/M » _T - - _I (2r + !)«/«. 

for 0 < x < a. 

Show that 

1 2 T 00 (— l) r cosh {(2r + l)^(a — y)/a} cos {(2r + l)nx/a} 

V 2 T "IT ,f 0 (2r + 1) cosh (2r + 1)» 

gives the steady state temperature distribution on a square plate with 
sides x = 0, y = 0, x — a t y — a, insulated along three sides and 
with the side y — 0 kept at temperature zero for 0 < x < Ja, and at 
temperature T for \a < % < a. 




ANSWERS TO EXERCISES 

EXERCISES 1 (a) 


1. 

2 . 

4. 

0 . 

8 . 

10 . 

11 . 

12 . 

14. 


1 . 

4. 

6 . 

7. 


8529, fUb./sec. 

(a) 1 ft./sec., 391 ft. (6) 2*5 ft./sec., 97-7 ft. _ _ 4 

Q.gj 5. (a) 11*39 h.p„ (b) 52-1 lb.wt. 

625 lb. t 12 ft./sec. 87 * 6 * 

1-226 ft./sec.*. 9- 40-1 per cent. 


0-66 ft./sec., 173-6 ft. tons, 59 tons. 
MO, 1-34, 1-46 ft./sec., 1 ft.ton. 
1195 ft./sec. 

1172 lb.wt., 1/4, 85 h.p. 


22 h.p., 193 lb.wt. 


EXERCISES 1 (b) 

0 65 miles. 2. 80 ft./sec., 1440 ft., 85-3 ft./eec 

+ ga z fx % y J% » 5. 1410 ft./sec. 

ilog {17 -f (17* — V*) m }IV, W 2 sinh 2Af. 

{2ghRj(R + A)}^. 84 mile9 ' 340 sec - 


EXERCISES 1 (c) 

5. 10 ft./sec., 0*71 sec. 7. 1*36 miles. 

9. 520 ft. U* ^ lo 8 (* + **•/*)• 

12. * - t; cos a(l - «-**)/*, y - (kv sin a + g)(l - *'**)!& - gt/k. 

15. PUVUjj, - k*V*) t {iAk*l{p - A*F*)} 1/a . 


EXERCISES 1 (<f) 

1. 13*5 ft./sec. 2 * 7 lb.wt. 

3. £T{1 - (2P/6) log (1 + QI2P)}. 4. £<1 + *W>- 

6. 567 ft./sec., 1843 ft. 7. 427 ft./sec.. 1541 ft. 

8. v = t> 0 (l - c*)/( 1 + **). « - (1 - 


EXERCISES 1 («) 


1. 2-67 ft., 4-44 ft. 

3. 120 V 8 /*- 

5. 160*7 r.p.m., 2-30 in. 

7. 440 r.p.m. 


2. 30° 52 / . 

4. 88-2 r.p.m. 

6. 625 ft.lb., 38 h.p. 


EXERCISES 1 if) 

3. V sec y>/(sec 4- tan y)*. 

8. a(l + m*/A*), «o>*/A*, 2w/A. 


1. i*>o(V + 4 gc) v *lg. 
7. 



506 APPLIED MATHEMATICS FOR ENGINEERS 


EXERCISES 2 (a) 

1. n/S sec., 8 ft./sec. 6. A 2 — 1 4 2A, C »» *5. 


EXERCISES 2 (6) 

I. 7, 5-50 sec. 3. 2m/s, jj.4 2 A(a£)” V2 per cycle. 

4. t(2) ,/8 - 

5. 3m* — (4a« — u)e~ nt 4 (u — an)e~ Knt . 

8. i(8 sin 4f — 4 cos 4/). 

9. a(*V>* 4 A*) 1/2 {m 2 ^ 4 4 (A 2 - 2Am)/> 2 4 A 2 }-^» 


EXERCISES 2 (<?) 

1. Cl? 2 « 4L, EC( 1 4 2 tlCR)e~*«CR — (Et/L) e~'«OR. 

5. No term / cos tj(LC) llt . 

6. q - £Cm{(A 4 - (A + #«)^}/(a - 0(A 2 4 A* 8 )# 

A - (1 - LCrc 2 ), jx - RCm, #j « f - 2T, a/? - 1/LC, a 4 0 - -R/L. 

7. cosh (fit 4- s) or Ae~ at cos fit + c) + (E/I?) cos </> sin (pt 4 <f>), 

a - -R/2L, £ « 4 {(Rj2L) % - (1/CL)}^ 2 , tan^ * (1 - LCp*)/RCp. 

8. 0 0001, 3-2. 

9. (E/I?) cos </> sin (cat 4 <f>), tan ^ — (1 — LCca^/RCco- 

10. Cl? 2 - 4L. 

11. E{1 — ^“^(cos Zcot *f i sin 2co/)}, fCEa*? - "* sin 2cot. 


EXERCISES 2 (<*) 

I. i x - (E/R)(l - - (E!R)e-*CR. 

rt £{4E 2 (L 2 C*co 4 4 3R 2 C^ 2 4 1 - LCco 2 ) 2 4 (R S C - L) 2 (l- LCc» 2 ) 2 <o 2 }*' 2 
2 * (37? 2 G» 4 Leo)" 4 4R 2 (1 - LGo 2 ) 2 

tan-^^C - L)(l - LCa?)cal2R(L*Cho* 4 3 R*CW 4 I - LCco 2 )}. 

3. E(I? 2 4 LW)^ 2 (9E* 4 4L 2 co*)- (1/ * ) cos (cof 4 0), 
cot - (3E a 4 2LW)IRLco . 


EXERCISES 3 (a) 


1. 

1-625M, 1-531AT. 

2. 

1-22, 1*99 ft. 

3. 

3-1M. 

4. 

3*33a 4 . 

5. 

93Afa 2 /70, M(93a* 4 32A 2 )/140. 

6. 

0-46Ma 2 , 1*21 UaK 

7. 

62ma 2 /3. 

8. 

3*5 Ma 2 , 2-25Ma 2 . 

9. 

0*475Ma 2 , 0-86Ma 2 . 

10. 

3-90, 2*74 in. 

11. 

2*2 in. 

12. 

13-31 in. 

13. 

3-22, 4-37, 4 18 in. 

14. 

6 in., 5440 in. 4 . 


15. ^sa 4 sin fl cos 8 0, I -5 ® 4 si** 8 ^ cos 0, \/3sa*/32, 3 •y/3sa 4 /32. 


EXERCISES 3 (6) 

2. 6 2 (4a 2 4 4 25 2 )/3. 

5. 105-4, 23-4, —27*7 inA 


1. Ma 2 /(2rt), (9 ti - 32) Afa 2 /(1&* 2 ). 

3. 240n in. 4 . 

6 . 68-8, 13-9, —18-6 in. 4 . 


ANSWERS TO EXERCISES 


007 


EXERCISES 3 (e) 


1 . 

(i) ab(a* + 46*), (ii) 8o»6*/3(a* + 6*). 


2. 

na*l 16 + a 4 /8. 

3. 

221°, (5/3 + V 2 ) a ‘- 

4. 

119*6 in. 4 . 

6. 

17° 1', (64-4 + 49-5) in.*. 

6. 

32*4 in. 4 . 





EXERCISES 

3(d) 

1 . 

3*40, 2*14 in. 

2. 

212 in. 

4. 

29° 52', 119° 62", (4*17 

+ 2*32) in. 4 . 6. 

6014-25 ft 

7. 

2240, 2224, 20 lb.ft.*. 

8. 

3120, 3088, 64 lb.ft.*. 



EXERCISES 

4 (a) 

1 . 

16 lb.ft.*. 

2. 

3£/(4a). 

3. 

68*4 r.p.m. 

4. 

{g/2«)}W. 

6. 

23*2 rad./sec. 

7. 

4-375 lb.ft*, 35 lb.wt. 

8. 

673 r.p.m. 

9. 

37,011 ft.lb., 59 ftlb., 57 sec. 

11. 

6*26 sec. 

12. 

5350 lb. 



EXERCISES 

4(b) 

1 . 

7*63 ft./sec., 326 pdl. 



2. 

3ti* X 10 4 ft.pdl., 160 ti 

ft.pdl., 2 min. 


3. 

{ag(n - 2)/3} u *. 

4. 

tg- 

5. 

3-04 rad./sec. 

6. 

4g/71, 0-02 ft.cwt 

7. 

(PIK) m 



Q 

a(G - P)I, + bQI t (G 

- P)b* - Qab ntPa a*/, + W, 

o* 

aU % + 6*^ ' 

a*J, + 6*J, ' 

b (G - P)6* - Qab 

9. 

19*6 ft.lb., 0*89. 

10. 

Wr*{gT*l(4na) — 1}. 

11. 

3 g > 4 ak % , 0 — tw“ w (cos pt -f - sin ^O* 

/>* + ** — 3g/4a. 


EXERCISES 4 (c) 


2. 

3200 ft.lb. 

3. 

200 r.p.m. 

4. 

cos-MH/12). 

5. 

1/-V/3 lb.sec. 

6. 

762 r.p.m., 98,000 ftlb. 

7. 

1733 ft.sec. 

8. 

41*176 ft.lb., 6*02 lb.sec. 

9. 

125 r.p.m. in B's direction, 2*36 sec. 

10. 

1*83 r.p.s 

11. 

17/9. 

12. 

(V,* + V,*)o>i/{V«* + (I + I.)'.’}- 


13. 


+ wj. 



EXERCISES 4 (d) 

1. 

2-2 sec. 

2. 

1° 45'. 

3. 

5-62 rad./sec., 2-235 sec. 

4. 

l*78a, 2*33 a**. 

5. 

2-49r"*. 

6. 

0*42a, l*08a from m. 

7. 

2n(2lj2g) vl , 2n(tlg)V'. 

8. 

29*5. 

10. 

fci{(5* + 3a*)/2aff} u *. 

11. 

Circle of radius 14*4 cm. 

12. 

2n{(a* + 2a6 + 46*)/3«'6}W*. 

13. 

(8«/5a)«*. 

14. 

i m g- 
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EXERCISES 4 (e) 





/ /2a7i , \* 

1. 

3*18 in. 

2. 

4«»7, —(^-1 . 




2g\180/ 

3. 


4. 

2*{/,/,/**(/, + /,)}*'». 

6. 

2n(//2g)W 

7. 

27i(ll3g) 1 '*. 

9. 

1*2 in. 

10. 

6700 lb.ft.*. 


EXERCISES 5 (a) 

1. 

0*165, 1*23 sec. 

2. 

cylinder, 0*03 sec. 

3. 

f* Wg- 

4. 

77*5 sec., 0*1 ft./sec. 

5 . 

2a*g sin a/(2a* + A 2 * + V); i(V 

— k^)mg sin a/(2a* 4- A x * + A a *) 

7. 

2*96 sec. 

8. 

4PJ3M. 

9. 

2T cos a/3Af. 



11. 

}m#(3 cos 0 — 2)sin 0, Jm^fl — 3 cos 0) 2 

, 0*35. 

13. 

±mg(\2 sin 0 — 1 — 9 sin 2 0); sin - 

>*• 


14. 

cos -1 (10/17), {I0£(a + 6)/17}^*. 



16. 

m(l + Wa. 

17. 

4Rjbtr 2 gf(Mr 2 + 2mA*). 


EXERCISES 

5(6) 

1. 

{3^(cos a — cos /0)/2a} 1/8 . 

3. 

(15^/13a) 1/2 , l49Mg/l04. 

4. 

aoo?l6g. 

5. 

Mg(l — 6 cos a). 

6. 

1745 ft. tons, 4*65 per cent. 



7. 

cos0{l8ga(l — cos 0)/(9 sin* 0 4- 7)} 1 /*. 


8. 

3mg — 7 m(a£* + g)j2 5. 




EXERCISES 

5 0 

7. 

{2aa)(yu cos a — sin a) 4* cos a}/{«(5/* cos a — 2 sin a)}. 


EXERCISES 

5(d) 

1. 

m(la 2 co 2 ± au ); m(£a*a> 4- u 2 jco). 

2. 

m(a 4- |6)6a>. 

3. 

\Mroj, § Mrcb. 

4. 

a$. 

5. 

32*2 ft./sec., 797 ft.lb. 

6. 

(g cos a/2a) 1/2 . 


EXERCISES 5 (e) 

3. w/V 3. 

4. (a) 15g/16a t 83^/128; (6) 1 5g/56a, 403w/448. 

5 . 0-2. 6 . (3# sin Oja) 1 **. 

7. mg sin a. (/ — a) (l — 3a)[41; mg sin a a(l — a) 2 [41. 

8. ^/\S5mg sin a/22, mga sin a/22. 

EXERCISES 5 (/) 

2. 3a>/4. 

3. (Af + fon)a>l(M + 3m), Af(M + 4m)«»/(Af + 8m). 

4. 1/13. 6. Qu/V. 

7. JMmaV/{Ma* + m(a* + 3**)}. 



ANSWERS TO EXERCISES 
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EXERCISES 5 (g) 

1, mMV/2(M + 3m), mMV}{M -f 3m). 

2. m(3gl) ll2 ll. 4. co *= 3/6/{2m(4a* + 6*)}. 

5. //m, 5//8am, 37/*/04m. 6. (o ■= 3i//8a, ^ = 5v/8, ^ » 3t//8. 

8. (a) 41175 ft.lb. (6) 6*02 lb.sec. 9. 5F/6. 

10. 3//5Afa. 11. 8t?/7. 


1. JM/co. 

4. 4 maw 15. 


EXERCISES 5 (h) 

2. 5//11, m/a>/6, m/co/3, lltnko/6. 

5. |a from side, M(agj 12) Va . 


EXERCISES 6 (a) 

1. 2n(l*l3ag)V. 2. 2jr(83a/120^». 

5. 2n{bl$g) m . 8. 1705a. 

10. 6*33 ft./sec., 4*05 sec. 


EXERCISES 6 (6) 

1. (i) a + 5, (ii) a5/(a + 5). 3. W7*/(192£J). 

4. 0 — {l2a/ji*n*/(3^/ — 8jr*n 2 / 2 )} sin 2?iwf. 

6. (tan n/ — nl)/n, Eln * = m#. 7. sec a(tan «/ — nl)/n. 


EXERCISES 6 (c) 


2. 49*0, 23*3 per sec. 

4. 6240 r.p.m. 


3. 264 r.p.m. 

6. 2750 r.p.m. 


EXERCISES 6 (d) 

1. ~7i 2 + 427 cos vm( \ cos nx — - sin nx\ 

3 \n* n / 

2 . — £27 cos tm cos (2 n — l)x/{2n — 1). 

3. {(2 sinh ttJ/ti} |^ -f 27 ^-^ (cos nx — n sin nx) j*. 

5. \ a + ~^fcos 0 — ~ cos 20 + o) + —(sin 0 4* i sin 20 -f 0 
3 2n \ 2 / 2ji\ 2 / 


1 1 . 2 cos 2nx 

6. - + - sin x -27——- 

71 2 71 4»* — 1 


1. 5* 

a 8 v , sin(2n - 1)* 

3 ’ 7i (2n — 1)* * 
a ca , 2c . 

6.-1-27 sm «a cos «*/n. 

71 71 


EXERCISES 6 (e) 

4 . 2 


(4m + 2 )ti 




(2m + 1 )ti 


5. 2a27 


r cos (2n — l)a cos (2 n — \)x 


(2n - l)*a* - (w/2)* 

_ 2_,1 . fUll tl7l\ 

7. -27- sm —-11 4- 2 cos — I cos nx. 
3 n 3 \ 3 / 
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8. 


10 . 


11 . 


12 . 


13. 


14. 


16. 


17. 


1. 


4. 

7. 

8 . 
10 . 


1. 

7. 

9. 

13. 

15. 

19. 

21 . 


2 . 

6 . 

7. 

11 . 

12 . 

13. 

14. 
16. 
20 . 


cos/*r/4£*. 

2 1 cos nrn 

-h - cos x 4 2E~— --cos 2m*. 

n 2 4m* — 1 

^cos nn . _ 8 ^sin (2 n - l)x 

« ti (2n — l) 8 

8 ^sin (2w 4 1)* n 8 ^.cos 2«* 

w (2n 4 1)* "6 “ ~n* ’ 


4 v ,cos (2» 4 l)^r 
(2* 4 1)* # 


sin 5* sin 7* 


5* 


7* 11* 

11-* - 13’*). 


sin 11* ^ sin 13V 


13* 


)• 


6\/3/ . si 
—*— Ism *- 

4 V6(l + 5" 2 - 7’* - 

71* „COS WT 71* 

-+Z—cosn*;-. 

2-27 + 0*83 cos x — 0-54 cos 2* — 0*22 cos Zx 

4 104 sin x 4 0*41 sin 2* 4 0*14 sin Zx. 

4*26 4 3*62 cos x 4 0*52 cos 2x 4 0*005 cos Zx — 1*02 sin x 4 0*01 sin Zx. 


EXERCISES 7 (a) 

1(8 4 2b). 2. 9, <t 4 4J 4 8A)/9. 

V(55), cos’ 1 6/V(110), cos’ 1 6/V(H0), cos’ 1 7/V(110). 

7, (3/7, —2/7, —6/7). 5. 120 p . 

V(17);2/V(17). -2/V(17). 3/V(17). 

1(8 4 b 4 c). 9. 1(8 4 b 4 c). 

1*, cos -1 {(a 4 ^ cos y 4 c cos 

h* *» a* 4 ft* 4 c* 4 2 be cos a 4 2ca cos /? 4 2 ab cos y. 

EXERCISES 7 (ft) 

2 \/2(*» 4 i) vt , 2 V 2 * cos“*{#/(<• 4 l) 1 '*}. 

-(3* 4 qj + 2k)p. 8 . 7 v(io); 3 /V(io),o, - 1 /V( 10 ). 

40 ft.lb. 

22* 4 11*, — 5* 4 15; 4 10*, 27* - 15; 4 *. 

25 V( 13 / 14 )* 17 * 5 V 3 / 2 * (* - i — *)/V 3 > <>/ 3 - 

2na*,j c r*d0 perpendicular to * «■ 0. 

(-2* 4 2; 4 3*)/3, -2/3. 

EXERCISES 8 (a) 

38g/(73a), 10^/(73a). 3. 27r(7a/9^) 1/ *, 4a/9. 

4043^cos (^ — 0) — 3^*/sin — 0) -» — (9#/4a) sin 0, 

$40 cos (<£ — 0) 4 0* sin {$ — 0) = — (£/2a) sin <j >. 

/0 4 <*$ sin ($ — 0) 4 a$* cos (# — 0) — — g sin 0, 

|a$ 4 iB sin (<£ — 0) — /0* cos (</> — 0) = £ cos Zg/ (4a). 

Tn^KIin^ 4 /*w 2 * 4 /,*»*)• 

5m# sin a cos a/{7(Af 4 m)— 5m cos* a}. 

(3Af 4 m 1 )^ sina/(3M 4 6m 4 mj; 

(3M 4 2m 4 m^g sin a/(3M 4 6m 4 mj. 

2a cos a/(l 4 3 cos* a). 

— Mga{i cos 6 4 2 cos «£), —28# sin a/ (20a), Zg sin a/(20a). 

0 (Aaa>* cos a 4 #) sin a/(Aa), $ = 0, X = # cos a. 



ANSWERS TO EXERCISES 


EXERCISES 8 (6) 


2. 

167 rad./sec., 8*2 rad./sec. 3. 0*475 sec. 

4. 

1165 rad./sec., 0 096 sec. 

6. 1-43, 12-1 rad./sec., 3-6 ffclb. 

6. 

135 ft.lb. 

8. 1227 ft.lb. to the left. 

9. 

7450 ft.lb. 

EXERCISES 8 (c) 

1. 

130 - 10a cos te/2) 1 '** + 3a cos (g/3) u, <. 


13^ - 16a cos (g'/2) u, < — 

2a cos (g/3)‘'*f. 

2. 

A* - 1 + k, C = ib. 

4. 2n(4alg)'l*, 2n(2a/g)*'. 

6. 

a, 6a. 

7. 2n(4a/f) w , 23i(a/3^)W*. 

8. 

2*(4 a/g)™, 2jt(al6g)^. 

9. 2n{4ajg) ut , 23i(2a/3g)"*. 

10. 

2n{6alg)v\ 2nWg)H*. 

11. 23t(///jU) 1/ *, 23t(///2/l) W *. 

15. 

0 + 6, 2re(a/2g)*'*, 56 - 26, 2n(5ajZg)^. 

16. 

2a/3, 22a/3. 

17. 2ji(l\alZg)** t 2n(2a/Zg) 1,t . 



EXERCISES 9 (a) 

1 . 

40/ v '(3), 40/V(3). 5 lb. 

3. 5, 5, 25 cwt.; 30a. 

4. 

4 ft., 7 cwt., 50 ft.cwt., 0 ft. cwt. 5. 22a>, tan* 1 1*90 to horizontal. 

7. 

bWI(2ab - a*)**. 

8. 575 lb. 

9. 

alT//. 

10. 3 lb., 10*1 lb., 20° 10 / . 

11. 

5, 3-88 ft. 

12. 6 tons, 8 tons. 

13. 

W \4 V(47), 25PT/4R. 

15. fTE/2 VW* 



EXERCISES 9 (6) 

6. 

1/ V(3), 125, 25 V(3) lb. 

7. 8 ft. 

8. 

4*44 lb. 

11. 6*94 lb. 



EXERCISES 9 (c) 

1 . 

1*18 in. 


2. 

tan* 1 (17/12), 7*65 lb„ n 

- tan* 1 (17/12). 

3. 

1*79 in. 

4. 10*4 in., 5*5 in. 

5. 

6*07 in. 

6. 16«(7 + 2n)/Z. 

7. 

1*65*. 

8. 4*07 in. 

10. 

2-44, 2*06 in. 

11. 3*16 in. 

12. 

2*20 in. 

EXERCISES 9 (d) 

1. 

14*14 lb., 45° to AB. 

2. 24*6, 6*4 lb. 

3. 

h 9 - 3 hi, A, - 6Aj, !T*/(10a), ^/(lOAJ. 

4. 

WV/ V(3). ± Wrjn V(3). 


5. 

ED 5, BE 4 tons, comp.; 

; CD 4, CE 3, BC 6, AC 8 tons, tension. 

6. 

- 1*52, AC 0*88, DC 

— 1-08, DB 0-63, BC — 1-30 tons. 

7. 

250, 212*1,,427 cwt. 


8. 

AC 4*2, AE 14*3, ED 15*7, CD 11*8, BC 16*0, CE 3*5 tons. 

9. 

49*5, 22*7, -60*8 tons. 

10. 4*62, 1*64, 1*11 tons. 

11. 

-3-761P, 3-78IF, 0-75 V( 2 ) w - -0-75 ■y/(2)W. 

12. 

16 06, 20-63, 11-69 tons. 
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EXERCISES 9 {e) 


1. 

0*16 ft. tons. 

2. 

13, 440 ft.lb. 

3. 

11-5 ft.lb. 



4. 

{R — n)!(r + ft), r(R — ft)IR(r + ft). 


5. 

Wbjla, 6/(4a«). 

6. 

15 lb., 750 ftlb. 


EXERCISES 9 (/) 

1. 

a + Wai(2nX). 

5. 

«V(3)- 

9. 

*WV( 6 )> i w - W- 

11. 

Wb(a* + ab + 26 2 )/(a 2 + 6 2 ). 

12. 

Wa 2 sin 0/{/ 2 — 4a 2 sin 2 

13. 

74 per cent. 

15. 

}WV(6). iwVW- 

16. 

w/y/{U), w l 4 V( u )- 


EXERCISES 9 ( g) 

2. 

Unstable. 

3. 

Unstable. 

4. 

tan -1 {sin (a — /?)/(2 sin a sin fi)}. 

6. 

Two stable, one unstable. 

12. 

sin*" 1 (\/(3)/6), unstable. 

16. 

6 « 0, unstable, 0 = 60°, stable. 


EXERCISES 

10 (a) 

3. 

390 lb., 0-45 ft. 

5. 

33i h.p. 

6. 

tan -1 4, tan -1 2, 0; \W. 

7. 

15 ft., 30 ft., 33*9 tons. 


EXERCISES 

10(b) 

1. 

76-3 ft., 28-9 ft. 

4. 

9*43 ft., 8*70 ft. 

6. 

Wy/ 2- 

7. 

60°, 30°, 2 + 4/v"3. 

8. 

27-32 ft., 6-86 ft. 

9. 

/(2 V2 - V 6 )* 

12. 

1 - ce a!c . 49° 36'. 




EXERCISES 

10(c) 

1. 

14*6 tons/in. 2 . 

2. 

501 tons, 2*58 tons/ft. 

3. 

0*115, 28° 40'. 

4. 

262*3 ft. 

5. 

29*5 ft. 

6. 

66*5 ft., 49*9 ft. 

7. 

67*2 tons, 19° 35'. 

8. 

1*62 ft., 2*53 tons, 1*88 tons. 

9. 

61 1 tons, 2*25 ft., 15*2 tons. 

10. 

120*36 ft., 1*8 in. 

11. 

5*58 tons/in. 2 , 0*6 in. 

12. 

9918 lb., 10,050 lb. 

14. 

3*5 ft. 




EXERCISES 

11 (a) 

1 . 

7 in. from one end, 81 in.lb. 

3. 

w(AB)*. 

4. 

49*8 ft.cwt., 7f ft. from A. 

5. 

18 ft.ton at 12 ft. from A . 

6. 

| Wl, i WL 

7. 

9*24 ft.ton, 6*93 ft. from A. 

8. 

31*25 ton, 25 ton, 31*64 ft.ton. 

9. 

One wheel \a from centre. 

11. 

W(l ^ 4a), iW(l - 2a) 2 //, 0*293/. 

12. 

0*293/ from end. 


EXERCISES 

11 (b) 

1 . 

8 in. 

2. 

236 lb., 41*6 lb. 

3. 

3200 lb. 

4. 

2*35 tons. 

5. 

13*1 in. 

6. 

1415 lb./in. 2 , 47*2 lb./in. 2 . 

7. 

(a) 142 lb., (b) 176 lb. 

9. 

3*4 tons/in. 2 , 4*6 tons/in. 2 . 



ANSWERS TO EXERCISES 
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EXERCISES 11 ( c) 

1. wx(x* - I s ) ( 3x* - 171 s )/(360 Ell). 2. t»a s /12, wa. 

4. W. tW. 3WT»/(640£/>. 

8. 6W75, -W. llWPj(240EI), Wl*l(60EI). 

9. (W + 2W')l’l(48EI). 10. 5WPK96EI). 

11. Uwa t l(48EI). 12. 7Wa»l(144El). 

13. i»'o s (2a+36)/(a + 6)*, hWab(a + 2b)/(a + 6) s , 0 076 Wa^EI. 

14. w(a + 6)*/(8a6). 15. lliwa/28, 8a>a/7, 13t»o/14; 0■ 107wa*. 


EXERCISES 11 (d) 

2. 166, 1285 lb., 10,800 lb. 

10. b — a (sec nl — 1); Wa sec nl ; n'EI I (9P), W = Eln*. 


EXERCISES 12 (a) 


1. 

hjr < {2s(l - s)g 


6 . 

s < 0-28 or s > 0-72. 

7. 

(4WI3n)(l‘ — *-‘)6 

l/r. 

12. 

0-8 ft. 




EXERCISES 

12(6) 

1 . 

708 ft./sec., 89 ft 

. lb./sec. 

2. 

92-5 gal./min., 2 ft. 

3. 

14-42 ft., 4-44 ft. 

4. 

6-06 ft./sec., 3-16 ft. 

6. 

475 gal. 


7. 

18-16 lb./in.». 

9. 

0-89 ft./sec., 116 

gal./min 

11. 

1612-5 ft.lb. 

12. 

0*18 cu. ft./sec. 


13. 

388 gal./min. 

14. 

1-77 cu. ft./sec. 


15. 

26-3 ft./sec., 7 min. 35 sec. 

17. 

6*6 min. 


18. 

187 r.p.m. 

19. 

492 r.p.m. 







EXERCISES 

12 (c) 

1. 

V - 


2. 

(-1-6, 0), (1-5, 0). 


3. (a) Ur sin (0 — a), (5) mdl(2n), (e) H sin 0/(2w). 

4. 5 r sin 0{6 — 5/(w*)}. 


EXERCISES 12 (i) 


1 . 

12,400 ft.lb. 

2. 

11-62 cu. ft., 42,000 ft.lb. 

3. 

121. 

4. 

2-7 x 10 6 lb./in.*. 

5. 

1057 ft./sec. 

6. 

315-5 ft./sec. 

7. 

315-5 ft./sec., 0*18, 0-28. 

10. 

6*83 lb./sec. 

11. 

14 cu. ft./sec. 

12. 

23 lb./sec. 

13. 

189 ft./sec. 

14. 

0-29 lb./sec. 

15. 

14-2 lb./in.*, 0-074 lb./cu. ft. 



16. 

-24*6° C., 6-75 lb./in.*, 0-041 

lb./cu. ft. 

8-95 lb./in.*, 0-51 lb./cu. ft 

17. 

1030 ft./sec. 

18. 

19. 

3-45 lb./in.*, 0-0238 lb./cu. ft.. 

975 ft./sec. 

20. 

2-72 lb./in.*, 0*0188 lb./cu. ft. 
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EXERCISES 13 (a) 


1. -1 < * < 1. 


2. A2- 


(n)\ 

(—1)«(« -f- 3)! 
(n)i(« + 6)! 


*“+«g-s+» 


4. Ax~ Vt cos x v * + Bx~ v% sin x ,x/ *. 

c „{(») v,(2» + 1) l(*/4)« 

' (2»)t ’ (»)!(«)! * 

, ^-(» + ty + b ^)- + BJ .» + iw-+ 

8. . L r l- 1 )^f +l + Bi7 [-l) n (i*) >B_l 


i> +t)w« 


'r(n - i). (»)I* 


9. 

10 . 


X tn-Ut X %n+Ht 

A£~r-rr + BZ-* 


(2m) ! * ~(2m+1)!‘ 


11 4Tj£ilJl ”>*" + pT ^T(n — b + 1 4- w)^"+>-« » 

r(b + «)(»)! J’(2—6 + n) (»)1 

12. B(x - 1)«(4* + 1). 


EXERCISES 13 (c) 

3. -0-2423, 0-0307, 0-0109. 4. 2-32/„(*) + 2-59 Y 0 (x). 

6. ($jr*) -lrt cos*, — (ijr*) -1/, (sin * + * -1 cos;*). 

8. xy" + 3 y' + xy =. 0, Y 0 (*) + Y,(*). 

15. ? sinh ijt. »-<»*>*. 16. ^/,(2*) + BY„(2x). 

71 Z 

17. x*{AJ t (2x) + BF a (2*)}. 18. x«*{AJ m (Zx) + BF, /t (3*)}. 

20. AJ x (x*) 4- BY x (x «). 21. *-»{,4/ 4 (*) 4- BA 4 (*)}- 

22 . ^/ 1/3 (t^) + 

EXERCISES 13 (d) 

1. sin n# sin cnt. 2. .4 sin 

3. F *= A cos (c or/c 4- e) . 4. ^4 = 0, B *= m a> — 1. 

7. sin (njix/a) sin (nuiy/a) cos 4- 




INDEX 

(The numbers refer to pages) 


Acceleration, vector, 2; Coriolis, 238; 
in a plane, 4; initial, 158; variable 
16 

Adiabatic expansion, 433 
Amplitude, 51 

Amplitude magnification factor, 77 
Angle of friction, 291 
Angular momentum, 7, 107; about 
any point, 150 

Angular velocity 5, 100; as a vector, 
219 

Approximation by harmonics, 196 
Associated Legendre functions, 469 
Atmosphere, pressure altitude equa¬ 
tion, 445; standard, 447 
Axis of doublet, 429 
Axis of rotation, 100; thrust on, 120 

Beams, vibration of, 180, 186, 483 
Belt, tension in, 36; power transmit¬ 
ted by, 333 

Bending moment, 358; graphical con¬ 
struction for, 363; impulsive, 171; 
relation to shearing fierce, 360 
Bending, simple, 366 
Bernoulli's equation, for liquid, 413; 
for gas, 439 

Bessel functions, of first kind, 473; of 
second kind, 474, 477; of order 
zero, 474; of integer order, 477; 
asymptotic values, 480; modified 
functions, 481 

Bessel's differential equation, 472; 

transformed, 482 
Bessel's integral, 479 
Boundary conditions, 499 
Bow's notation, 305 
Branched circuits, 70 
Bulk modulus of fluid, 436 
Buoyancy, 402; centre of, 403 

Calorie, 432 

Cantilever, vibration of, 189 
Catenary, 340; parameter of, 341 


Centre of gravity, 295; of composite 
bodies, 297; motion of, 130; motion 
about, 131 

Centre of percussion, 170 
Chain of heavy particles, 335 
Circle of friction, 291 
Circuits, electric, 62 
Circular motion, 34 
Columns, 389 
Compressible fluids, 432 
Condensers, 62 
Conical pendulum, 35 
Connected particles, motion of, 52 
Connecting rod, motion of, 105, 154 
Conservative forces, 13 
Convergence of series solutions, 457 
Coordinates, 129; cylindrical, 438; 

generalized, 242; spherical polar, 243 
Coriolis acceleration, 238 
Cosine series, 202 
Coupled circuits, 71 
Couples, 228, 281 
Crippling load, 390 
Curvilinear motion, 40 
Cycloidal pendulum, 42 

Damping, frictional, 55; velocity, 56; 

and forcing, 60; ratio, 74 
Deflexion, of beams, 374; of loaded 
string, 184 

Degrees of freedom, 129 
Derivative, 4 

Differentiation of vectors, 3, 221, 230 
Dirichlet's conditions, 207 
Discharge, 412 
Doublet, 428 

Efficiency of a machine, 313 
Elastic foundation, 386 
Electrical and mechanical systems, 68 
Ellipse, equation of, 45 
Encastr^ beams, 379 
Energy, 8; conservation of, 12; inter¬ 
nal, 432; of rigid body, 133; test for 
stability, 323; use of equation, 142 
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INDEX 


Epoch, 51 

Equations of motion, 132 
Equilibrium, conditions, 283; stability 
of, 322 

Equimomental systems, 96 
Equivalent simple pendulum, 117 
Error actuation, 74 
Euler's equations, 240 
Euler’s formula, 391 

Flexural rigidity, 367 
Flotation, plane of, 403; of body con¬ 
taining liquid, 407 

Flow, in converging pipe, 441; in rec¬ 
tangular channel, 417; through ori¬ 
fice, 421, 444 
Flux, 425 

Flywheel, inertia of* 103, varying en¬ 
ergy of, 105; oscillation of, 124, 276 
Force vector, 2, 280 
Forced oscillation, 58; of pendulum, 
182 

Forces, in three dimensions, 286; mo¬ 
ment of, 228, 281; polygon, 301; 
parallel, 303; which do no work, 314 
Fourier series, 192; coefficients, 194; 
conditions for, 207; differentiation 
of, 208; for arbitrary range, 198 
Frameworks, 305 

Freedom, degrees of, 129; two degrees 
of, 147 

Frequency, 51 

Friction, 291; angle of, 291; circle of, 
291; of rope, 331 

Frictional couple, 102; damping, 55 
Funicular polygon, 301 

Gamma functions, 454 
Gas constant, 432 
Gibb’s phenomenon, 197 
Gravitation, universal, 46 
Gravity, centre of, 130, 295 
Gyroscope, 264 

Gyroscopic compass, 265; moment, 

264 

Hankel functions, 481 
Harmonic analysis, 209 
Harmonic response, 76 
Harmonics, successive, 186, 196 
Head of a liquid, 412 
Heat flow equation, 497 
Holonomic system, 242 


ICAN atmosphere, 448 
Impedance, 64 

Impulse, equations of, 7, 163; induced, 
164; moments of, 167 
Impulsive bending moment, 171; forces, 
10; shearing forces, 171; torque, 
115 

Indicial equation, 452 
Inductance, 62 

Inertia, moments of, 80; products of, 
86; principal axes of, 90 
Initial acceleration, 158 
Instantaneous centre, 151; graphical 
methods for, 152; moments about, 
155, 175 

Internal energy of gas, 432 
Internal forces, calculation of, 160 
Isothermal expansion, 432 

Hater’s pendulum, 119 
Kepler’s law, 49 

Lagrange’s equations, 242; proof of, 
249; linearized, 269 
Laplace’s equation, 495; transforma¬ 
tions of, 496 

Legendre polynomials, 460; expansion 
in terms of, 467; integral properties, 
465; recurrence formulae, 463; series, 
462 

Legendre's e<flation, 460; second 
solution, 469 
Leibnitz theorem, 197 

Machines, 313; efficiency of, 313; law 
of, 313 

Mechanical advantage, 313 
Metacentre, 402; height of, 404; found 
experimentally, 409 
Method of sections, 306 
Modes, normal, 272 
Moment about a point, 228, 281; of 
couple, 228 

Moment of doublet, 429 
Moment of inertia, 80; of standard 
forms, 82; of composite bodies, 83; 
change of axes for, 81, 89 
Moment of resistance, 358, 366 
Momental ellipse, 93; ellipsoid, 97 
Momentum, linear, 7; angular, 7, 107 
Motion of fluid, 411 
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NACA atmosphere, 448 
Neutral layer, 367; axis, 367 
Newton's law of universal gravitation, 
46 

Orbit of planet, 47 

Oscillation centre of, 119; forced 58, 
182; with one degree of freedom, 
174, 276; about steady state, 252; of 
shaft with flywheels, 124, 276; with 
three degrees of freedom, 274; re¬ 
lation to stability, 176 

Pappus, theorem of, 298 
Parallel axes theorem, 81, 86 
Particle, motion of, 1, 234 
Pendulum, compound, 117; conical, 
35; cycloidal, 42; simple, 37 
Percussion, centre of, 170 
Phase, 51; phase lag, 54 
Pitot tube, for liquid, 418; for gas, 

443 

Planet, orbit of, 47 
Plumb-line deviation, 37 
Polar coordinates, 5; acceleration for, 
5, 43 

Polar moment of inertia, 97 
Polygon, of forces, 281; funicular, 301 
Potential at a point, 464 
Potential energy, 13, 245; and the 
work function, 313 
Potential head, 413 
Power, 10; transmitted by belt, 333 
Precession, 263 
Pressure head, 413 
Principal axes, 90, 98 
Products of inertia, 86 
Pulley systems, 109 

Quantity equation, 411 

Radius of gyration, 80 
Recurrence formulae, 463, 478 
Recurrence relations, 453 
Relation between solutions, 457 
Resistance in electric circuits, 63 
Resistance, moment of, 358, 366 
Resistance proportional to velocity, 
20; to velocity squared, 23 
Resisted motion, 20 
Resolution of vectors, 2, 217 


Resonance, 59 

Response, harmonic, 76; unit, 77 
Rigid body, motion of, 129, 235; 

energy of, 133, 237 
Rocket equation, 31 
Ropes and chains, 331 
Rotating liquid, 419, 420 
Rotation, energy of, 100; velocity due 
to, 229 


Scalar product, 225 

Sections, method of, 306 

Section modulus, 368 

Separation of variables, 400 

Servomechanisms, 73; stability of, 75 

Shaft, whirling of, 190 

Shearing force, 358; impulsive, 171; 

relation to load, 360 
Simple harmonic motion, 51; damped, 
55; forced, 58 
Sine series, 202 
Slenderness ratio, 391 
Sources and sinks, 427; in a stream, 
429 

Specific heats, 433 

Spherical polar coordinates, 243, 489 
Springs, energy stored, 12; static 
displacement of, 180 
Stability, 322; and small oscillations, 
176; energy test, 323; of top, 262; 
of floating bodies, 402; of shell, 263 
Statics, of rigid body, 280; of ropes 
and chains, 331; structural, 358 
Stationary waves, 488 
Stiffness of frameworks, 305 
Stream functions, 424; differentiation 
of, 425; superposition of, 427 
Streamline, 411; filament, 411 
Stress, due to bending, 368; due to 
shear, 369; in framework, 304 
Strut, 389; maximum stress in, 393; 
with initial curvature, 394; with 
eccentric load, 395; with lateral load, 
396 

Suspension bridge, 349 


Tank, time to empty, 421 
Tapering beam, vibrations of, 483 
Telegraphy, equation of, 496 
Temperature lapse rate, 447 
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INDEX 


Three moments, theorem of, 383 
Tiebar, 398 

Top, 260; stability of, 262; precession 
of, 263 

Toricelli’s theorem, 414 
Torque, mean, 105; impulsive, 113 
Torsional vibrations, 123; rigidity, 124 
Trajectory equations, 22, 26, 41 
Transfer functions, 75 
Triangle, moments and product of 
inertia, 95 

Trigonometrical integrals, 193 

Unit response, 77 
Units, 9 


Variations of span and weight, 352 
Varying mass, 30 

Vector, analysis, 215; addition, 1, 216; 
components of, 2, 217; differentiation 
of, 3, 221, 230; integration of, 224; 
scalar product, 225; vector product, 
226 


Velocity, vector, 2, 223; in a plane, 4; 
angular, 5, 100, 219; due to rotation, 
229 

Velocity head of liquid, 413 
Velocity of pressure waves, 437; of 
sound, 439 
Velocity ratio, 313 

Venturi meter, for liquid, 415; for gas 
442 

Vibrations, fundamental, 186; har¬ 
monics of, 186; of light beam, 180; 
of taut string, 185; of cantilever, 189; 
of membrane, 492; of tapering beam, 
483; of uniform beam, 186 
Virtual work, 316 

Wave equation, 486 
Wavelength, 487 
Waves, stationary, 488 
Whirling of disc, 190; of shaft, 190 
Wire, taut, 348, 353 
Work, 8, 10, 310; virtual, 316 
Work done in expansion, 434 
Work function, 245, 312 




> 

2 

0 

(A 

0 

s 

2 

-I 

io 

H 

(A 


•n 

0 

2 

Pi 

2 

0 

2 

PI 

PI 

2 

(A 


I 




S8N 340 04519 1 


APPLIED MATHEMATICS 



